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PREFACE 


THE Sreconp Course 1n AtcEsra is designed especially as 
a sequel to the authors’ First Year Algebra. Together, the 
texts contain sufficient material to enable schools to meet cur- 
rent college entrance requirements. 

Certain special features of the Second Course make the text 
useful as a sequel to any first course in algebra. 

(a) The first six chapters comprise a complete but brief re- 
view of corresponding portions of the First Year Algebra. All 
rules and definitions encountered in the first course in algebra 
and necessary in the second course are given in convenient 
form. (See §§ 2, 4, 5.) The examples and problems are 
sufficiently numerous and properly selected to enable students 
to regain the skill which may have been lost during the time 
that has intervened between the first and second courses in 
algebra. The examples, like those of the First Year Algebra, 
are simple rather than complex. (See Exercises 1, 2, 3, etc.) 
For schools that desire other and more difficult examples, 
classified lists of such examples are added at the end of the 
book. (See sets A, B, C, etc.) 

(b) In Chapters VII and VIII, the explanatory text of the 
First Year Algebra has been retained. The examples and 
problems, while similar to those of the First Year Algebra, 
are, with a very few exceptions, new. Schools in which con- 
ditions render it impossible to cover quadratics during the first 
year will appreciate the thorough instruction of these two 
chapters; schools that have completed these chapters in the 
first year course will see the advantage of having before the 
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students a rather complete treatment of these important top- 
ics, even though they may not care to cover all of the examples 
and problems of the text. Special attention is directed to the 
emphasis placed upon getting roots of quadratic equations in 
decimal form. (See § 78.) 

(c) Chapter IX is an elaboration of Chapter XVI of the 
First Year Algebra. The advantage of postponing the topics 
in this chapter until well into the third semester of algebra is 
apparent. Isolating these topics as in this text makes it pos- 
sible for schools that desire a brief course to omit the chapter 
altogether. In this chapter, topics such as those in §§ 89 to 
95 find a logical place. 

(d) The remaining chapters contain the topics which appear 
among the various college entrance requirements in algebra. 
In the main, all colleges enumerate the topics considered in 
Chapters I to XIV. The other topics are enumerated by 
one or more institutions. Obviously, teachers will need to 
select the chapters that meet the needs of their classes. 

(e) Special attention is directed to Chapters XIII and XIV, 
on Exponents and Radicals, These chapters, while of con- 
siderable mathematical interest, probably are retained in sec- 
ondary courses largely because they appear among college 
entrance requirements. Usually they are taught in the first 
course. They are so difficult that students acquire there little 
knowledge and very little skill in dealing with them. Where 
preparation for an examination is a special aim, the authors 
are confident that instruction on these topics toward the latter 
part of the third semester of algebra will be found not only 
more pedagogical but more timely. The examples selected for 
this text are as simple as possible. More difficult examples 
on Exponents occur in the supplementary set F. Attention is 
directed to the practical turn given to radicals in § 126. 

(f) Chapter XXIV contains a number of topics that will 
have interest for some teachers. 
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ALGEBRA 


I. THE FUNDAMENTAL OPERATIONS 
UPON ARITHMETICAL NUMBERS 


1. The Number System of Arithmetic consists of the integers 
and the common fractions. The following facts about arith- 
metical numbers are collected here for reference: 

(a) The sum, the product, and the quotient of two arithmeti- 
eal numbers is always an arithmetical number; the difference 
between two such numbers, however, is an arithmetical num- 
ber only when the minuend is greater than the subtrahend. 
Division by zero is not allowed. 

(6) The Associative Law of Addition. The sum of three or 
more numbers, addends, is the same in whatever manner the 
addends are grouped. Thus, 


atb+c=(a+b)+c=a+(0+0). 


(c) The Commutative Law of Addition. The sum of two or 
more addends is the same in whatever manner the addends 
are arranged. Thus, 


at+ob+e=a+c+b=c+b+a. 


(d) The Associative Law of Multiplication. The product: of 
three or more numbers, factors, is the same in whatever man- 
ner the factors are grouped. Thus, 


a-b-c=(a-b)-c=a-(b-0). 
1 
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(ec) The Commutative Law of Multiplication. The product of 
two or more factors is the same in whatever manner the factors 
are arranged. Thus, 


a-b-c=b-a-c=c:-b-a. 


(f) The Distributive Law of Multiplication. If the sum or 
the difference of two (or more) numbers is multiplied by a 
third number, the product may be found by multiplying each 
of the numbers separately by the multipler and connecting 
the results by the proper signs. Thus, 


a(o6+ce—d)=ab+ac— ad. 


2. Positive and Negative Numbers. To avoid the difficulty 
that subtraction is sometimes impossible in the system of 
arithmetical numbers, the negative integers and fractions are 
added to the number system. The combined system of posi- 
tive and negative integers and fractions is the System of 
Rational Numbers. 

The following facts are learned in the first course in algebra: 

(a) To every arithmetical number, there corresponds a posi- 
tive and a negative number. The arithmetical number is the 
Absolute Value of each of the corresponding signed numbers. 
Thus, 3 is the absolute value of +38 and of —3. 

(6) The rational scale is: 


-5 -4 -3 -2 -1 0 +1 +2 +8 +4 +5 


The fractions correspond to points between the points 
marked by the integers. Any negative number precedes all 
of the positive numbers, and may, therefore, be regarded as 
being less than any positive number; of two negative numbers, 
the one having the greater absolute value is the less. 


(c) The sum of any positive number and the corresponding 
negative number is zero. Thus, 


(+3)+(—8)=0. 
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(ad) To add two signed numbers having the same sign, add 
their absolute values and prefix their common sign. Thus, 


(— 10)+(—2)=— 12. 


(e) To add two numbers having unlike signs, find the differ- 
ence between their_absolute values and prefix the sign of the 
one having the greater absolute value. Thus, 


(+2)+(-9=-7. 


y 


__“(f) To subtract one signed number from another, change the 
‘ sign of the subtrahend and add the result to the minuend. 


Thus, 
(—3)—(—8)=(—3) +(4 8) S45. 


(g) To multiply one signed number by another, find the 
product of their absolute values, and make it positive if the 
numbers have the same sign, but negative if they have unlike 
signs. Thus, 


(—38)-(+9)=— 27, and (—5)-(— 16)=+80. 


(h) To divide one signed’ number by another, find the quo- 
tient of their absolute values, and make it positive if the 
numbers have the same sign, but negative if they have unlike 
signs. Thus, 


(+ 39) +(—3)= — 18, and (— 45)+(45)=— 9. 


3. The Fundamental Operations are addition, subtraction, 
multiplication, division, involution, and evolution. 

Involution is the process of finding the product when a given 
number is used as a factor two or more times. The number 
itself is called the Base; the result is called a Power of the 
base; the Exponent, written at the right of and above the base, 
indicates the number of times the base is used as a factor. 


ae 8 8S 81, and (2b)’ =(2b) - (2b) - (2b) = 8B. 


f i 
f | ™ 
ae 
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Evolution is the process of finding what number must be 
used as a factor,a specified number of times ,to produce a given 
number as product. The given number is called the Radicand ; 
the result is called a Root of the radicand; the Radical Sign, 
VV, with the proper Index denotes the desired root. 


Thus, V8 indicates the cube root of 8; 8 is the radicand, 3 is the 
index of the root, and the root itself is 2, for 2? = 8. 


Evolution is not always possible in the system of rational 
numbers; thus, there is no rational number which exactly ex- 
presses the square root of 2. 

Order of Operations. Ina sequence of the fundamental opera- 
tions on numbers, it is agreed that operations under radical 
signs or within symbols of grouping shall be performed before 
all others; that, otherwise, all multiplications and divisions 
shall be performed first, proceeding from left to right, and 
afterwards all additions and subtractions, proceeding again 
from left to right. 


EXERCISE 1 


1. Illustrate by arithmetical examples the five fundamental 
laws in paragraph 1. 

2. Give an arithmetical example in which subtraction is 
impossible. Give the result when dealing with signed numbers. 


3. Subtraction is said to be the inverse of addition, and 
division of multiplication. What is meant by these statements? 


4. What are the two signed numbers corresponding to 
#? Give their sum, their difference, their product, and their 
quotient. 


5. Perform the following indicated operations: 


(a) (+6)+(+ 10). () (=44+(8: = 
S19): (f) (+6)+(—3). & 
OM ge at (9) (+6)—(—5). 


(d) (+2)+(—8). (h) (—4)—(4+ 2). 4 
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@ (—5)-(48). ~ 2 (n) (—5)-(-9). HS 

DQ (H=)-G8 7h") (412)-(-3). 

(k) (+3)—(+9). —~6 (p) (4°26)+(— 5). “he 

@ (+6)-(—5). — 9f (q) (—28)+(+4). 

(m) (—7)+(+8). —S &* (r) (—22)+(—11). 

6. What is the value of 34? of 25? of 6°? of (—2)?? of 
(— 3)°? of (—4)?? of (—5)8? 

7. What is the sign of the product of an even number of 
negative factors? of an odd number? Give an example of 


Hn, 


a O 
a 


each. a 

8. What is the sign of an even power of a negative num- 
ber? of an odd power? Give an example of each. 

9. Read the following product: 5a’yzw. Give the expo- 
nent of each of the literal numbers. What is the value of the 
product when # = 2, y=— 3, z=— 2, and w=65. 


10. Find the values of the following for the values of a, y, 
z, and w given in Example 9: 


(a) 3 a (c) #+ 7. (e) #&—38a+4. 
(dD) ay. (d) w?— 2. (f) #—42—4. 
(g) 2—2ew+ wu. (j) a+y" 

(A) f—#. ae 2 eed: 

Oo eo p hk Ce Mae aor 


Write the following in symbols and find their values : 

(1) the sum of the squares of w and y. 

(m) the difference between the cubes of w and a. 

(n) twice the product of y and z, diminished by three times 
the quotient of # and w. 

11. The following formule occur in applications of algebra. 


Those marked with an asterisk, *, occur in geometry; try to 
recall the theorems they express. Express the others in words. 
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(a)* A=iab. Find A when a= 26 and b= 40. 
(b)* A=ih(b+b'). Find A when h=10, b=30, and b'=20. 


(c) A=P(1 Bint Find A when P=5000, r=5, and 
t=4. 


(d) V=47R*%. Find V when r=31 and R=3. 
(yer == e( Find ¢ when /=8 and g = 32. 
g 


(f) s=at+ig?. Find s when a=50, t=3, and g =32. 
(g)* PW=e?+0. Find h when a=6 and b=8. 
(hk) S=l(R+4+r). Find 8 when /=10, R=5, and r=3. 


Find p when a= 8,b=9, and c= 10. 


(/) A=E 42 ch. Find A when h =5 and ¢c=30. 
Cc 


THE FUNDAMENTAL OPERATIONS 
UPON NUMBER EXPRESSIONS 
4. (a) An Expression is a symbol for a number, consist- 


ing of numerals and literal numbers connected by some 
or all of the signs denoting mathematical operations; as, 


A)2 xy + as — w'. 

(6) A Monomial or Term is an expression whose parts are not 
connected by the signs + or —; as, 67°s*t. 

(c) A Binomial is an expression having two terms, 

(d) A Trinomial is an expression having three terms. 
~ (e) A Polynomial is an expression having more than one term. 

(f) A polynomial is said to be arranged in descending powers 
of one of its letters if the term containing the highest power of 
that letter is placed first; if the next lower power is placed 
second; and so on. 

(g) Any factor of a product is the Coefficient of the product 
of the remaining factors. If one factor is expressed in nu- 
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merals and the remaining factor in letters, the former is called 
the Numerical Coefficient of the latter. 

(k) A Common Factor of two or more terms is a factor of each 
of them. 

(t) Like or Similar Terms are terms that are alike in their 
literal parts ; Unlike or Dissimilar Terms are terms which are not 
alike in their literal parts. Terms are like with respect to one 
or more factors if they have these factors as common factors: 
thus, 3a(# — y) and 4 b(# — y) are like with respect to (# — w). 


5. Addition and Subtraction of Expressions. 

Rule. — To add two or more like terms: 

1. Multiply their common factor by the sum of its coefficients. 
Thus, 2a(a—y)+3b(a@—y)=(2a+3b)(u—y). 


This rule follows from the distributive law of multiplication, 
Sif 

Ruie.— To add polynomials: 

1. Write the polynomials with like terms in vertical columns. 
_ 2. Add the columns of like terms, and connect the results by 
their signs. 


This rule follows from the commutative and associative laws 
of addition, § 1, 6 and ce. 


Rule. — To subtract one term from a like term or one polynomial 
irom another: 

1. Write like terms in vertical columns. 

2. Imagine the signs of the terms of the subtrahend changed, and 
add the resulting terms to those of the minuend. 


6. Parentheses, ( ), Brackets, [ ], Braces, { t, and the Vin- 
culum, ,are symbols of grouping, used to indicate terms 
which are to be treated as parts of a single number expression. 

Thus, 8a —(2~%+y—2z) means that 2%+y-—z is to be subtracted 
from 3 a. 
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Rule. — To remove parentheses preceded by a plus sign: 

Rewrite all terms which are within the parentheses without 
changing their signs. 

Rule. — To remove parentheses preceded by a minus sign: 


Rewrite all terms which are within the parentheses but change 
their signs from + to —, or from — to +. 


Sometimes terms must be inclosed within parentheses. 


Rule.—1. To inclose terms within parentheses preceded by a plus 
sign, rewrite the terms without changing their signs. 


2. To inclose terms within parentheses preceded by a minus sign, 
rewrite the terms, changing their signs from + to —, or from — to +. 


Thus, r+s—t=r4+(s—th=r—(—s+t). 


EXERCISE 2 


1. Consider the monomial 5 ab’c(a— y). 

(a) What are its factors? (0) What is its numerical coeffi- 
cient? (c) What are the exponents of a, b, and c respectively ? 
(ad) What is the coefficient of (w — y)? of b?c8? 

2. Arrange 3 ay — 2oy?+ y4+a1— 2a%y in ascending 
powers of y. 

3. (a) 2mn(a@+y) and 3mn(w+y) are like with respect 
to what common factor? (0) What is the coefficient of that 
factor in each of the terms ? 

4, Add Tv+6y—9zand4a—8y+5z. 

5. Add 30°4+7y—2ay, Iay—5a?—10y, and 82— 
6 ay — 47. 

6. Add a—9—8a?+16a%, 5415a?—12a—2a%, and 
6a? — 10a + 114 — 138. 


7. Add 5(a+6)—6(c—d) and 3(a+6)+8(c—d). 
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8. Add 14(¢+ y)—17(y+2), 4(y+2)— 9+ 2), and 
—d(@+y)—Te+2). 
9. Add 2ax+4-3 ba —4 ca. 
10. Add 5 ma’ + 2 nay + py’ and ta? — ray + gy’. 
11. From 8%+2y—7z subtract 8e—2y47z. 


12. Subtract 5n?—9—14n?+16n from 7n?+ 20n3—5 
Pe Asn. 


13. Take 49 2? + 16 m?— 56 mx from 25 m? + 36 2? — 60 ma. 

14. Subtract — d5(a+6)+9(c —d) from 7(a+b)— 6(c—d). 
15. From 3(@+ y)?—2(@+y)+ 5 take (@+y)?+ 3@+y)—7. 
16. What expression must be added to 3a2°—x-+ 5 to give 0? 


17. By how much does 2m —4m?—15+417m’ exceed 
— 9+ 6m —11 m— 14m??? 


18. From the sum of 2a?—day—y? and 72?—3ay+4y’, 
subtract 4a?—6ay+8y. (Do it all in one operation, if 
possible.) 


19. From 7#—5z—3y subtract the sum of 8y+2e—11z 
and 6z—12y+42a. 


20. From the sum of 7#’—4a?+ 62 and 3a*—10a”—5, take 
the sum of —5a34+ 44412 and 8 2? —11 2’? —2. 

Remove parentheses and combine the terms: 

21. 24a—3y+4+(5a—y)—(—8x+7y). 

22. 5a—(Ta—[9a+4]). 

23. 2a—(8y+5a—fS5ae—y})—(—9y+82). 
- 24, 8a?—9—f{5a?—(3a+2)}+{[6a?—(4a—T)}. 

25. 5m—[Tm—{—38m—(4m4+9)}—{[6m—8}]. 

26. 25—(—8 —[— 34 — 16 — 47). 
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Inclose the last three terms of the following in parentheses 
preceded by a minus sign: 


27. a@—4b?+120—9. 29. v+b—e?+a*. 
28. 4a%?—y?— 2yz—2. 30. nt'—8n?+6n+7. 


7%. Multiplication. The Law of Signs for Multiplication is 
stated in paragraph 2, (9). 

(a) The Law of Exponents. The exponent of any number in 
a product is equal to its exponent in the multiplicand plus its 
exponent in the multiplier. 


This law is proved for certain exponents in paragraph 115. 


Rule. — To find the product of two monomials: 


1. Find the product of their numerical coefficients, using the 
Law of Signs for Multiplication. (§ 2, g.) 


2. Multiply this result by the product of the literal factors, 
using the Law of Exponents for Multiplication. 


This rule is a consequence of the commutative and associa- 
tive laws of multiplication. (§ 1, d and e.) 


Rule. — To find the product of a polynomial and a monomial: 
1. Multiply each term of the polynomial by the monomial. 


2. Unite the results with their signs. 


Rule. — To find the product of a polynomial and a polynomial : 
1. Multiply the multiplicand by each term of the multiplier. 
2. Add the partial products. 


These last two rules are consequences of the distributive law 
of multiplication. (§ 1, f) 

It is desirable to arrange both multiplier and multiplicand 
according to the same order of powers of a common letter. 
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Exampre. Multiply 2?—7?+2 ay by y?+22—2 ay. 


SOLuTION : x24 2ey— y? 

o? — 2ay +y? 

wt4+2a3y— gy? 

— 2 xy — 4 ax?y? + 2 xy 
xe?y? + 2ay? — yt 

at — 4x42 + 4 ays — yt 

Nor. Multiplication by detached coefficients is considered in § 256, 
and may be studied at this time, if.desired. 


8. One of the useful forms of multiplication is illustrated 
by the following example. 
Exampte. Find the product of 2a—3yand 2—3ay—5y’. 


Sotvution: 1. Qu—38y)(2? —3ay— 5y?) 


2. =24(a? —3 xy — 5 y?)— 3 y(x? — 8 xy — 5 y?) 
3. = 203 — 6 ay — 10 xy? — 3 ay + 9 ay? + 157? 
4. = 203 — 9u?y — avy? + 15 y?. 


Nore, The second step is often omitted. 


EXERCISE 3 


Multiply: 
. —8at by 7 ad’. 3. 9a+b)*? by 38(a+5)% 
2. —5abe by —12 abc’. 4, 13(@—y) by —2(@—y)* 


5. 10 a3b+7 ab* by — 6 ab’. 
6. 3a@—2ab—40? by —4a%’. 
7 m—m—3 by —2m. 9. a&—2ab4+0* by a—d. 
8. 2—2ay+4y by —3ay 10. &+2cd+a@’ by c—d. 
11. e—2ay+y by +2 ay4 7". 
12. —6e+20°+8 by —4+2°+32. 
13. a +06'+2ab?+ 20% by + a@—2 ab. 


14. (a+b—20)%. 16. (a—2b)é 18. (Gm-5"): 


_3,y)3 a, dW. toe 
15. («—3y)°. 17. Ges) Fahy 
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Find the following products as in § 8: 
20. (2n?—4n+7)(n+2). 
21. (4m?+9n? —6mn)(2m+3n). 
22. (8a?—2a+4)(2a—1). 
23. (6m? +3 m — 4)(6m—5d). 
24. (a +4 ay+167’)(@—4y). 
25. (577—37rs+6s*)(2r—3s). 

9. Division. The Law of Signs for Division is stated in para- 
graph 2, h. 

The Law of Exponents. The exponent of any number in a 
quotient is equal to its exponent in the dividend minus its 
exponent in the divisor. This law is proved for certain expo- 
nents in paragraph 115. 

Rule. — To divide a monomial by a monomial: 

1, Find the quotient of their numerical coefficients, using the 
Law of Signs for Division. (§ 2, h.) 


2. Multiply the result by the product of their literal factors, 
using the Law of Exponents for Division. 

Rule. — To divide a polynomial by a monomial : 

1. Divide each term of the polynomial by the monomial. 


2. Unite the results with their signs. 


Rule .— To divide a polynomial by a polynomial : 

1. Arrange the dividend and the divisor in either ascending or 
descending powers of some common letter. 

2. Divide the first term of the dividend by the first term of the 
divisor, and write the result as the first term of the quotient. 


3. Multiply the whole divisor by the first term of the quotient; 
write the product under the dividend and subtract it from the 
dividend. 
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4. Consider the remainder a new dividend, and repeat steps, 1, 2, 
and 3. 
Exampre. Divide 2a*+8a—a’?+15 by 2a°—3a+85. 


e+ o@—1 
Soturion: 2a2?—3a+4+5|2a*— a? +8a+15 
2at*—-38 0845 
2a0—5a?+8a+15 
2a0A—8a%+5a 
—2a@’+38a+15 
—2a2+3a— 5 
+ 20 
Quotient = a? + @—1; remainder, + 20. 


Note. Division by detached coefficients is considered in paragraph 
256, and may be studied at this time, if desired. 


EXERCISE 4 
Divide: 
1. 6 ay” by —a*y™. 3. 9(a—b)* by 3(a —b)*. 
2. —45 atb’ by —5 ab®. 4, 32(@+y)' by —4(a+y)° 
5. 25a8—15 a8 + 40 at by Sat. 
6. — 24 mn? + 33 mn’ by — 3 mn’. 
7. 54 atb’ — 60 a’b® by 6 ab’. 
8. —22 ay +26 aty® by — 2 arty’, 
9. 607+ 29a+4 35 by 2a+5. 
é 10. 302?—53a+4+8 by 6a—1. 
11. a —80B* by a—2b. 13. a —27y> by 7+3y. 
12. at+y* by x+y. 14. 245n°+1 by 3n+1. 


15. 9at—160?+8a—1 by 38a’4+4a—-1. 

16. e&—y—2yz—2 by x—y—z. 

17. 2a7—10—60?+at+11 4 by 2+2?—-2. 

18. at tary?+ yt by x —ay+y’. 

19. 3nt—11 n?— 25 n? 4+ 2-130 by 38n?+4n+4+1. 
20. 732437 a — 35 + 20 at —150? by —5442°4+9a. 


Il. SPECIAL PRODUCTS AND FACTORING 


10. Special Products. Of the special products studied in the 
first course in algebra, the following are particularly important: 

(a) The Product of the Sum and the Difference of (any) two 
numbers equals the difference of their squares. 


(x+y)(x-y=xr?—y. 


(b) The Square of a Binomial equals the square of its first 
term, plus twice the product of its two terms, plus the square 


of its second term. 
(xt+yf~Hxr+exyty. 


Norr. If the second term is negative, then the middle term of the 
square is also negative. 


Examptr. (8¢—5y)?=(8 2)? +2(82)(—5y)+(—5y)? 
= 9 a? — 30 ay + 25 y”. 
(c) ,The Product of Two Binomials Having a Common Term. 
(x + a)(x + b)=x°+(a4+b)x+ ab. 

EXAMPLE. (%+ 6)(@ —13)= 2? + (6 —13)a+6(—18) 

=a’ —T «— 78. 
(d) The Product of Two General Binomials. 

(ax + b)(cx + d) = acx? + (be + ad) x + bd. 
ExampLe. (8a—4b)(2a+5b)=3a:2a+(—8+415)ab 
+(—4b)(5 b)=6 +7 ab — 20 0. 


Nore. It is highly important to be able to use these last two formule 
readily, — particularly so the last, as it includes each of the preceding as 
a special case. For further discussion of this type, if necessary, see First 
Year Algebra, § 102. 
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EXERCISE 5 
1. To what type do the following belong ? 
(@) (@+9)(e—9). 
(0) (m+ 8)(m — 8). 


Multiply: 
(f) (8m—5 n)(3 m?+5n). 
(g) (104+4)(10 —4). - 


(c) (?—12)(# + 12). (h) 22 - 18. 

(d@) 2e—3)(22+43). (i) 33 - 27, 

(e-) 4r—7s)\(4r4+7s). (j) 44 - 36. 
2. To what type do the following belong? Multiply: 

(a) (@+3)?. (e) 8m—387r)’. (‘) 6 ay —2w)?* 
(0) (m+ 11)’. (f) @— 6)". (i) @p—29q). 
() @a+5). (g) (? — 8)’. (k) 2a_¢\ 
(d) 42—3w)?’. (hk) (8t—T)?. G b 5 


(1) What kind of an expression is the square of a binomial ? 


3. To what type do the following belong ? 


(a) (@+5)(@ +6). (9) (t+ 6 k)(¢— 10 8). 

(6) 7 +11)(r + 2). (h) (a—4e)(a+11 0). 

() V+ 6p\y +4). () (+58)(r—9 5). 

(d) @—5)(@—8). (jf) (°@+3 d)(? —12 d). 
_ () w—8s)\w—Ts). (k) (ay +7 z)(ay —12 2). 
(f) (a—5b)(a@+3 6). (2) (m’ —3 r)(m? + 11 Ze) 
(m) What is the sign of the third term of a product of this 


type when the signs of the second terms of the binomials are 
unlike ? 


Multiply : 


4. To what type do the following belong? Multiply: 
(a) (@+3)2a+1). (d) (2a—3)(2%—1). 

(6) 8a+1)(2e+1). (e) Ga—4y)\(a—2y). 
(c) Ga+2)(@ +3). (f) Ge-S8y)\@—2y). 
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(9) (a+20)(3.a—). 
(hk) (c-—3da)(8c+5 4d). 

(i) (83m—4n)(m+2n). 
(j) Te—2d)\(8Bc+4d). 
(k) (27 —5s)B8r'+2s). 


() (lp+3q)2p—39) 
(m) (2 xy + 7)(3 zy —5). 

(n) (10 mn—3 t)(2 mn+3t) 
(0) (6t+6rs)(6t—T rs). 
(p) 120°—d5y)(Ba+2y). 


Find mentally the following products: 


5. (Om—2n)*. 

6. (7 +11y)(@ +39). 

7% («+12 y)\(a@—2y). 

8. (2u+3)(a+ 4). 

9. (x? —4y)(a?+4y). 
10. (2cd—T)’. 


ll. (Ba’y—42)(3 a’y —42z). 


12. (2m—5)(m+4). 
13. (2p? —7)(3 p?+ 5). 
14. (7? —3s)0°+7s). 
15. (#@++4)(@—}4). 


16. (;m+5p)(}m—5 p). 


17. (@-H(@-}). 
18. (2¢+8)42+1). 


19. 8a+4b)(8a?—4b). 


20. (y—10)(y+ 4). 
21. («—%8)(a+ 4). 
22. (1—6s)(3+45). 


23. (2t—Tw(3t—4w%). 


24. (¢m—B)(Fm+)). 
25. (8t—-Trj\(2t+5r). 
26. (11s?—1)(12s?+ 1). 
27. (2 —6)(2? +12). 


28. 
29. 
30. 
31. 
32. 
33. 
(ay +5) (ay — 4). 

. (a+ 7)(@— 11). 

. (8%+5)(7 x—8). 

. 1—9r)d+8r). 

. (8¢+d)(2 ¢— ad). 

. (6m—3p). 

. 12a—4)9a—}). 

. (20—16z)8422). 

. (&© +16 9°) (a — 9%). 

- Y—6a)y +2"). 

. (4r4st)(4r—5 st). 
. (6m — 4). 

. 1423 2)(5 —2). 

. 5 a?—4y)(6 a —5y). 
- (a&— y'\@F +9). 

. (9@+4+2y)\(8ae—A4y). 
. 12¢+5d)(4ce—38 a). 


(52-6 y)5a+y%). 
(5 &+4)(9%—3). 
(4a—3y%)”. 

(Sy + 7)(y—5). 

(2 —3 ay) (5 + 2ay). 
(xy + 6 z)(a*’y — 13 2). 
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FACTORING 


_ 11. A monomial is said to be Rational and Integral when it 
is either an arithmetical number or a single literal number 
with unity for its exponent, or the product of two or more such 
numbers; as, 3, a, or 2 a’bc?. 


12. A polynomial is said to be rational and integral when 
each term is rational and integral; as, 2 ab —3c+d2 


13. To Factor an algebraic expression is to find two or more 
expressions which will produce the given expression when they 
are multiplied together. It is agreed that only rational and 
integral factors of integral expressions will be considered. 


14. A number which has no factors except itself and unity 
is called a Prime Number; as, 3, a, 7 + y. 


15. Type Forms. Skill in factoring depends upon ability to 
recognize the type forms. The following forms were studied 
in the first course in algebra: 

(a) Removing a Monomial Factor. A monomial factor of an 
expression is a number which will exactly divide each term of 
the expression. Pe a ms aa 


EXAMPLE. 32°5y7+9ey+3aey=3 vy(e’?+3u+1). 


(b) The Difference of Two Squares equals the product of the 
sum and the difference of their square roots. 


xv? —yp=(x—y)(x+y). 


Example. 252°—yt=(5a° + 7*)(5 e—y’). 

(c) A Perfect Square Trinomial is one which has two terms 
that are perfect squares and whose remaining term is twice the 
product of their square roots. 

To Find the Square Root of a perfect square trinomial, ex- 
tract the square roots of the two perfect square terms, and 
connect them by the sign of the remaining term. 
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ExAMpiLE 1. 42?—12%+425 is not a perfect square; for 
V4 a2 = 2x, /25=5, and2-2e-5= 20x and not 122. 


Example 2. 427—20ay4+25y? is a perfect square; its 
square rootis2®*—5. Hence4 2? — 20ay+ 25y=(2a%—5y)”. 


(d) Trinomials of the Form x?+ px + q can be factored when 
two numbers can be found whose product is g and whose sum 


is p. 
Exampie. 2?—8e—65=(e+5)(e@—13), for 5(—13)= 
—65, and (+5) + (— 13) =— 8. 


(e) Trinomials of the Form ax’ + bx + ¢, if factorable, can be 
factored as in the following example: 
Exampite. Factor 152?+172—4. 


Soxtution: For 15 2?, try 5% and 38”, thus: (6a )(8 x )eeekor 
— 4, try 2 and 2, with unlike signs, arranging the signs so that the cross 
product with larger absolute value shall be positive ; thus: 


(5% —2)(8%+2). Middle term +42; incorrect. (See § 10, d.) 


For — 4, try 4 and 1, arranging the signs as before ; thus: 
(6%+4)(8%—1). Middle term, + 7 x; incorrect. 
Try (6%—1)(8%+44). Middle term, + 172; correct. 


Norse. This method of factoring the general trinomial is the most use- 
ful. While at first it may seem difficult, it is easily mastered. It applies 
also to each of the preceding forms. (See First Year Algebra, § 103.) 


(f) The Sum of Two Cubes. x+y =(x + y)(x?—xy+y?). 
ExaMpLe. m°+ 27 y® =(m?)§ + (3 y)3 
= (mM? +3 y)(m*—3 my +97"). 


(g) The Difference of Two Cubes. x3 —y?=(x — y)(x?+ xy + yu’). 
Exampre. 216 a’— 0? = (6 a')— B 
= (6a'— b)(36 aS + 6 ab + B?). 
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16. Complete Factoring. First remove any monomial factor 
present in the expression; then factor the resulting expres- 
sions by any of the preceding type forms which apply until 
prime factors have been obtained. 

Examprtel. 328 —38yY=3(@'—¥')= 3 + 9°)(23 — 9°) 

= 8 + y)@— ay + ¥')(@— 9) (a? + ay + y’). 

EXAMPLE 2. 24 ax?+ 22 avy — 10 ay? 

=2a(120° 4+ llay—5y)=2a(4e+5y\)\(3x—y). 
Nors. Advanced Topics in Special Products and Factoring are dis- 


cussed in Chapter IX. This chapter, in whole or in part, as far as para- 
graph 95, may be studied at this time if desired. 


EXERCISE 6 
1. Remove the monomial factor: 
(a) 2a%—6ay+7 az. (f) m(a—2) +n(a—2). 


(b) 18 m?n — 15 mn’. (g) a(a? — 3) —5(a? — 3). 
(c) 4% —8r?—4r. (h) 5a(a—y)— 3 b(@—y). 
(d) Tn’ —Tn. (t) a(m? — 2)— 3(m? — 2). 


(e) a&—5a'—2at+3a. (jf) w(a—b)+a(c—ad). 


2. To what type do the following belong? Factor: 


- (a) 2*—36. (f) 5 a — yy 
(0) 4m? — 81. (g) 1—64 m?n?. 
(c) 9a?—4 7. (h) 36 a? — 121 y’. 
(ad) 25 m‘—1. (1) 1— 81 ab’. 
(e) a& — yf’. (j) 225 — y°. 


3. Supply the missing term so as to make perfect squares of: 


(a) @+( )+64. (c) a@—( )+90% 
(b) m?—( )4+144. (d) 4a?+( )+25. 
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(ec) 9mn?—( )+4. 
(f) @+8a+( ). 
(g) y—-L2yt+( ). 


(1) m4—14m2+( ) 
(i) P—8d+( ). 
(j) 9a +6a4+( ). 


4. To what type do the following belong? Factor, if 


possible : 
(a) 4a°— 204+ 25. 
(b) 92+ 6cd+ a. 
(c) 1677+127r+9. 
(d) 100 ay? — 20 ay +1. 
(e) 494— 42°49. 


(f) 25 m§ — 20 m? + 4. 

(g) wy?—14 ay +4 49. 

(h) 81m? +90 mn + 100 n’*. 
(7) 36 a?—132 ab + 121 6% 
(j) 4a8—4a%e? +B'ct. 


5. To what type do the following belong? Factor: 


(a) ?+9c+ 20. 

(6) m?—10m-+ 21. 

(c) r?—117° 430. 

(d) w+ 6a4— 27. 

(e) ay? — 2 ay — 35. 

(f) a&+ a®— 110. 

(9) @+12ay+20y 
(h) wb? —17 abe — 60 ¢. 


(i) at+11a?— 42. 
(j) ®4+3t—28. 

(k) w?—4 wv — 45 v*. 
(2) a’—6a%b — 55 B?. 
(m) a? +14 ay —15 7. 
(n) 14+5a—14e’. 
(0) 1—9a—36 2. 
(p) 1-18 n — 68 n*. 


6. To what type do the following belong? Factor: 


(a) 6 —Tr+2. 

(6) 30°-+8a+44, 

(c) 627—w—2. 

(d) 9° 4+15¢+4. 

(e) 627—Tx—10. 

(f) 14y° +18 yz—12 22. 
(g) 8w?—2wv— 210% 


(hk) 358+ st—62. 

(7) 9ar— 14 ay — 87. 
(j) 12 u*—35w—3. 
(kK) 6—a—152". 

() 54+9y—18y*. 

(m) 2420?-—17ne+3n% 
(n) 28a?— »— 2. 
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7. To what type do the following belong? Factor: 
(a) #—8. (c) 2&— mi’. (e) 27 w*— 8. 
(6) &—64d'. (ad) 8-1. (f) 125r°—216 a5, 


8. To what type do the following belong? Factor: 


(a) p+S8a’. (c) +2. (c) 27 a8 +125 4% 
(b) m® +125 ni. (d) &+d™. (f) 64m + Ayn’ 
Factor the following: ie 
9. 9ar?— 64 74. 30. 4¢—3a—7. 
10. Gax—10ay+2az 31. 9a? +124 — 32. 
11. 4+2a0—35. 32. a? +10 ab + 250% 
12. 18k? —32P. 33. av? — y, 
13. y+ 6 43 — 27. 34. 62+7aa+2a% 
14. ced?+5cd —66. 35. 2527— 25 max — 6 m?. 
15. 625°? — 3. 36. 3at—12. 
16. 3cdy?—9cdy — 30 cd. 37. 9m? —42 mt4+ 492. 
17. 4ax*?— 25 ay'. 38. 102’?—39a+414., 
18. 3y°+ 24. 39. 129? 4-11 a +2. 
19, 497 — 27 «4-45. 40. 3627-- 12% — 35. 
20. 60°4+7Tx—3. 41. vw — 87’. 
21. 2-1. 42. 2am*?— 50a. 

"22. 10 ay — 5 ay? — 5 ay’. 43. 724+ 72—49 22. 
23. mn? +7 mn — 30. 44, 31e@°+ 23 ay—8y'*. 
24. w—3ay—T70y’. 45. 240?+26a—5. 
25. me+7 max — 44m. 46. 1—3ay—108 wy”. 
26. 2—3 2?—108 x. 47. 2? —14ma-+ 40 m2. 
21., Oy, 48. 26+10ab— 28 a’. 
28. wt—5ary— 24y’. 49. +27 d’. 


29. 8n?+18n—5. 50. 3a%y — 27 ay’. 
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51. 3rn — 48 rn'— 2407. 56. 1— 64a°% 

52. 36a4—1217%. 57. wy — 16 ay’. 

53. mn + mint — mn’. 58. a& —ba>+2 a! —3 a. 
54. 5a’y?+ 70 ay + 245. 59. —16a?+ 24axr—92’. 
55. 20m? + 9mn— 18 n?. 60. 20 a®a? — 23 ax 4-6. 


17. The Degree of a Rational and Integral Monomial (§ 11) is 
the sum of the exponents of its literal factors. 


Thus, a*bc? is of the eighth degree. 

18. The degree of a rational and integral polynomial (§ 12) is 
the degree of its term of highest degree. 

Thus, 2 a? — 3c + d? is of the third degree. 

19. The Highest Common Factor (H.C.F.) of two or more 
rational and integral expressions is the expression of highest 


degree, with greatest numerical coefficient, which will divide 
each of them without a remainder. 


Rule. — To find the H.C. F. of two or more expressions: 


1. Find the prime factors of each expression. 


2. Select the factors common to all the given expressions, and 
give each the lowest exponent it has in any of the expressions. 


3. Form the product of the common factors selected in step 2. 


Exampre. 36(r+sy(r—s)'=2-2-3-3(r+s)(r—s)5 
= 2?. 3?-(r+s)(r—s)% 
30(7 +s)(r—s)§'=2-3-5(r+8)(r—s)4. 
. the H.C. F.=2-3(r+s)\(r—s)=6(r+s)(r—s)%. 


20. The Lowest Common Multiple (L.C.M.) of two or more 
rational and integral expressions is the expression of lowest 
degree, with least numerical coefficient, which can be exactly 
divided by each of them. 
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Rule. — To find the L. C. M. of two or more expressions : 
1. Find the prime factors of each of the expressions. 


2. Select all of the different prime factors and give to each the 
highest exponent with which it occurs in any of the expressions. 


3. Form the product of all of the factors selected in step 2. 


Exampre. 40 m'n?(m—n)*(m+n)3 
= 22.5 + min? (m — n)j(m + ny 
10 mn (m — n)3(m + n)=2- 5+ mn3(m — n)3(m + n). 
. the L.C. M. = 28 - 5 - mn3(m — n)8(m +n) 
“= 40 mn? (m — n)3(m + nj’. 


EXERCISE 7 
Find the H.C. F. and also the L. C. M. of: 
1. 18 and 45. 3. 28 mn and 2 m?n?. 


2. 24 a5y? and 30 ay. 4. 35a‘b and 15 a*. 
5. (r+s)(r—s) and 3r(r+s)(r—8)” 

6. @—40? and a?+4ab4+4 07. 

7. 5ay(a+3) and 10 ay’(x + 3). 

8. a+2a—3 and a—1. 

9. 9—2? and a? —a— 6. 

10. 4 + 2a — 24 and 2? — « — 42. 

11. 8a?— Band 2a°?+5ab—3 06% 

12. 33 —37' and 297+ 4 ay—6y’. 

13. 6a?+5ad—4d@ and 6 a?+ ad—2 da. 

14. 2 —97?, a — wy — 67", and 2 —6 ay +9 7. 
15. 2a+10b,4a?+2 ab, and a?+10 ab + 25 0% 


Ill. FRACTIONS 


21. A Fraction indicates the quotient of the Numerator 
divided by the Denominator. The numerator and denomi- 
nator are called the Terms of the fraction. 

22. Signs of a Fraction. By the rules of signs for division, 

rie eee ee. 


= — ; also, —— = 
+b —b +b +b —b 


Rule. —1. If the sign of one term of a fraction is changed, the 
sign of the fraction itself must be changed. 


2. If the signs of both terms of a fraction are changed, the sign 
of the fraction itself must not be changed. 


ee BI Dy Din ae RESO) 
ea a 3. 38-—2e% 2e-3 3-22 


oo. eee Bs eee he 


23. To Reduce a Fraction to its Lowest Terms: 
Rule.—1. Find the prime factors of both terms. 
2. Divide both terms by all of their common factors. 


Exauern, @+84b—280? _ (a—46)(a+70) 
160?—@ (4b—a)(4b+a) 


1 

__ (a—4B)(a+7b)_ a47d 

 (a-—tb\(a+4b) a+t+4b Se 
1 


24, An Integral Expression is an expression which has no 
fractional literal part; as, a? — 2 ab + b%, or 2 ab’. 


A Mixed Expression is an expression which has both integral 
and fractional literal parts; as, a + ae 
c 
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Rule. — A fraction may be reduced to an integral or a mixed ex- 
pression by performing the indicated division. 


a —Zay+2y’ _ alts y? 
Ly “  a—y 


EXAMPLE. 


The quotient and the remainder were obtained in this example by per- 
forming the division as in paragraph 9. 


25. The Lowest Common Denominator (L.C.D.) of two or 
more fractions is the lowest common multiple (§ 20) of their 
denominators. 

Rule. — To reduce fractions to their lowest common denominator : 

1. For the L.C. D., find the L. C. M. (§ 20) of their denominators. 

2. For each fraction, divide the L.C. D. by the given denomi- 
nator and multiply both numerator and denominator by the 
quotient. 


Exampie. Reduce the following fractions to respectively 
equivalent fractions having their lowest common denominator : 


4a 3a 
2 
a—4 w@—bd5a+6 
4a 4a 
rae Gs = : 
SoLuTION Bed tee) 
38a 38a 


Go batée (a—3)\(a— 2). 


2. The L.C. D. is (a — 2)(a@ — 8)(a + 2). 
3. For 34: the L. C.D. + (@—2)(a+2) =a—8. 
4 Ogee 4a(a— 3) : 
G=4 (4— 2d) Ca +4) 
38a 
F ee tea Os C—O) a= 
4 Lee are ( )¢ ) 
38a Pe 3 a(a + 2) 


_ @—be-+ 6. "o—v\ a= 8\a+ 2) 
_ In each case, the resulting fraction has the same value as the original 
fraction ; it is equivalent to the original fraction. The form only of the 
fraction has been changed. 
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EXERCISE 8 


Write each of the following fractions in three other ways 
without changing the value of the fraction: 


8 2 2e— 1 


Zo d— 2 


coe 6a—5 ; 
d—c * (@ —8)(a+ 4) 


5. Prove that the three fractions obtained in Example 1 are 
equivalent to the given fraction by finding the values of all 
four fractions when 3 is substituted for a. * 


6. State the fundamental principle employed in reducing a 


fraction to its lowest terms. 


changed ? 


Reduce to their lowest terms: 


4 
Be 120 he Ghee 


390° ; 84 ay 
11. x? —9e+18- 
ete¢—12 
12 a + 11 ab+ 286? 
* @+14ab4+ 490? 
0 — 25 
Se 
e—11 a+ 30 


Is the value of the fraction 


90 mint 120 atic? 
36 mn "75 abs? 
+B ‘ 
C2 0b — oe O 
@+a—12 


30? —18a4 12 


Sa ty 
28 avy? — 12 ay 


17. If the value of a fraction is desired for specified values 
of the letters involved, should the substitution be made in the 
original fraction or in the simplified fraction ? 

Find the value of the fraction in Example 12 when a= 12 


and b = 5. 


Reduce to mixed or integral expressions: 


18. 15m? + 12m-+4— 


3m 
Lone aes; 
se—1 


35 wv + 9x%+4+3_ 
ba+2 
30 ab — 5 at+15a2—T 
5 a? 
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a2, = ay. 93, 3@+8a?—4_ 
c—y aS 


24. Prove that the original fraction and the mixed expression 
obtained from it in Example 18 are equivalent for m = 2. 


Note that this is a means of checking the solution. 


Reduce to their lowest common denominator: 
C= OG BOG 


et ae eee : : 
a ie ah 3ab ’ 2ab? 
26 1@b 30’ 2a a 4a 9 
. ) ? =i ._ —, S——_——_. 
6 10 15 w2—9 3a—9a 
Se Je By pete ee oe 
2mn’ 3 mn? 5 mn m—4m+4 m—4 
9 
eal a 2 Pearce os. 
ia a ao — 12 
32 tf 3 mn 2 mn? 
“m—n 2(m—n)? 3(m—n)? 
9 
33... ———., at Sa 6 ; 
e+2 a2—2 2—3 
a—3b a+4b 
ah a+3b 


a —Tab+12b? a?—ab—126? a? — 90? 


2243 a+2 a—5 
* @+32—10 2efTae—15 2e?9~Te+6 


26. Addition and Subtraction of Fractions. 


Rule.—1. Reduce the fractions, if necessary, to respectively 
equivalent fractions having their lowest common denominator. 
($ 25). 

2. For the numerator of the result, combine the numerators of 
the resulting fractions, in parentheses, preceding each by the sign 
of its fraction. 
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3. For the denominator of the result, write the L. C. D. 


4. Simplify the numerator and reduce the fraction to lowest 
terms. 


EEXAMPLE. i a al a 5 

= 22 
oa re a—2 @—x2 C2 

= 1 fi a 

~ (a—a2)\(a+2) (a—«) (a? + ax +2?) 


(a? + ax + x?) a(a +) 
~ (a— x) (a + x”) (a? + ax + 2) (a—x)(a+2)(@ + ax + 2?) 


(a? + ax + x“*7)—a(a+e) fee 


~ (a—a)(a+2)(a@2+an+22) (a—x)(a+ x) (a2+a0+ 2) 


EXERCISE 9 


Perform the indicated operations : 


a fer TOG o oe 1 ~ uf 
10 1155 1627—8a¢4+1 162?—1 
: BiGpeaten, ote © 8 a—1 a+1 , 4a?+41 
9 12% ; ant ack rea Be 
3, ty y—2z z—3e 9. de  4a°+3e—1 
ay 2 yz 3 2a e—-3 w#@+e2—12° 
ms ie ee 8 10 3@+2 9ar+4 
Nit ei Sr Cy 
5 Qo aS a 20 
5 — : ilu _ : 
a—3 a+3 ve—ayty wB+y 
6 C+3sy w—sy L 4a—1 
; ee od 12. es 
x—3y w+t3y alu ty a — 1) Gai; 


m—1l m+1 m—6. 
m—2 m+2 4—m 
il ae clk 


@+4ab4+40  4P—@ 
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15. 1 — 1 
2e2+544+3 4048243 
16 a—n  sa—4n 3a—5n_ 
" Qat+2n 3a4+3n 6a+6n 
17. - a a c 
V?+4a—60 a—4a—12 
18. Joa ait a 
mt+4 1-n n?+3n—-—4 
il il ‘it 
19. see ES ae 
(a—b)(a—e) §(@—c)(b—a) ' (0 a)o—d) 
BN 5 
20. OD a tei me LI 
V+ 38e-4+9 


27. Multiplication and Division of Fractions. 

Rule. — To find the product of two or more fractions: 

1. Find the prime factors of the numerators and denominators 
of the fractions. 

2. Divide out (cancel) factors common to a numerator and a 
denominator. 


3. Multiply the remaining factors of the numerators for the 
numerator of the product, and of the denominators for the denomi- 
nator of the product. 


Rule. — To divide one fraction by another: 
1. Invert the divisor fraction. 
2. Multiply the dividend by the inverted divisor. 


Nore 1. In problems involving both multiplication and division, per- 
form the operations in order from left to right. (§ 3.) 
_ Norn 2. Integral or mixed expressions should first be reduced to 
fractional form. 
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EXAMPLE. . — 2 41 (1 + 2v \e(F — 3) 
py c—v Y £ 
_(@—2ve+v\ 2—vy+2v fe= 
a a4? y) x—V : xv 


_(@—vyP (e+. xv err: 
* (a—v)(@+v) x 


Complex Fractions are a special case of division of fractions. 


aty 
5 2 (@+9\ (ea _ oty 6 
Bee ae ogee ee 
6 
— 3 e 
= 


EXERCISE 10 


Pérform the following multiplications: 


1 25 36. 4 1 — 38H Tn J 
" 42 35 "An? n?+n—42 
6 am? 0 OOM a Oe 
Oh Sa e HO 5. — ‘ 
oT bin’ 208—3@ ° T(a—T) 
Sat 90% Tet 5a+2 
3. é sas Ge ee ee ee ee 
38 108 bat Fuses Oe ls wire 
7 4m?+8m+8 6m—I9m_ 
* 2m?—5m+3 4m?—1 
8 16%¢—-4 20%4+5 #+2%+41— 


oto | Cet 162?—1 
9 P+8y w—-2y w+2ayt+4y 
Be-—8y x+2y w—2Qay+4y 
2n*—n—8 eA aha 
nt —8n?+16 vin 2nV7—3n 


10. 
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Perform the following divisions: 


a th 


Oo Cn — 5). 19, 1b — 28 a 2d. 
a—3 a®—9ab? - a—38db 


wt — Say, 2%—10ey+ 219° 


13. 
vey wet+ay+y? 


14 8nF +1 = 2 = 2at 
“On?+4n n?+4n4+4 
2¢@—ab—30? | 3a?+ab—20? 


15. ° 
9 a? — 25 b? 9 a® — 30 ab + 25 BD 


Perform the indicated operations : 


16. 


iy 


18. 


19. 


21. 


22. 


6¢0—a—2 ite ban? | AOD ey 5, 
iw ibea4-15. Sa@—is8e—d 46.6042 


4@—4a+1 2@+a , @-—2a_. 
4qa?—1 Send) - tas 


eee 8 y (20 lay a ey oe BEY 
a—ay—2y \e—B8ay—4y? ~ 2—ay—6y 


a+2 2 GAL. ua 
( a seal eae aa) 


Oe ee eae rai 


( ’+2«e—8 w—-2 «#44 
6a—11 3e+17 
2a —14+——— )+ 3—-——1— |}. 
( canal Tr) (2+ ae) 
Snel) 2 8 
= - —_— — m + — 
at y, 23. aa 24, m? : 


25. 


26. 
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28. 1— 


29. 


30. 


IV. SIMPLE EQUATIONS 


28. An Equation expresses the equality of two numbers. 
The two parts (numbers) are called respectively the Left 
Member and the Right Member of the equation. 


29. An Identity or Identical Equation is an equation in which 
the two members may be made to take exactly the same form 
by performing the indicated operations. As, 

(a) 104+ 2=1542.4—11. (b) 8a(a— b)=3ax—3 ba. 


(a) is a numerical identity ; (b) becomes a numerical identity 
for any values of the literal numbers. 


30. An equation is said to be satisfied by a set of values of 
the letters involved in it when it becomes a numerical identity 
if these values are substituted for the letters. 

31. A Conditional Equation is an equation involving one or 
more literal numbers which is not satisfied by all values of the 
literal numbers. 


Thus, 34 —4=2+6 is an equality only when # = 5. 


_The word equation usually refers to a conditional equation. 


32. If an equation involves two or more literal numbers, one 
or more of the literal numbers may be regarded as unknowns 
and the remaining ones as known numbers. 

Thus, in aw + by =c, « and y may be unknowns and a, b, and c may be 
known numbers. 


33. If an equation has only one unknown number, any value 
of the unknown number which satisfies the equation is called 


a Root of the equation. 


oo 
ou 
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(a) #2 +6=5-4 has the roots 2 and 3. 
When w= 2, 224+ 6=5 - 2, for each equals 10. 
When 2 = 3, 3?+ 6=5 - 3, for each equals 15.» 


(6b) 2a%—a=a—t has the root $. 
When «=4,2a- PEAT Ee each equals 0. 


34. To Solve an equation is to find its root or roots. 


Exampte. 1. Solve the equation 2¢%—3= = + 2 


2. Multiply both members by 2. 4e—6=a2+4+6. 
3. Subtract « from both members. 38x2—6=6. 

4, Add 6 to both members. ove 12. 

5. Divide both members by 3. Tr 4. 


The problem is to find the number or numbers which satisry 
. the given equation. To make certain that 4 satisfies the given 
equation substitute 4 for a in the equation. 


Jel: 10, 


Does 2.-4-—3= Does 8 — 3= >! Yes 


Zz 


This test is called nes by substitution. 


35. Axioms Used in Solving an Equation. In the solution 
of the equation in paragraph 34, the following axioms were 
assumed : 

(a) The same number may be added to both members of an 
equation without destroying the equality. 

(b) The same number may be subtracted from both members of 
an equation without destroying the equality. 

(c) Both members of an equation may be multiplied by the 
same number without destroying the equality. 

(d) Both members of an equation may be divided by the same 
number without destroying the equality. 


As long as the number used as an addend, subtrahend, multi- 
plier, or divisor in connection with these axioms is an arith- 
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metical number (or constant other than zero), the equation 
obtained by applying any one of the axioms has exactly the 
same roots as the given equation, provided the given equation 
has a root at all. 


36. In this text, symbols A, 8, M, and D are used to abbre- 
viate the explanations of solutions of equations. Thus: 

A;: means “add 5 to both members of the previous equation.” 

S_s,: means “subtract —3n from both members of the 
previous equation.” 

M_,: means “multiply both members of the previous equa- 
tion by —1.” 

D,: means “divide both members of the previous equation 
by 4,” 


Examp.e. Solve the equation 2—“— “%—" =2— 9" 4 4, 
2 3 5 
1. Mgo:  15(@ —2)— 10(2% — 8) =6(8 — 82x) + 80. 
2. -. 15a — 30 — 20% + 30 = 48 — 18x +4 30. 
3.  —5“2=78— 182. 
4. Aigz? shar SS Yhey 
5. Diz: iO. 
6—2 12-38 Me lee) —18 
? = 2 1? 
Cueck: Does 5 3 sig st Ta 
Does 2—3=—2- 12 Yes. 
EXERCISE 11 


Determine by substitution which of the numbers 1, 2, —5, 
‘and 4 are roots of each of the equations. 


1. 474+5=6-+43°7. ae Saabs, 12. 
2. 16s—1=48-+5. 1—t 3s-t 
3. w—3w= —2. 5. 22—38e2+1=0 


Solve the following equations : 
6. 10%7—3=4+4382. 8. 32¢—1)=8(4—1). 
7 2y—23=51—16y. §t+4t=—41. 


© 
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10. 2a—$a++a=10. 

11. §e=fr—32+412. 

12. 4(2v—7)+5=5(v— 3) + 16. 

13. e—2(4—T2#)=4a—9(2—32). 

14. (14+39)?=(6—2)?+41—2)(8—22). 

15. 5(2r+7)(r—2)—6(7 + 4)" =54 @r43) 


37. Discussion of the Axioms. Two equations are said to be 
Equivalent when the roots of either are the roots of the other. 

As remarked in paragraph 35, when the number used as an 
addend, subtrahend, multiplier, or divisor is an arithmetical 
number, then the given equation and the resulting equation 
are equivalent. 


Axioms (a) AND (6). Jf the number added to or subtracted 
from both members of an equation is an expression involving the 
unknown number, the given equation and the resulting equation 
are equivalent, provided the expression has a finite value for the 
root or roots of the equation. 


Axiom (c). If the multiplier is an expression involving the 
unknown number, the new equation may not be equivalent to the 
given equation. 


EXAMPLE. 3 ”—2=a—1 has the root 4. 
Multiplying both members by a — 2, 
8027—82+4=22—3242, or2e?—524412=0. 
This equation has the root 2 for 2.2?—5-24+2—=8—1042=0. 


The given equation does not have the root 2, for 3.2 —2 does not 
equal 2 — 1. 


Hence, multiplying the given equation by # — 2 introduces the root 2. 


When the multiplier is an arithmetical number, or is the 
lowest common multiple of the denominators of a fractional 


equation, the resulting equation and the given oan are 
usually equivalent. 
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Axtom (ad). If the divisor is an expression involving the un- 
known number, the new equation and the given equation are not 
equivalent. 

EXAMPLE. 2°—4=” —2 has the roct 2, for 2?—-4=2~—92, 

Dividing both members by a — 2, x +2 =1. 

This equation does not have the root 2, for 2 + 2 does not equal 1. 

Whenever an equation is divided by an expression involving 
the unknown number, one or more roots of the given equation 
are lost. The following example illustrates a common instance 
of this fact. 

EXAMPLE. 32°—2¢=.0. 

Idee 3x2—2=0, orv#=2. 

2 is indeed a root of the equation 322?—2%=0, but it is not the only 
root. «= 0 is also a root, for3.0?—2-0=0. This root is obtained by 
setting the divisor x equal to zero. 

In general, if the expression by which both members of an 
equation is divided is set equal to zero, the roots of the result- 
ing equation are also roots of the given equation. 


38. Mechanical Processes of Solving Equations. 

(a) Transposition. A term may be transposed from one mem- 
ber of an equation to the other provided its sign is changed. 

Proor. Letzw+a=b. 

Sa: x=b—4. Axiom (b), § 35 

(b) Cancellation. A term which appears in both members of 
an equation may be cancelled. 

Proor. Letxz+a=b+a. 

Sa: a=b. . Axiom (8), § 35 

(c) Changing Signs in an Equation. The signs of all of the 
terms of an equation may be changed. 


Proor. Let ax—b=c— dz, 
Misi —ar+b=—c4 dx. Axiom (c), § 88 
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(d) Clearing of Fractions. An equation may be cleared of 
fractions by multiplying both members by the lowest common 
denominator of the fractions involved. This process is based 
upon axiom (c), § 35. 


Exampie. Solve the equation : ~—= 8 --=0 
4%—58 Tx—3 
Soxrution: 1. Miz-sy72-3): 5(7 & —3)— 844 —38)=0. 
Die loss 385a—15— 3224+ 24=—0. 
Bo SS 30 = — 9, ONG =—e. 
Cueck: Does 5 _ S =0? Does 5 _ Se 
—12—3 —21-—3 —15 —24 
Does (—4)—(—4)=0? Yes. 
EXERCISE 12 
Solve the following equations: 

Apes ee a [Oe ie: Seed Oe en 
2°92 9 be Se 10e 1or te 
De 2006 GO 11 2e—T 102-3 

OD diesels ee 5. 
oy y 2y 6y e—4 52x(a+ 2) 
21a2+7a+11 3 27 8 18 

=v. 6. =O > _.,, 
Ta—4a—9 2—5 212 2—32—10 
”. 7m Ee 5m___ 12(m?—1) 
m+3 m—1 m+2m—38 
NS 2 sl i 


orti Seco GPa 
12s—5 38s+4 _48—5 


9. SS ee ae ee 
2 3 (3 s+1) G 
10 3w-5 4w+2_15w-—1 7 
: 2 S atitoDly at 10 5 
x +3 1 2a t 
11. ———_. +. ——_—_ = ‘ 
v 2 (a —8) * 6(@—2) 3 (a? + 2a+44) 
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12. .05 #—182 —.7 x= .008 x —.504. 
13. 2.88 y —.756 + .62 y— 858 = 81 y. 


= ptt 8t+20 


2. 
a P—t—2 gt 


Solve the following equations for 2: 


15. ota oaneck dann 


Gb bc 
pete re ay oe SE er ea BM nt 
2at+5im 38a—4m 622°+7 me—20m? 
38a e+2n 
177 2. 
2e+n 2e 
18 ata 2— 6 2 ax —19 a? 
: = Se =s\(): 
V e—2a w2+38a 2v+ar—62? 
19. OCA Py BOA —t+a 
a? — b a a peas 
Boge: ies eee 


a+b «+a Pp ay ey Ne 


39. Algebraic Translation. In applications of algebra, number 
relations expressed in words must be expressed by means of 
algebraic symbols. This process may be termed “translation.” 
Skill in making such translation depends in part upon care in 
reading the statement which gives the number relations and 
in part upon familiarity with a few simple devices. For the 
elementary instruction preparatory to the solution of the fol- 
lowing review exercises, see the “ First Year Algebra.” 


ExaMPLe. Express in symbols: the sum of the squares of 
two given numbers decreased by 4 times their quotient. 


Sorution: 1, Let % and y be the given numbers, 

2. Then 2? and y? are the squares of these numbers, and = is their 
quotient. y 

3. The expression is: «2 + y?—4 i 
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EXERCISE 13 
Express in symbols the following: 
Five times a certain number. 
The sum of the cubes of two given numbers. 
3 more than five times a given number. 
The excess of 10 over a given number; of y over 5. 


5 less than three times a given number; 70 diminished 


ow 
<, 


£09) 00 SS FOR OS ee a 


The amount by which 15 exceeds twice a given number. 
The difference between 5 and 13; between a and 20. 
Five per cent of x dollars; a per cent of D dollars. 


The simple interest on P dollars for four years at r per 
cent. 


10. The amount to which M dollars accumulates in ¢ years 
when invested at five per cent simple interest. 


11. The number by which 3a exceeds (w— 6). 
12. The larger part of 18 if s is the smaller part. 
13. The smaller part of 3a if (+5) is the larger part. 


14. The larger of two numbers if ¢ is the smaller and if the 
difference between them is 15. 


15. The smaller of two given numbers whose difference is 4 
if the larger is y. 


16. The smaller part of 35 if the larger part is x. 


17. The two integers consecutive to the integer represented 
by m. 


18. The two odd integers consecutive to «: (a) if x is an 
odd integer; (6) if w is an even integer. 
19. .The complement of a degrees; the supplement. 


20. The third angle of a triangle of which the other two are 
angles of x degrees and (a— 4) degrees respectively. 
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21. The perimeter of a rectangle whose base exceeds its alti- 
tude by 3 inches. 

22. Theages of A and B8 years agoif A’s age now is twice B’s. 

23. The difference between one fifteenth and one third of a 
certain number. 

24. The total number of cents in a sum of money consisting 
of a certain number of dollars, twice as many quarters, and 
three times as many dimes as quarters. 

25. The time required by a train for a trip of A miles: 
(a) at 30 miles an hour; (6) at 7 miles at hour. 

26. The rate at which an automobile travels if it goes D 
miles: (a) in7 hours; (0) in n hours. 

27. If the rate of a river is 3 miles an hour, express the 
time required by a boat whose rate in still water is w miles an 
hour: (a) for a trip of 20 miles downstream ; (0) for a trip of 
20 miles upstream; (c) for a trip of 20 miles downstream and 
back again. 

28. The area of a parallelogram whose base is 3 feet less 
than twice its altitude. 

29. The part of a piece of work a man can do: (a) inc days, 
if he can do all of it in 10 days; (0) in 8 days, if he can do all 
of it in & days. 

30. The reciprocal of 32. 

31. The number whose hundreds’ digit is a, whose tens’ 
digit is b, and whose units’ digit is ¢. 

32. The number whose digits are the same as those of the 
number in Example 31, but in the reverse order. 


Express in words the following expressions: 
33. tab. 35. a+ty—2Qaey. 387. a?+ 0% 
34. 2(@+y)+3@—y). 36. 2m(m+n). 38. (a+ b*)§ 


22 2 
1 ighecea a0 Coe, 
wy 
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40. A Problem is a statement of one or more relations be. 
tween one or more unknown numbers and certain known num- 
bers, from which the unknown numbers are to be determined. 

In this paragraph certain problems are considered which can 
be solved by using only one unknown number. 


Exampite. The rate of an express train is five thirds of that 
of a slow train. It travels 75 miles in one hour less time than 
the slow train. Find the rate of each train. 


Soturion: 1, Let 7 = the no. of mi. in the rate per hour of the slow 
train. : 
2. Then £7 = the no. of mi. in the rate per hour of the fast train. 


3. Hence the rate is the distance is the time is 


75 


for one train 75 


for the other 


ey: oC 


When this equation is solved, 7 is found to equal 30. 
Hence the rate of the slow train is 30 mi. an hour, and of the fast train, 
therefore, 50 mi, an hour. 


Cueckx: The time for the slow train for 75 mi. is 75 + 30 or 2.5 hr. 
The time for the fast train for 75 mi. is 75 + 50 or 1.5 hr, 
The time of the latter is one hour less than that of the former. 


EXERCISE 14 


1. The denominator of a certain fraction exceeds its numer- 
ator by 6. If the numerator be increased by 7 and the denomi- 
nator be decreased by 5, the fraction becomes 13. Find the 
fraction. 


2. Divide 55 into two parts whose quotient sha!l be 4. 


3. Divide 54 into two parts such that twice the smaller 
shall exceed 29 as much as 143 exceeds four times the greater. 
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4. The perimeter of a certain rectangle is 330 feet. The 
altitude is four sevenths of the base. Find the dimensions. 


5. The numerator of a certain fraction exceeds the de- 
nominator by 5. If the numerator be decreased by 9, and the 
denominator be increased by 6, the sum of the resulting frac- 
tion and the given fraction is 2. Find the fraction. 


6. Divide 197 into two parts such that, when the greater 
is divided by the smaller, the quotient is 5 and the remainder 
is 23. 

7. The length of a certain lot is three times its width. If 
the length be decreased by 20 feet and the width be increased 
by 10 feet, the area will be increased by 200 square feet. Find 
its present dimensions. 


8. If one fifth of the supplement of a certain angle be 
diminished by two elevenths of the complement of the angle, 
the result is 19. Find the angle. 


9. A passenger train whose rate is 35 miles an hour and a. 
freight train whose rate is 25 miles an hour start at the same 
time from points which are 100 miles apart. (a) If they travel 
toward each other, in how many hours will they meet? (6) If 
they travel away from each other, in how many hours will they 
be 150 miles apart ? 


10. A freight train runs 6 miles an hour less than a pas- 
senger train. It runs 80 miles in the same time that the 
passenger train runs 112 miles. Find the rate of each. 


11. A man walks 10 miles and then returns in a carriage 
whose rate is 3 times as great as his rate of walking. If it 
took him 4 hours less time returning than going, what was his 
rate of walking ? 

12. A vessel runs at the rate of 12 miles an hour. If it 


takes as long to run 27 miles upstream as 45 miles downstream, 
what is the rate of the current ? 
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13. A man travels 130 miles in ten hours in an automobile, 
part of the distance at an average rate of 20 miles an hour and 
the rest at an average rate of 10 miles an hour. How far does 
he travel at each rate ? 


14. A man receives $140 per year as interest on $2500. 
$ 500 is invested at 5%; part of the remainder at 54%; and 
the rest at 6%. How much has he invested at 54% ? 


15. A man travels 24 miles at the rate of 5 miles an hour. 
By how many miles an hour must he increase his rate in order 
to make the trip in one fourth of the time ? 


16. Find three consecutive numbers such that the square of 
the greatest shall exceed the product of the other two by 49. 


17. Find the upper base of a trapezoid whose area is 175 
square inches, whose altitude is 10 inches, and whose lower 
base is 20 inches. 


18. Two automobilists use gasoline from a tank containing 
_ 60 gallons. If one uses gasoline at the rate of five gallons in 
three days and the other five gallons in seven days, how long 
will the 60 gallons last ? 


19. If A can do a piece of work in 5 days, B in 8 days, and 
C in 10 days, how many days will it take them to do the work 
if they work together ? 


20. A man has $6.90 in dollars, half dollars, and dimes. 
The number of halves is twice the number of dollars, and the 
number of dimes is equal to the sum of the number of dollars 
and the number of half dollars. Find the number of coins of 
each kind. 


SUPPLEMENTARY PROBLEMS 
21. Divide a into two parts whose quotient shall be m. 


22. The numerator of a certain fraction exceeds its denomi- 
nator by m. If the denominator be increased by n, the fraction 
becomes 3. (a) Find the fraction. (0) Find the value of the 
fraction when m is 4 and n is 2. 
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23. The perimeter of a certain rectangle is ¢ feet. The base 
exceeds the altitude by d feet. (a) Find the dimensions of the 
rectangle. (6) Find the values of the dimensions when c equals 
50, and d equals 5. 


24. The length of a certain field is m times its width. If 
the length be increased by r feet, and the width by s feet, the 
area will be increased by ¢ square feet. (a) Find the dimen- 
sions of the field. () Find the values of the dimensions when 
m is 4, and r, s, and ¢ are respectively 2, 3, and 48. 

25. Divide c into two parts such that the sum of one mth 


of the first part and one nth of the second part shall equal d. 
Find the values of the parts when m is 2 and n is 3. 


26. If A can do a piece of work in a days, B in 6 days, C in 
¢ days, and D in d days, how many days will it take them to 
do the work if all work together ? 


27. A sum of money amounting to m dollars consists entirely 
of quarters and dimes, there being n more dimes than quarters. 
How many are there of each ? 


28. At what time between 8 and 9 o’clock will the hands of 
a clock be together ? ; 


29. At what time between 2 and 3 o’clock is the minute 
hand of a watch 15 minute spaces ahead of the hour hand ? 
' 30. In a mixture of sand and cement containing one cubic 
yard, 16 % is cement. How much sand must be added to the 
mixture so that the resulting mixture will contain 12% of 
cement ? 


V. GRAPHICAL REPRESENTATION 


41. In the figure below: XX’ is called the Horizontal Axis; 
YY’ is called the Vertical Axis; together they are called the 
Axes; the point O is called the Origin; PA, perpendicular to 
the horizontal axis, is called the Ordinate of the point P; PS, 
perpendicular to the vertical axis, is called the Abscissa of P; 
PR and PS together are called the Codrdinates of P. Distances 
on OX are considered positive, on OX! negative, on OY posi- 
tive, and on OY' negative. The part of the plane within the 
angle XOY is called the jirst quadrant; the part within the 
angle YOX' is called the second quadrant; etc. The abscissa 
of P, according to the indicated scale, is 3, and the ordinate 
is 4. The point P is called the Point (3, 4). 
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EXERCISE 15 


1. What are the codrdinates of each of the points in the 
figure above ? 

2. Locate (plot) on a similar diagram the following points: 
(a) (0,5); (B) (—3,4); (©) (—8, 0); (@) (0, —4); (©) (—4, —6). 

3. In which quadrant does a point lie: (a) whose abscissa 
is positive and whose ordinate is negative? (6) whose abscissa 
and whose ordinate are both negative ? 

4. What sign does the abscissa of a point have if the point 
is in the fourth quadrant? in the second quadrant ? 

5. Change the word “abscissa” in Example 4 to “ ordinate,” 
and answer the resulting questions. 

6. Locate the points whose codrdinates are given in the 
following table; connect the points by a smooth curve and thus 
obtain a graph showing the relation between the ordinate and 
the abscissa of a point on the graph. 


4) 9/ 16] 25 


Express the relation between y and # by means of an equa- 
tion. 

7. Water, falling from any height, exerts a pressure depend- 
ing upon the height from which the water falls. This height 
is called the “head” of the water. Draw a graph showing 
the relation between the head, expressed in feet, and the pres- 
sure, expressed in pounds per square inch, using the data given 
in the following table. 

(Hinz: use the head for the abscissa and the pressure for the ordinate 
of the point. ) 


Head 2 5 8 10 20 


Pressure A SSE Qah eee 4.3 8.6 
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8. From the graph in Example 7, determine the pressure 
from a head of: (a) 6 feet; (0) 15 feet. 


9. From the graph in Example 7, determine the head neces- 
sary to give a pressure of: (a) 6 pounds per square inch; 
(6) of 7 pounds per square inch. 


42. Equations Having Two Unknowns. A Solution of an 
equation having two (or more) unknowns is a set of values of 
the unknowns which satisfies the equation. 


Thus, x = 1 and y = 4 is a solution of e+ y = 5, for 1+4= 5; also, 
x =~ 8and y = 13 is a solution, for (— 8)+ 18 =5. 


43. For every value of one unknown, a value of the other 
may be determined. 


Ing+y=5: whenx=— 2, (—%)+y=5. Hencey=5+ }= 82. 


An equation having two (or more) unknowns has an infinite 
number of solutions; for this reason, such equations are called 
Indeterminate Equations. As a, in such an equation, changes 
in value, y also changes in value. « and y are called Variables 
and the equation is called an equation having two variables. 


EXERCISE 16 


1. Determine by substitution which of the following pairs 
of numbers are solutions of the equation 2~—3y=10: 


(a) e=2,y=—2; (6) e=3, y=1; (¢) e=h,y=—3. 


2. Determine, as in § 43, three more solutions of the equa- 
tion given in Example 1. 


3. Determine six solutions of the equation y = a? — 10, three 
for positive values of w, and three for negative values of x. 
Plot the points whose codrdinates correspond. to these solutions 
and connect them by a smooth curve, —thus obtaining a part 
of the graph of the equation. 
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4. F=ma is an equation encountered in physics. Assume 
that m has the constant value 50; determine ten solutions of 
the resulting equation, locate the points corresponding, and 
draw the graph. 


(Hint: use Fas ordinate and a as abscissa.) 


44. Ifa rational and integral monomial (§ 11). involves two 
or more letters, its degree with respect to them is denoted by the 
sum of their exponents. 

Thus, 2 aby? is of the fourth degree with respect to x and y. 


45. If each term of an equation containing one or more un- 
known numbers is rational and integral, the Degree of the 
Equation is the degree of its term of highest degree. 

Thus, if « and y denote unknown numbers: 


ax — by = c is of the first degree ; 
2x2 — 3 ay? = 5 is of the third degree. 


46. In a later course in mathematics, the graph of an equa- 
tion of the first degree having two unknowns is proved to be a: 
straight line. This line may be found by the 


Rule. —1. Determine two solutions (§ 42) of the equation. 


2. Plot the points whose coordinates correspond to these solu- 
tions and draw the straight line determined by them. 


Norp 1. Do not have the two points too close together. 


Norr 2. The codrdinates of every point on the graph satisfy the 
equation of the graph; and every point whose codrdinates satisfy the 
equation must lie on the graph. In geometrical language, the graph is 
the locus of points whose codrdinates satisfy the equation. 


47. An equation of the first degree is called a Linear 
Equation. 
Exampye. Draw the graph of 3a#—4y=12. 


Sotution: 1. When «=0, 3-0—4y=12, —4y=12, or y=—3. 
When x =—4, 3(—-4)—4y = 12, —12—4y = 12, —4y = 24, or y=—6. 
2. In the figure below the points are located and the line is drawn. 
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EXERCISE 17 
Draw the graphs of the following equations: 
1. 2¢+3y=12. 3. 3¢a+2y=0. 
2. 3%a—5y=30. 4. 4a+ 5y= 24. 


5. (a) Draw the graph of a+ 2y=—1. 

(b) Multiply both members of the original equation by 3 
and draw the graph of the resulting equation. 

(c) Multiply both members of the original equation by — 5 
and again draw the graph of the equation resulting. 

(d) From the graphs obtained in parts (a), (0), and (c), what 
do you conclude is the effect upon the graph of an equation 
of multiplying both members of the equation by the same 
number ? 

(e) What effect does it have upon the solutions of the 
equation ? 


VI. SIMULTANEOUS LINEAR EQUATIONS 


48. ‘Two equations, each containing two (or more) unknowns, 
are said to be Independent Equations if each has solutions which 
are not solutions of the other. 


49. Two independent equations which have one (or more) 
common solutions are called Simultaneous Equations. 


50. Two independent linear equations which do not have a 
common solution are called Inconsistent Equations. 


51. Graphical Solution of Simultaneous Linear Equations Having 
Two Unknowns. 


Rule.— 1. Draw upon one sheet the graphs of both equations. 


2. Find the codrdinates of the point common to the two lines. 
These coordinates give the common solution. The solution may 
be checked by substitution. 


Examp.e. Solve the equations { 
e+t4y=2, (2) 

SoLution: 1. Forequation (1): ifa=5,y=2; ife=—1,y=—8. 

2. For equation (2): if«=—2,y=4; ife=4, y=— 6}. 

3. The graph follows. 

4, The straight lines intersect in the point (2, — 38). 

The common solution is x = 2, y =— 3. 

Cuecx : In (1): does5-2—38(—5)=19? Yes. 

In (2): does7-2+4+4(—38)=2? Yes, 

Nore 1. The solution obtained by this method is usually only an ap- 
proximate solution owing to the impossibility of determining exactly the 
coérdinates of the point of intersection of the lines. 

Nore 2. If the equations are inconsistent, the lines will be parallel ; 
if the equations are dependent, the lines will coincide. 

51 
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EXERCISE 18 


Study the following pairs of equations graphically ; if simul- 
taneous, determine their common solutions: 


‘i eae é (2e+5y=10. 
' (Sa—y=18. " \4e4+10y= 40. 
4 ac igh ‘ iene ae 
" (Se+y=T. ' |\9a—6y=18 
cee, 7 5a—4y=0 
Ta+t+8y=26. F pankar uae 
A San eae : (9e+14y=— 25. 
' [4a—5y=26. " \83e—4y=22. 


52. Two simultaneous equations having two variables may 
be solved by combining them so as to cause one of the variables 
to disappear. This process is called Elimination. 
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53. Elimination by Addition or Subtraction. 


Rule.—1. Multiply, if necessary, both equations by such numbers 
as will make the coefficients of one of the variables of equal absolute 
value. 

2. If the coefficients have the same sign, subtract one equation 
from the other; if they have opposite signs, add the equations. 

3. Solve the equation resulting from step 2 for the other variable. 

4. Substitute the value of the variable found in step 3 in any 
equation containing both variables, and solve for the remaining 
variable. é 

5. Check the solution by substituting it in both of the original 
equations. 


Sa+3y=—9. (1) 

Exampie. Solve the equations te Mae ea be (2) 
Soxution: 1. M,* (1): 20% + 12 y =— 36. (3) 
2. Ms (2): 9e—12y=—51. (4) 
3. (3) + (4): 29a =— 87. (5) 
4, . f= — 3, 
5. Substitute — 3 for x in (1): —154+s8y=-9. 
6. BAS) = Or OLe yp rs 
The solution is: « =— 3, y = 2. 
Cueck: In (2): does 3(— 8) —4.2=—17? Yes. 

In (1): does 5(— 38) +38:-2=— 9? Yes. 


54. Elimination by Substitution. 

Rule.—1. Solve one equation for one variable in terms of the 
other variable. 

2. Substitute for this variable in the other equation the value 
found for it in step 1. 

3. Solve the equation resulting in step 2 for the second variable. 

4. Substitute the value of the second variable, obtained in step 3, 
in any equation containing both variables and solve for the first 
variable. 

5. Check the solution by substituting it in the original equations. 


* M, (1): means ‘‘ Multiply both members of equation (1) by 4.” 
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: Jiaw—S5y=4. (1) 
ExamPie. Solve the equations 4a—3y=5. (2) 
Soxturion: 1. Solve (1) for y: i west, (3) 
2, Substitute in (2) : 42 —8 aes, = (4) 
8. Solving (4) for x: 20a” — 338% + 12 = 25; 
— 1382 =13, orx=—1. 
4. Substitute —1 for xin (1): —ll-—5by=4. 


o. —5y= 15, ory =— 38. 
’ The solution is: » =— 1, y =—3. 
Cueck: In (1): does 11(— 1) — 5(— 8) = 4? does — 114 15=4? Yes, 
In (2): does 4(— 1) —3(—3) =5? does—4+49 =5? Yes, 


EXERCISE 19 


Solve the following pairs of equations by addition or sub- 
traction. (If difficulty is experienced in obtaining a solution, 
determine graphically whether the equations are inconsistent 
or dependent.) 


2a—38y=19. : 6e+i11y=831. 
Tat4y=23. ’ |6y—1a=T4, 
xe—5y= —21, r de+2y=—31. 
3x—8y=—35. * |6a+4y=— 62. 
15e%+8y=3. ; 4T—S8w=-—3. 
6%—12y=5. ' (11 74+5w=—16. 

13m —Tn=15. dxe—4y=— 13. 

" 18m—4n=9. ' |62—8y=—5. 


Solve the following pairs of equations by substitution: 


oe 7 a+26=11. 
Te—4y= 43. 38a+5b=29. 
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re Sr+7s=—12. 52+6y=—5. 
' |—6r+9s=1. 10%+9y=—6. 
8e—3f=47. 3 32 —5y=88. 
6e—7 f=21. ' |—5a4+8y=—26, 


Solve the following pairs of equations in either manner: 


15. Dlahiisoeny 
el ‘ SF ow. 
Les 3 ey 


Hint: Eliminate y without clear- 
— b_3a+0. ing of fractions. 


16. gh: 8 
[8a—5b=1. Side’ 4 A 
Ce Se aa. 
22. 
Ea oh a Satter 
eve 3t- oF ple ea 
5e+2t=—T. 
pon camera 
arg sear —O9~ 4 a x oy 30 
peesuer 5 6__ 89. 
2r+3s=—10 6a y 18 
7 oe eae eat 
9 Eoorangs Oe nese 
Feet. BiycbAnn » 4a 3y 72 
€—2a i Solve the following for 2 
Sat44-9 5 and y: 
20. P 
d+3n _7 5e—6y=8a. 


pose Ut owt. 25. 
@t4n—7- 11 . 4a+9y=7 a. 
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ba — ay = d?. | 2ae— by _» 
26 5 a a. se 
(a —b)a + by =a’. 29. 
a+ by _» 
5 =. 
(ax + by =1. Sa 2 
|ew+ dy=1. ee ee 
selene eee 
ax + by =2 a. a min 
aa — by =a? + b*. n+e m—y 


55. Equations Containing Three or More Variables. 

Exampie. Solve the set of equations: 
12m—4n+p=3. 
m—n—2p=—1. 
5m—2n=0. 


Sorution: 1. Me (1): 24m—8n+2p=6. 

2, (2) + (4): 25m—9n = 5. 

3. Ms (8): 25m —10n=0. 

4. (5) — (6): Wi ie 

5. Substitute 5 for n in 3. 5m —10=0, orm=2. 
6. Substitute 5 for n and 2 for m in (2) : 


2—5—2p=-1. 


. 2p 2, Or pis 
SoLuTION : i 2 En = OS —— 
Cueck: The solution satisfies each of the three given equations. 


(1) 
(2) 
@) 
(4) 
(5) 
(8) 


Rule. — To solve a system of three equations containing three 


unknowns: 


1. From two equations, say the 1st and 2d, eliminate one of 


the unknowns ; mark the resulting equation as equation (4). 


2 From another pair of equations, say the 1st and 3d, eliminate 
the same unknown, and mark the resulting equation as equa- 


tion (5). 


3. Equations (4) and (5), containing two unknowns, are readily 
solved (if the system has a solution). Then by substitution the 


third unknown may be determined. 


q. 


no 
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EXERCISE 20 


Solve the following sets of equations: 


| 


| 


— eee eet 


B8a+ty—2=14. 
e+3y—z2=16. 
e+y—3sz2=—10. 


3p+4q+5r=10. 
4p—5q—8r=25. 
5p—38q—4r=21. 


4y—11ly—5z=9. 
8a+t4y—z=11. 
16e+7y+62= 64. 


18#—8y+4z2= — 25. 
10%7+4y—9z=—30. 


Solve Examples 6, 7, and 8 
for @, y, andz. 


edo hijn Ce, 
abe 
slip et ee 
sabe 
epg tae ee 
abe 
pl eag | 
—4—-=a. 
o Yy 
lay! 
fd. 
Sa a 
Omeaee 
—-+>- HS 6. 
oY 
Oh 
8. sik eal 
b 
ae 
OP ee 
u—e%+y=15. 
10. e—y+z2=—12. 
y—2+u=13. 
zg—ute=— 14. 
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56. Solution by Formula. Simultaneous linear equations hav. 
ing two or more unknowns may be solved by means of certain 
formule. This method of solution is considered in § 233, page 
240, and may be studied at this time if desired. 

57. Many problems are solved more conveniently by using 
two or more unknowns. 

Exampie 1. A certain number of two digits exceeds three 
times the sum of its digits by 4. If the digits be reversed, the 
sum of the resulting number and the given number exceeds 
three times the given number by 2. Find the number. 


SoLuTion: 1. Let t = the tens’ digit, and wu = the units’ digit. 
2. .. 10¢ + uw = the original number, 

and 10 u + ¢ = the number obtained by reversing the 

digits. 

3. - l0t+u=38 (¢+uy4+4 

or Tt—2u=4. () 
4. Also (10¢+ u)+ (l0u+t) =38 1024 u) +2, 

or 19t¢—8u=-—2. (2) 


5. Solving equations (1) and (2) by the usual methods, 
¢=2andu=65. 
.*. 25 is the number. 
CurecK: Does 25=3(2+5)+4? Yes. 
Does 25 + 62 =3 (25) +2? Yes. 


EXERCISE 21 


1. Divide 79 into two parts such that twice the smaller ex- 
ceeds the greater by 5. 


2. If 3 beadded to the numerator of a certain fraction, and 
7 be subtracted from the denominator, the value of the frac- 
tion becomes $. If 1 be subtracted from the numerator, and 7 
be added to the denominator, the value becomes 2. Find the 
fraction. 


3. The units’ digit of a certain number of two digits is one 
third of the tens’ digit. If the number is divided by the differ- 
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ence of its digits, the quotient is 15 and the remainder is 3. 
Find the number. 

4. Find the three angles of an isosceles triangle if each of 
the base angles exceeds the vertical angle by 30°. 

5. There are two numbers such that when the first is divided 
by the second the quotient is 3 and the remainder is 1; when 
the second is divided by one fifth of the first, the quotient is 1 
and the remainder is 8. Find the numbers. 

6. Aman has $10,000 invested, part at 5% and part at 6%. 
The interest for one year on the 5% investment exceeds the 
interest for one year on the 6% investment by $60. How 
much does he have invested at each rate? 

7. A’s age is six fifths of B’s. Fifteen years ago his age 
was thirteen tenths of B’s. Find their present ages. 

8. If the numerator of a certain fraction be increased by 
4, the value of the fraction becomes $; if the denominator of 
the fraction is decreased by 3, the value of the fraction be- 
comes 2. Find the fraction. 

9. A certain chord of a circle divides the circumference 
into two ares such that three times the minor arc exceeds 
twice the major are by 80°. Find the two arcs. 


10. The units’ digit of a certain number of two figures exceeds 
the tens’ digit by 5. If the number, increased by 6, be divided 
by the sum of its digits, the quotient is 4. Find the number. 


11. A’s age is twice the sum of the ages of B and C. Two 
years ago, A was 4 times as old as B, and, four years ago, A 
was 6 times as old as C. Find their ages. 

12. Find three numbers such that the sum of the first, one 
half of the second, and one third of the third shall equal 29; 
also such that the sum of the second, one third of the first, 
and one fourth of the third shall equal 28; and finally such 
that the sum of the third, one half of the first, and one third 
of the second shall equal 36. 
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13. A certain rectangular field has the same area as another 
which is 6 rods longer and 2 rods narrower, and also the same 
area as a third field which is 3 rods shorter and 2 rods wider. 
Find the dimensions of the field. 

14. The sum of the first and third angles of a certain tri 
angle is twice the remaining angle; the sum of the first and 
second angles exceeds the third angle by 20°. Find the three 
angles of the triangle. 

15. The sum of the two digits of a certain number is 14. 
If 36 be added to the number, the result has the same digits 
as the original number, but in reverse order. Find the num- 
ber. 


16. Two trains, starting from points 270 miles apart, and 
traveling toward each other, will meet at 12 o’clock, if one 
train starts at 7 a.m. and the other at 10 a.m. The rate of the 
first train exceeds the rate of the second train by 5 miles an 
hour. Find the rates of the trains. 

17. A boy can row 10 miles downstream on a river in two 
hours, and can return in 34 hours. Find the rate at which he 
rows in still water and also the rate of the current of the 
river. 

18. A train leaves A for B,120 miles distant, at 9 a.m., and, 
one hour later, a train leaves B for A. They meet at noon. 
If the second train had started at 9 a.m. and the first at 10.30 
A.M., they would still have met at noon. Find their rates. 

19. The circumference of the hind wheel of a carriage is 55 
inches more than that of the fore wheel. The former makes 
as many revolutions in going 250 feet as the latter in going 140 
feet. Find the circumference of each wheel. 

20. A man has quarters, dimes, and nickels to the value of 
$1.40, having in all 12 coins. If he had as many dimes as-he 
has quarters, and as many quarters as he has dimes, the value 
of the coins would be $1.55. How many coins of each kind 
has he ? 
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SUPPLEMENTARY PROBLEMS 


21. The hundreds’ digit of a certain number of three figures 
is $ of the tens’ digit, and exceeds the units’ digit by 2. If the 
number be divided by the sum of its digits, the quotient is 38. 
Find the number. 

22. r years ago, A was m times as oldas B. Ins years, A 
will be m times as old as B. 

(a) What are their present ages ? 

(0). Find the values of their present ages if 7 is 10, s is 5, m 
is 5, and n is 2. 

23. A man has $14,250 invested in bonds, which give him 
annually a total income of $700. Part of the money is in- 
vested in 4 % bonds, bought at $90 per share, and the balance 
in 6 % bonds, bought at $105 per share. How much has he 
invested ineach way? (The income is always computed on the 
par value of a bond, which in this example is $100 per share.) 

24. A vessel contains a mixture of wine and water. If 50 
gallons of wine be added, there will then be 7 as much wine as 
water; if 50 gallons of water be added, there will be 4 times 
as much water as wine. Find the number of gallons of water 
and of wine at first. 

25. The chords AB and CD of a circle form, at their inter- 
section, an angle of 60°. The chords AD and BC, extended, 
meet at O, forming an angle of 40°. Find the number of de- 
grees in the arcs AC and DB. 

26. The formula /=a-+(n—1)d occurs in a more advanced 
topic in algebra. If J is 32 when n is 10, and is 10 when n is 
20, find a and d. 

27. The numbers d, a, t, and b are assumed to be connected 
by the formula d=at +0. If d=3 when t=, andd=18 
when t = 3, find a and b. 

From the resulting formula for d, determine ¢ when d is 3, 
giving the result to the nearest eighth of an inch. 
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28. Assuming that the numbers a, b,d, and W are connected 
by the formula W=ad+4, find a and 6 if W=1.5 when 
d =.75, and if W=4.5 when d=2.5. From the resulting 
equation, determine W when d = 2. 


29. If a field were made a feet longer and 6 feet wider, its 
area would be increased by m square feet; if its length were 
made c feet less, and its width d feet less, its area would be de- 
creased by m square feet. Find its dimensions. 


30. An automobile made a trip of 145 milesin 8 hours. The 
average rate within city limits was 15 miles an hour; the aver- 
age rate outside of city limits was 20 miles an hour. Find the 
part of the trip lying within city limits and the part outside. 


31. In round riumbers, the average rate of the automobile 
that won a certain long auto race is 2} times the rate of an 
ordinary passenger train. At these rates, the automobile can go 
150 miles in 2 hours less time than the train requires for a trip 
of 140 miles. Find the rate of the automobile and of the train. 


32. A piece of work can be done by A and B working to- 
gether in 10 days. After working together for 7 days, A 
leaves, and B finishes the work in 9days. How long would A 
alone take to do the work ? 


33. A motor boat which can run at the rate of r miles an 
hour in still water, went downstream a certain distance in 
n hours; it took m hours to return. 

(a) Find the distance and also the rate of the current. 

(vb) Find the values of the two results in part (a) when ris 10, 
m is 3, and n is 2. 

34. A and B can complete a certain piece of work if A works 
5 days and B works 4 days at their usual rates. A and C can 
do the work if they work together for 5 days, and if then C 
works one day alone. The number of days it would take © to 
do the work exceeds by 4 days the number required by B. 
Find how many days it would take each alone to do the work. 


Vil. SQUARE ROOT AND QUADRATIC SURDS 
58. A Square Root of a given number is a number whose 
_ Square equals the given number, 


59. Two square roots are obtained for each number. They 
are of equal absolute value, but have opposite signs ; they are in- 
dicated by means of the double sign, +, read “ plus or minus.” 


Examete 1. V16 24? =+4a°y, since (+ 4a?y)? = 16 ay’. 
EXAMPLE 2. V42?—20ay+25y?=+4+(2a—5y), 
since {4+ (2a—5y)P=4+ (2a—S5yyPr=40?— Way + 25 y*. 


The positive square root is called the principal square root of 
a number; the square root refers always to the positive root. 


60. The square roots of a large number may sometimes be 
found by inspection by factoring the number. 


Exampite. /1764a!=V4- 441 a! =4+2.- 21a? =+4+ 42 a2. 


EXERCISE 22 


Find the square roots of : 


te 25 @*: 4, 1608 | g, daly! 
"25 rst * 81 mn® 
OB aa 9 arb? 7 ite 
5. : ie A 
See rot aA 49 m?nt 169 y*28 


8. If a monomial is a perfect square, what kind of numbers 

are the exponents of its prime factors ? What sign does it have ? 
9. When is a trinomial a perfect square ? 

10. How may the correctness of the square root of a number 


be checked ? 
63 
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Find the values of: 


11. Var + 2ay?+ v4 13. V/144 0% — 24 ay + y?. 
12. Vat—6a%b+ 907. 14. V49 ct — 42 ed? + 9d'. 
15. 1225. 17. 7/616. 277 19. V1764 ay4. 
16. V784 mn’. 18. V1089a4. ==. 20. -V1024 a? yz” 


61. Square Root found by Long Division. If it is not possible 
to factor readily the number under the radical sign, the square 
root, if there is one, may be found by a process like long 
division. 


Examp te 1. Find the square roots of a?+2ab + 6°. 


Sotution: 1. Va@2=a. Place a in the root. ant b 
2. Square a; subtract. @+2ab+ 02 


a2 
3. 26 a=2'G.. Trial divisor. = Pe 4+2ab4+82 
2ab+2a=b. Aad bd to the trial divisor and to ee 

the root. Complete divisor. Qa+b 


4. bx(a+5); subtract. 


+2ab4+ 6b? 
The square roots are: +(a+ 0b) and —(a@+)). 


ExpLanation: 1. Find the square root of the first term, obtaining a, 
the first term of the root ; place it in the root. 


2. Square the first term of the root and subtract it from the giver 
number, obtaining the first remainder, 2 ab + b?. 


3. Double the first term of the root, obtaining 2 q@, the trial divisor 
Divide the first term of the remainder by 2 a, obtaining b, the second term, 
of the root. Add 6 to the root and to the trial divisor; the complete 
divisor is2a+)b. 


4. Multiply the complete divisor by } and subtract. 

Step 3 is suggested by the process of squaring a binomial. When 
squaring a binomial, the middle term is obtained by taking twice the 
product of the first and second terms; this is equivalent to taking twice 
the first term and multiplying by the second. Reversing the process, the 
second term, b, will be found, if 2 ab is divided by 2a. After a? is sub- 
tracted from a?+2ab-+ b? the remainder 2 ab + b? equals b(2.a + 5). 
This suggests adding 6 to the trial divisor and multiplying the sum by bd. 
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Examrete 2. Find the square roots of 
20 a? — T0 e+ 4a'+ 49 — 3 22. 


Soxution: 1. Arrange it in descending powers of « : 


207 +5 a—7 
2. V4 a4 = 2 a2. 4 ot+20 28— 322-70 2449 
3. @o*)4?=49* Subtract. 4 at 
4. De ( 2a?) = 422. 4 20 2— 322-70 0%4+49 
20938 ~4a2= 52. +52 
5. 5a(4a7+52). 4 x?+5 x| 20 43+ 25 x? 
6. 2x (227+ 52). 42?+10x% —28 a?—70 %+49 
7. —2802?+422=—7, —7 
8. —7(422+4+ 10%¢—7). 4 2?+10 x—7| —28 v2—70 74+49 


The square roots are: + (2a2?+5%—7) and — (242+52—7). 


Rule. — To find the square root of an algebraic expression: 


1. Arrange it according to ascending or descending powers of 
some letter. 


2. Write the positive square root of the first term of the given 
expression as the first term of the root. Square it and subtract 
the result from the given expression. 


3. Double the root already found, for the trial divisor. Divide 
the first term of the remainder by the first term of the trial divisor. 
Add the quotient to the root and also to the trial divisor, obtaining 
the complete divisor. 


4. Multiply the complete divisor by the new term in the square 
root; subtract the product from the remainder obtained in step 2. 


5. Continue in this manner: (a) double the root already found 
for a new trial divisor; (6) divide the first term of the remainder 
by the first term of this product for the new term of the root; 
(c) add the new term of the root to the trial divisor, obtaining the 
complete divisor; (d) multiply the complete divisor by the new 
term of the root; (e) subtract. 
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EXERCISE 23 
Find the square roots of the following: 
1. 25 2? — 40 ay +16 7. 3. 28+6e¢4+11e¢°4+6r741. 
2. 86 ct— 60 ced + 25 a. 4. 2+40+6¢@+4a-+1. 
5. Ont +12 n?~ 20 n?—16n+16. 
6 @+yt+42—2ay+4 az—4 yz. 
7. 8@0—4a—16a'+1+4+160°+4 a* 
8. 127—42 n?+4—19 n?4+ 49 v4. 
Owe? 202 0 OG ond ae 
10. 42° + 20242942042. 
eo. 2 
»_2ab 1308 AP Ao, 
3 9 9a iat 
12. dnt—ini—fin?+3n+22. 


ao | 32 of 1 
16" ay 009 bap ee 


Bl OF 


13. 


Find the fourth roots of: 
14. a®—16 a®d® -+- 96 atb® — 256 a2b° -- 256 6 


15. 81 a’—108 a’? + 162 a —120 a + 91 at— 40 a + 18 a? 
—4a+4+1. 
Find the first four terms of the square roots of: 


16. 1+. yh ies 8 TE, QS ap, 


62. Square Root of an Arithmetical Number. The square root 
of 100 is 10; of 10,000 is 100; etc. Hence, the square root of 
a number between 1 and 100 is between 1 and 10; the square 
root of a number between 100 and 10,000 is between 10 and 
100; ete. 
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That is, the integral part of the square root of a number of 
one or two figures contains one figure; of a number of three or 
four figures, contains two figures; and so on. 

Hence, if the given number is divided into groups of two 
figures each, beginning with the units figure, for each group 
in the number there will be one figure in the square root. The 
groups are called Periods. 

Thus, 2345 becomes 23 45; it has two periods and its square root has 
two figures, a tens’ and a units’ figure. 

34038 becomes 3 40 38; it has three periods and its square root has 
three figures. A number having an odd number of figures will always 
have only one figure in its left-hand period, as in this case. 


A decimal number is divided in the same manner, starting 
from the decimal point in both directions. 


Thus, 3257.846 becomes 52 57.8460. The last decimal period is always 
completed by annexing a zero. The square root of this number has two 
figures before the decimal point and two after it. 


63. The first figure of the square root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the square root of a polynomial. 


Exampte 1. Find the square roots of 4624. 


SoLution. 1. Divide 4624 into periods; this gives 46 24. There are 
in the square root a tens’ and a units’ figure. 

2. The tens’ figure must be 6; 7 is too large for 702 = 4900, which is 
more than 4624. 

8. The rest of the square root is found as follows: 

8600 is the largest square less than 4600. 

3600 = 60 ; place 60 in the root. 

Square 60 and subtract. 

Double 60. Trial divisor. 

102 +12=8+. Place 8 in root and add to trial divisor. 

Complete divisor. 

Multiply complete divisor by 8. 

The square roots are + 68 and — 68. 


It is customary to abbreviate the solution by omitting the 
zeros as in the following example. 
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ExAMPLE 2. Find the square roots of 552.26. 


23.5 

Soxtution. The largest square less than 5 is 4 ; V4=2. 5 52.25 
Place 2 in the root. 4 

2x2=4; annex0. Trial divisor. 40 |}1 52 

15 + 4=3+; add 8 to the trial divisor. 3 

Complete divisor. Multiply by 3. 43 |1 29 

2 x 23 = 46; annex 0. Trial divisor. 460 | 23 25 

230 +46=5+. Add 5 to the trial divisor. 5 

Complete divisor. Multiply by 5. 465 iS 25 


The square roots are + 23.5 and — 23.5. 


Rule. — To find the square root of an arithmetical number: 
1. Separate the number into periods (§ 62). 


2. Find the greatest square number in the left-hand period; write 
its positive square root as the first figure of the root; subtract the 
square of the first root figure from the left-hand period, and to the 
result annex the next period. 


3. Form the trial divisor by doubling the root already found and 
annexing zero. 


4. Divide the remainder by the trial divisor, omitting the last 
figure of each. Annex the quotient to the root already found; add 
it to the trial divisor for the complete divisor. 


5. Multiply the complete divisor by the root figure last obtained 
and subtract the product from the remainder. 


6. If other periods remain, proceed as before, repeating steps 3, 4, 
and 5 until there is no remainder or until the desired number of 
decimal places has been obtained for the root. 


Nore 1. It sometimes happens that, on multiplying a complete divisor 
by the figure of the root last obtained, the product is greater than the 
remainder. In such cases, the figure of the root last obtained is too 
great, and the next smaller integer must be substituted for it. 


Nore 2, If any figure of the root is 0, annex 0 to the trial divisor and 
annex to the remainder the next period. 
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ExaMpuLeE 3. Find the square roots of 4944.9024. 
10.382 
SOLUTION : 49 44.90 24 
Mee 
1400 |4490 
_8 
1403 |4209 
14060 |28124 


2 
14062 


28124 


The square roots are + 70.32 and — 70.82. 

The first trial divisor is 140. Since this is greater than 44, the first 
remainder, annex 0 to the root, obtaining 70. 

The second trial divisor is 1400; (2x 70=140; annex 0, 1400). 
Bring down the next period 90, getting for the second remainder 4490. 
Divide 44 by 14 gives 3+; annex 3 to the root and add 3 to 1400, etc. 


EXERCISE 24 
Find the square roots of: 


te Ori. 4, 8427.24. 7. 54.4644. 10. 106 09. 
2. 153876. 5. 7974.49. 8. 1488.4164. 11. 529.9204. 
3. 67081. 6. 11.6281. 9. 25.6036. 12. 1592.8081. 


64. The Approximate Square Roots of a number which is not 
a perfect square are often desired. Obtain usually the first 
three figures following the decimal point. 


Exampir. Find the approximate square roots of 2. 


SOLUTION : 1.414 


2820 11900 
2824 |112 96 


7 04 
The square roots are + 1.414+ and — 1.414+. 
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Nors. In order to obtain the desired number of decimal places, annex 
zeros until there are three periods. 


EXERCISE 25 
Find the approximate square roots of: 


Tae3: 3.76. 5.. 10. y Sea 9. 1b. ah Hees 
2. 5. 4. 7. 6. Td, s. 14. 16,17; 12.22: 


65. Table of Square Roots. In the remainder of the course, 
it will be necessary to use frequently the square roots of 
some numbers. Retain some of the square roots as they are 
found, either in a notebook or in some other convenient place. 
Make a list of the numbers from 1 to 50, and write their 
square roots beside them, thus: 


NUMBER SquaRE Root 
1 1.000 
2 1.414 
3 1.732 


After working Exercise 25, twelve of the numbers of this 
table may be tabulated. These roots may be used to obtain 
the square roots of other numbers. 


ExametE 1. Find the square roots of 8. 
Sovution: V8 = V4x2=2x V2=2 x (41.414+)= + 2.828+. 


Exampee 2. Find the square roots of 12. 


Sotvution: V12 = V4 x 8 = 2V3 =2 x (+ 1.782+)= + 8.464+. 


EXERCISE 26 
1. Find the following square roots to three decimals: 
(a) V18. (6) V20. ~ (ce) V24 9 @) W274) Ae 


2. Complete your table of square roots up to 50. Get as 
many roots as possible by inspection (§ 60); get as many 
of the remaining roots as possible as in Example 1. Find the 
others by the long division method (§ 62). 
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66. The square roots of a fraction which is not a perfect 
square may be found as follows: 


| a ES ae ee 


8 ONL tog: stews 


Rule. — To find the square root of a fraction: 


1. Change the fraction into an equivalent fraction with a perfect 
square denominator. 


2. The square root of the new fraction equals the square root of 
its numerator divided by the square root of its denominator. 


3. If desired, express the result of step 2 in simplest decimal 
form, prefixing the double sign, + 


Exampre. Find the approximate square roots of 3 


Sorution: 1. The smallest square number into which 8 can be 
changed is 16; multiply both terms of the fraction by 2 


3 2503 V6 2.449+ 
Dy \ —- \ = ee .612+. 
8 2x8 =\2 iG ae 4 = 4 = 


EXERCISE 27 


Find the approximate square roots of : 


a ee 5.4 Nec 9) igs RR 
ae ee 62 Se 1 ore 
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67. The indicated square root of a number which is not a 


perfect square is called a Quadratic Surd; as, Ac, NE V2, 


oes 
y 
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68. Surds should be simplified as in the following examples: 


(a) V24 = V4-6 =2- V6; (b) \z= * 2 = ove 


Thus, a quadratic surd is in its bane form when the 
number under the radical sign is an integer which does not 
contain any perfect square factor. 

In problems involving surds, it is agreed to consider for 
each surd only its principal root (§ 59). 


69. Addition and Subtraction of Surds. 
ExamMpie 1. Find the sum of V20 and 45. 


Sorution: 1. V204+V45 =V4-54V9-5=2V543V5 =5V5. 

This solution assumes that surds may be added like other numbers. 
The coefficients of V5 are 2 and 8; the sum is found by multiplying V5 
by the sum of its coefficients (§ 5). 

The advantage in adding surds in this way is that fewer square roots 
need be obtained. Thus, the sum of V20 and v45 is 5 V5 or 5 x (2.236+) 
or 11,180+. This same result couid be obtained by adding the square 
roots of 20 and 45. 


Exampie 2. Simplify V2 + -V4. 


9 I 8 = v2 _8v2 IVP _5V2- 
SotuTion: 1. fD -= \2= 
Ve+y5=\5+ +o 


SSlo(ay (sr 


9 Britt 
3 4 hey 


EXAMPLE 3. Simplify 2+-~V4. 


2) alle Sas oh Ve tee 
Soturion: 1. = = 2 Se SS ‘ 
aN Das 


9. 2 +V3 _ 2 +4 1.782+ _ 8.732+ 
3 3 i les 


cg BV a 


Notr. The results of problems involving surds are often left in the 
surd form as in step 1 of Examples 2 and 3. There are advantages in 
finding the approximate decimal value of the result. 
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EXERCISE 28 
Simplify the following: 
Ped 3/97. ia EY 
Bo oy 20/5. 18.0$-+ Ve 
3. 2V18 + V98. 13. $41. 
en Os — 25/28." 14, 25/8, 
5. 3V24—V 54. 15,4 yo, 
6. 2V2+-V18—V50. 1 Ae. 
7 V8+v}4 RSS ay 
8. V2—V4. 18. hf) e 
9. 14-74 19) Seay, 
10. $—v3. 20. —1L +35. 


70. The other operations with surds, namely, multiplication, 
division, involution, and evolution, are considered in a later 
chapter, which may, if desired, be studied at this time. 


VIII. QUADRATIC EQUATIONS 


? 


‘71. A Quadratic Equation is an equation of the second deg 
($ 45); it may have one or more unknowns. 

A Pure Quadratic Equation is a quadratic equation he 
only one unknown, which contains only the second 
the unknown, as, aa’=b. 


How long must the side of a square field be in order tha Z 
area of the field shall be one acre ? 


Sotution: 1. Let s = the number of feet in one side. 
2. Then s? = the number of square feet in the area. 


3. Then s? = 43,560. 
Extract the square root of both members of the equation. 
4, Then s=+ 208.7+. 


Since this is a field, only the positive root has meaning ; hence 1 
side of the field must be 208.7+ feet. 


72. A pure quadratic equation has two roots, because twe 
square roots are obtained in extracting the square roots of the 
two members of the equation. 

Rule. — To solve a pure quadratic equation. 


1. Clear the equation of fractions, transpose, and combine te 
until the equation takes the form x*° =a number. 


2. Extract the square roots of both members of the equation, 
placing the double sign, +, before the root in the right member. 


Nore. After extracting the square roots of both members of an equa 


tion like 2 = a2, we get +a=ia. This gives: +¢e%=+a,+%¢=—-—a, 
—%*%=+d,and —z=—a. 

If both members of the last two equations are multiplied by — 1, the 
equations become +x=—a, and +a#=-+a. These are the first two 
of our four equations. Thus, it is clear that, from «? = a?, we get only 
two equations, x =+ aanda=—a, ort~=+a. 
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XAMPLE. Solve the equation ae + aia oe + et 


2m i we Ie 

3 m 12m 

8 m2 + 86 = m? + 144. 
7 m2? = 108. 
m? = 198, 
m=+ViIf8 = 4 6VE=4 $V21 
m= £2. (4.582) = 4 


Mm, =+ 3.927 ; mz, =— ear 


fog 


+ 3.927. 


‘my,’ is read ‘*m one.” The numeral 1 is called in such cases a sub 
pt. ‘*m2’? is read ‘‘m two.’? These subscripts are used to distin 
1) between the two roots of the quadratic. 


HECK: When the roots are complicated, it is better to check by going 
r the solution a second time. Great care must be taken, however, for 
easy to overlook an error. 

Get the result in the radical form first; that is, m =+ §V21; 
n it is wise, for many reasons, to get it in decimal form as finally given. 


EXERCISE 29 


Solve the following equations: 


de oc —180—0. Sano cs 1 oO = Ceo 
Ba ave A i OLE ee 
x 27 = — . 4, ———__ —- See 
2 a2 tn DO 7 5 i 
s 5. 4(m—3)+8 m(m+2)=10 m. 
6. 5(¢+6)—t(¢—3)= 8. 10 2a >) Sie eee 
7. 982—5=0. eas ee se ee 
Seeliva2— 6 =o: 
i es 11 Die 2a COND 
4 82% 38 Mee Sa c—1 


* The symbol “ V ”: placed in the left margin will mean, “take the 
square root of both members of the previous equation.”’ 
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13, —— T_T 


14. — = VU. 
g—db sa+l106 


15. a? —2ca?=30*%. Solve for a. 


Sotution: 1. — 2 cx? = 3 b? — a?. 
2. M1: 2 ca? = a? — 3 02, 
2: 352 
8. 2—¢ 
. 2¢ 
he a2— 3b? _ 2 c(a# — 3 b?) 
; ae 


= =b 1vy a’c — 6 be. 
2¢ 
PROBLEMS IN PHYSICS 


All of the following equations occur in the study of physics. 
Solve them for the numbers which appear with exponent 2. 


M mi 

16. S=1gf? heey ee eae 20; fee 
29 z wae 

17. E=4 mv’ 19. H=O°Rt. 21. k=> 


73. Geometry Problems. If the following terms from ge- 
ometry are not familiar to the student, they should be re- 
viewed: (a) right triangle ; (b) hypotenuse ; (c) isosceles tri- 
angle; (d) equilateral triangle; (e) circle; (f) theorem; 
(g) altitude of a triangle ; (h) base of a triangle. 
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* EXERCISE 30 


Carry out all results in this exercise to one decimal place: 
1. State the theorem about the square of the hypotenuse of 
a right triangle. 
2. Find the altitude of a right triangle whose base is 18 feet 
and whose hypotenuse is 30 feet. 
Sotution: 1. Let x = the number of feet in the altitude. 
2. Then x? + 13? = 802, (why ?) 
3. Complete the solution. 
3. Find the base of a right triangle whose hypotenuse is 
45 feet and whose altitude is 27 feet. 
4. If the altitude of a rectangle is h feet and its base is 
four times its altitude, find the length of the diagonal. 
5. Solve the formula h? = a*+ b?: (a) for a; (0) for bd. 
6. Find the altitude of an isosceles triangle whose equal 
sides are each 15 inches and whose base is 8 inches. 
7. Find the altitude of an isosceles triangle if its equal 
ides are each 4 d inches and its base is 2b inches. 
8. Find the altitude of an equilateral iriangle if its sides 
are each 8 inches. 
9. Find the altitude of an equilateral triangle if its sides 
are each a inches. 
10. (a) What is the formula for the area of a circle? 
(0) Find the area of the circle of radius 7 inches. 


Express the results of the following examples in simplest radical 
form : 

11. Solve the equation A= ar? for r: (a) letting r= 31; 
(0) without substituting for 7 its value. 

12. The volume of a circular cone is given by the formula 
V=i-7rh, where r is the number of units in the radius and hk 
is the number in the altitude. Find V when r=5 feet and 
h=18 feet. 
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13. Find the radius of a circular coné whose volume is 528 
cubic feet and whose altitude is 14 feet. 


14. Solve the formula for the volume of a circular cone for 
r in terms of V, h, and z. 


15. Solve the formula S = 4 x7? for r. 


16. The distance s, in feet, through which an object falls in 
é seconds is given by the formula s = 1 g¢*, where g = 82. 

Suppose that a stone is allowed to fall from a tower; how 
far will it fall in: (a) 3 seconds? (b) 5 seconds ? 


17. How long will it take a hall to fall 300 feet ? 


18. Washington’s Monument in Washington, D.C., is 555 feet 
high. How long will it take a ball to fall that distance ? 


19. Solve the formula V= 2 7?R7? for r. 


20. Solve the formula v = 2 zr’a for a. 
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74. A Complete Quadratic Equation is a quadratic equation 
having only one unknown, which contains the first power of 
the unknown as well as the second power; as, 


22°—3e2—-5=0. 


A complete quadratic equation may be Solved by Factoring. 
The solution is based upon the fact that if one of the factors of 
a product is zero, the value of the product is also zero. 


Thus, 3 x0=0; (—5) x0=0; 2x 0x (— 3) =0 x (— 3) =0. 


Exampte 1. Solve the equation 42?—9=0. 


SoLurion: 1. Factor: (2¢—3)(2%+3) =0. 
2. If2%—8=0, then Qe—3)(2%+48) =0. 
2%—38=0, if2e%=3 orx=-+ 3. 

8. If2*%+38=0, then (2«—3)(2%4+8)=0, 
2%+3=0, if2¢=— 3, ore =— 8. 

4. The roots of the equation are + and — 3. 
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5. Cueck: Does 4(3)?-—9=0? 


1 
Does 4-7-9 =02 t.e.9—9=0? Yes, 


Does 4-5-9 = 0? ce. 0=9S0? Vor, 


Rule. — To solve an equation by factoring: 

1. Transpose all terms to the left member. 

2. Factor the left member completely. 

3. Set each factor equal to zero, and solve the resulting equations. 

4. The roots obtained in step 3 are the roots of the given equa- 
tion. Check by substitution in the given equation. 


PP 
Example 2. Solve the equation = oe 33 | 


Z 6 
SoLturion: 1. M,:* 2m?—3m = 35. 
2. Ssp : 2m?—38m— 35 = 0. 
3. Factor : (2m + 7)(m—5) = 0. 
4, 2m+7=0, if m=— 


%. 
m—5=0,ifm=—+5. 


5. The roots of the equation are +5 and — 3. 
Check by substitution. 


EXERCISE 31 


Solve the following equations by factoring: 


ea pre de — ()) 5. 82? —102+3=0. 
2. er +4a = 96. 6. 2&+Tax=0. 

3. w= x +110. % vw +an—2a?=0. 
4. 6¢2+-72+2=0. (Solve for 2.) 


* For meaning of ‘‘Mg:”’ see § 36. 
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8. 32?— ma—4m?=0. 15 ess 1 
ot Ce 
9. 152? 4+ ak = 2 ke. 
Ea, 
16 ee eee 
101022 + Tima 12 mm. s—3 s—4 
vw Qe YQ 5 3 i 
Tl, Sete ee Sh ty: 
‘Cie ees y—3 y—-4 6 
4 hi if 2 1 6 
rp ie aa A EG) ee : 
3 Ue oe p—3 6 p—8 
ee cas eee docs = 
Dyer — Akay Al m+5 2 
SN 8 e+2 65 8 
Ne ee 20. = 
; Oho Son x—2 8 (#—2) 


75. Graphical Solution of Equations with One Variable. Many 
facts about equations containing one variable can be discovered 
by the aid of graphical representation. 

ExampreE 1. Consider the equation 3~7—12=0. 


The expression 3 « — 12 has a different value for each value of z. 

Thus, if%=2, 83¢—12=— 6; ifa=—3, 32— 12 =— 21. 

The problem is to find the value of « for which the expression 8 « — 12 
will equal zero. 


GrapHicaL Soxtution: 1. Let y= 3a — 12. 

2. Find values of y for some values of a: 
ifie=0, y=— 12; if*=—2,y=-— 18; 
ife=+5,y=+8; ife=+6,y=4+ 6. 


3. Use these pairs of numbers as codrdinates of points and draw the 
graph. : 
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4. BC crosses the x axis at point A. The coGdrdinates of A are: » = 4, 


oie). 


5. Hence whena=4,3”%—12=0. (y is the expression 3 x — 12.) 
.. % = 4 is the desired solution of the equation, for we were looking for 
a value of « for which 34% — 12 =0. 


Rule. — To solve graphically an equation containing one variable: 


abe 
2. 
3. 
4, 


Simplify the equation as much as possible. 
Transpose all terms to the left member. 
Represent by y the expression found in step 2. 


Find for y the values which correspond to selected values of 


the variable in the equation. 


5. 


Use the pairs of values obtained in step 4 as coordinates of 


points; plot the points; draw the graph, making the vertical axis 
the y axis. 


6. 


The graph crosses the horizontal axis at points whose ordi- 


nates are zero, and whose abscisse are the desired roots of the 
equation. 
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ExAMPLE 2. Solve the equation 2? — «=6. 


SotutTion: 1. 22—2”2=6, orz?—x—6=0. 

2. Lety=a2?—x—6. 

3. Ifa=—4, y=(—42-(-4) -6 = 16 44-6 = 4 14. 
4, 


Similarly if = O;}+1/)4+2/)+4/)+5 |—1|—2|-—8 
then y =| —6|—6|—4)|+6]+14/—4 0 
z ] gz 
| cr | | 
NI fib) | 
| | | | 
| ] | 
| | | 
| | | 
AY ae 
r | | 
astral a 
aa BESS 
' A le im: Xx 
S(a Gals feats = +1 19 [+8 [+4 |+ +6 _|+7 
| hal . 
| we ae 
my | 
oe Poe 
| | | iia 
Piet | | 
i | 
r i 
| Vile | 


5. The graph crosses the horizontal axis at the points 4 and B. Ac- 
cording to the rule, the abscissz of these points are the two roots of the 
equation, 


At A: e=—2,y=0; i.e. c2?—x21—6=0. 

At B: C= 3. y = OF tee —@— 60! 

Cureck: «#=—2; does (— 2)2—(—2)—6=0? Yes. 
“%=+8; does (+3)?—(+3)—6=0? Yes. 


EXERCISE 32 
Solve graphically the equations: 
1. «—3=0. 3. 2 —9=0. 5. 2—Te2#+10=0 
202 0 ee 4. ?+3e=10. 6. 2 +Te2+6=0. 
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7. Between what two integers does each of the roots of the 
following equation lie? 4a?—4a—35=0. 

Obtain the approximate roots of the following equations to 
the first decimal place. 


8. 22?—a—11=—0. 9. 2+3e—14=0. 


76. Solution by Completing the Square. 
Devetorment 1. Find: (a) @—4)*; (0) (w+5)?; 
(©) @—Ps @ YW+D* 
~ When is a trinomial a perfect square? (See § 15, c.) 
3. Make a perfect square trinomial of 2? —10 a. 


Soxution: 1. 4 0f 10 =5; 52= 25; add 25. 
2. The perfect square is x? — 10 2 + 25 or (a — 5)?, 


bo 


4. Make perfect square trinomials of the following: 
(a) a—122; (0) Y—14y; (©) #— 202. 


5. Solve the equation 2 —12 2+ 20=0. 


Soxution: 1. Soo: 2?—12%=— 20. 


2. Make the left member a perfect square by adding 36 ; therefore 
add 86 to both members (§§ 35, 37). 


Age: a? — 12 x + 36 = 36 — 20, 
or (x — 6)? = 16. 

3 Vv: a—-6=4+4, 

4, ..2—6=+4+4, ore =6+44= 10, one root, 
and a—6=—4, ora—6—4 =2, another root. 


CHECK: x = 10; does (10)? — 12(10) + 20=0? Yes. 
x= 2; does (2)? —12(2) +20=0? Yes. 


6. Solve the equation #—3a—5=0. 


SoxtutTion: 1. 22—38%—5=0. 
2. As: 2@—3xe%=+5. 
3. 3(— 3) =-3 lg 


3)? 


+2; add ¢ to both members 


29 
ee 


who 
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ve “© —$=4V% =44V29 
8 1-65 84729 
6 F< = V29 =a 
; 9 2 2 7) 
7. Radical results, «, = sae and so = 3 = 29 
8. Decimal results, 2x; = 3+ —_ sail deh 3- oe 
_ 8.385 _ — 2.885 
= == 
= 4,192+ = — 1.192+ 


Curcx: To check the solution by substituting the roots in either their 
decimal or their radical form is a long process, with many opportunities 
for errors. Persons skillful in algebra check by going over the solution 
carefully. 

A quick check, the reason for which will be learned later in algebra, is 
to find the algebraic sum of the roots; this result should equal the nega- 
tive of the algebraic coefficient of x in the equation in which the coefficient 
of x? is 1. 

Here: + 4.192+ The coefficient of z? is 1. The coefficient of x 

—1.192+ is—8. This equals the negative of the algebraic 

Sum, +3 sum of the roots. . 

If the coefficient of 2? is not 1, first imagine the equation divided by 
that coefficient, and then select the coefficient of a. 


Rule. — To solve a quadratic equation by completing the square: 


1. Simplify the equation; transpose all terms containing the 
unknown number to the left member, and all other terms to the 
right member so that the equation takes the form 


ax’ bx =. 
2. If the coefficient of x? is not 1, divide both members of the 
equation by it, so that the equation takes the form 
24 px=q. 
3. Find one half of the coefficient of x, square the result; add the 


square to both members of the equation obtained in step 2. This 
makes the left member a perfect square. 
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4. Write the left member as the square of a binomial; express 
the right member in its simplest form. 


5. Take the square root of both members, writing the double 
sign, +, before the square root in the right member. 


6. Set the left square root equal to the + root in the right 
member of the equation in step 5. Solve for the unknown. This 
gives one root. 


7. Repeat the process, using the — root in step 5. This gives 
the second root of the equation. 


8. Express the roots first in simplest radical form, and then, if 
desired, in simplest decimal form. 


EXERCISE 33 


Solve by completing the square: 


feo 4¢—o— 0. 10. m?+-10m=3. 
2. 2? — 8a — 33 =0. 11. #2 +3ea—4=0. 
3. a? + 6a—27 =0. 12, s*=53-- 6. 

4. 2+10¢7+ 21=0. 13. yy +3y=10. 
be ote eo — Lo 0; 14. 2+2=6. 

6. y—2y=11. 15. 7?—S=r. 

7 @+6a=9. 16. 2=2+4 32. 

Sec 4 o— a, 17, w+td5w+3=0. 
9. ?—-8d—8=0. 18. @&—Ta+7=0. 


19. Solve the equation «? —2a=1. 


Soxution: 1. 4 of (— $#)= — 4; (— })? = 4. 
2. Ay: e—%eH+4=144. 
3. (@ — 3)? = 4. 


4, *—1= 4-110. 
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5. 2~ $= 4v10. 
.£=441 v10 
_1+4vi10 
oe 3 
1 18.162 
< 3 
— 4.162 1.387+ 
3 
20. w4+24=3. 
21. y—4y=5. 
22. 2—f2—-1=0. 
23. @+ta=+4t. 
24. kh —3k—3=0. 


25. P—8t=— 25, 
26. 3a?—2x4=40. 
27. 4m?—8m= 45. 
28. 88+27r= 3. 
29. 4°—3t=8. 
30. 2? Tra 5. 
31. 92+ 18¢=—8. 
32. 9 +4e=6. 


39. 


77. Solution of Literal Quadratic Equations. 


Examp.te. Solve the equation aa?—3ba—c=0. 


SoLuTion : 1. ax? —3ba—c=0. 

2. Da: gt 2b, © 9, 
a a 

WS ee ap 


alo 
g 
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; one half of it is ar . *). 
2a 


2 
a Add this to both members of equa- 


are 
4a a 
9b2+ 4ac 
a 4a? 
pee eg log a Zac, 
2a 2a 
pao t Bot VOR +446, 
¥ 2a 
Pee 2 SO VOR Ace a 8D V98? + Fae, 
2a ; 2a : 
CHECK: 2 + ty = £8? = pee: Since this is the negative of the 
a 


coefficient of x in step 2, the roots are correct. 


EXERCISE 34 


1. 2+ 2 me=1— mi. 8. 2 —2axr=9—6a. 
v+6ae—5=—0. 9. 2? —10ta=—9 #7, 
w—2ax+b=0. 10. a’+4e2+1=0. 

oe +62—c=0. 11. 622 +-2ce—8=0, 

e+ pr+gq=0. 12. c#?+2de+te=—0. 

6. 22? +6a—n=0. 13. aba = 0. 

". 2e°7+4axn—c=0. 14. av’+ba+c=0. 

8. Solution of Quadratic Equations by a Formula. All quad. 
ic equations haying one unknown may be put in the form 


ax’-+-bx + c=0. 
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This equation has been solved as Example 14 of Exercise 34. 
The roots are: bee ee ae. 
2a 


This result is used as a formula for solving any quadratic 
equation of the form ax + be+ce=0. 


is 


Exampe 1. Solve the equation 227—3a2—5=0. 
Soturion: 1. Comparing the equation with ax?+ bx+c=0: 
@= 2, b=— 38, ¢=—5. 


2. Substitute these values in the formula: 


ga DEN ae 
2a 
3. Then = —(— 8)+ V(— 8)? — 4(2)(—5 
2(2) 
—~t+384Vv9 +40 
4 
Sb V8 3827, 
4 4 
4, Sige te 8 
4 4 2 4 4 


CuEck: %=§. Does 2($)?— 3(8)—5=0? 
Does 2 - ee a 
Does 28—13—5=0? Yes. 
to =— 1. Does 2(— 1)?— 8(— 1) 5 = 0? 
Does2+3—5=0? Yes. 


ExaMPiE 2. Solve the equation 22?—3a—3=0. 


SoLurion: 1. C=a2, O=— 3, C=— 
2. Substituting have oye, as ee es ra Bast 
24 
pe BE VOF 24 _ 384 -V33 _ 3 4 5.744 
4 4. ae 4 
= 8.74" — 9196+; 2, = 2-744" __ ogee. 
ae 4 

CHeck: 2.186+ The coefficient of « is — $, when the coeffi- 

— .686+ cient of a2 =1; 1.5 =—(— 3). 


1.500 (For this method of checking, see § 76.) 
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EXERCISE 35 


Solve the following equations by the formula: 


1. 2 —12274+32=0. aus eh ge! 

2. y+T7y—30=0. Bre) le Beas} 

3. 222—32—20=0. 14 Ze ii, 1 

4. 3a2—2—4=0 Detar rato 

5. 4y2—5y—21=0. ptt bes Pee by 

6. 20 m+m—2=0 Shen Peageit aP 

7 9w?—138w4+3=0. 16. 6s4+5 __48+4,. 

Ce eS 4s—3 s—8 

9. 4° —Tr=—8. 17. 4 a) eee 

7—t 

10. 5e¢°+3a=9. 

11 ea 18. 2 nd aD 

BiG pear e” w—-1 w 6 

i pagal SM foe coer th eee 
Oe 2 127 e+1 (« +1)? 


79. Summary of Methods of Solving a Quadratic. Four 
methods of solving a quadratic equation have been given: 
the graphical, by factoring, by completing the square, and by 
the formula. The first is useful mainly as a means of illus- 
tration; the third is useful mainly in solving the general quad- 
ratic ax? + ba +e¢=0, and, thus, in deriving the formula; the 
fourth is used whenever the solution is not readily accomplished 
by factoring. 

Historicat Norn, Greek mathematicians as early as Euclid were able 
to solve certain quadratics by a geometric method, about which the student 
may learn when studying plane geometry. Heron of Alexandria, about 
110 B.c., proposed a problem which leads to a quadratic, His solution is 


not given, but his result would indicate that he probably solved the equa- 
tion by a rule which might be obtained from the quadratic by completing 
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its square inacertain manner. Diophantus, 275 a.p., gave many problems 
which lead to quadratic equations. The rules by which he solved his 
equations appear to have been derived by completing the square. He 
considered three separate kinds of quadratics. He gave only one root for 
a quadratic, even when the equation had two roots. 

The Hindu mathematicians, knowing about negative numbers, con- 
sidered one general quadratic. Cridharra gave a rule much like our 
formula. The Hindus knew that a quadratic has two roots, but they usu- 
ally rejected any negative roots. 

The Arabians went back to the practice of Diophantus in considering 
three or more kinds of quadratics. Mohammed Ben Musa, 820 4.p., had 
five kinds. He admitted two roots when both were positive. Alkarchi 
gave a purely algebraic solution of a quadratic by completing the square, 
and refers to this method as being a diophantic method. 

In Europe, mathematicians followed the practice of the Arabians, and by 
the time of Widmann, 1489, had twenty-four special forms of equations. 
These were solved by rules which were learned and used in a mechanical 
manner. Stifel, 1486-1567, finally brought the study of quadratics back 
to the point that had been reached by the Hindus one thousand years 
before. He gave only three normal forms for the quadratic ; he allowed 
double roots when they were both positive. Stevin, 1548-1620, went still 
farther. He gave only one normal form for the general quadratic, as do 
we; he solved this in both a geometric and an algebraic manner, giving 
the method of completing the square. He allowed negative roots. 


EXERCISE 36 
Supplementary Miscellaneous Hxamples 


Solve the following equations by any of the preceding 
methods. As arule, solve by factoring if possible; otherwise 
by the formula. 


1. (8%-+4 2)(2%—3) = (4% —1)?—14. 
2 ySy+ 22)4+15= (244+ 5). 


Sy ta ilies 4 7 2 

8. mas pg a id == = 
falas 6 au werbar iin esas 5 

6 4 sw 4—5w _ 
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2e—1_ @  «#—65 Fis ieee, look FOES 
x v-+4 x ; ed & 
e=2 ere ST Sek ot ey 
Le 3 Go S 
a(a—1) 2 a—1 12 Deine 4 
2415 "3°. 3 ft 4-8 
OE e—1_#+o-—1 
a—1 x 2a 
a oe oe 2 | 
“gt? #243 24+52+6 
2rt+1, r—-9 _ 
si (ee ees ewe | 
38w—13 5 
4 elites gS — L. 
x 6—w w—A4 
a 2 6 
te ai oN REE 
3m+5 2m+6 
' —== 1+ ————_- 
a 2m—d 3m— 5 
5 7 _8v’—183— 64 
Pages Gd ead 
1 7% ale 
poe ee Se (). 
Ok Hie 
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21. Solve the equation 2 pa? —3 pr —1=09. 


—bivot?—4ac 


Sotution: 1. Use the formula x = ; 
a 


2. @=2p?; b=— 3p; e=-1, 
_ 3p +V9p?— 4(2p?)(—1) _ 3p + V9p? + 8p? 


4? 4 p? 
gp BP EVI pt _Sp+ pviT _3 + VI17_ 
4p? 4 p? 4p 
Hence a =S+ VT, and my = BVT. 
Solve for a: 
22. #@+5me4+6m?=—0. 26. 24+ 2te=7?—#, 
23. 8e°?—47a7+5s=—0. 27. tga=ke +1. 
24. 400? + 21 tx=18. 28. 2+(n+1l)a=—n 
25. 1247 = 23 ex — 5 e?. 29. 2° + (a—b)x—ab=0. 


30. rta®’— 2(r+t)e +4=0. 

31. #—2dx—5xe=—10d. 

32. («—4)?— (a+ 3)3 = — 217. 
1 a! 14 


e—sa a@tae 1522 


2g +h p3g—2 wilt 
S92 Qetn 4 


ine eee cela | ayy gear BET 
3\4R-1 2 38kR+1 3 
it 1 3 
= 9 [a ee 
w—4 3(e@+2) 2—2 


33. 


34. 


36. 


a a 4 


SS ene 
2e¢+a 8a—4a 38 
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38. (? — d—2)a*— (5d—1)a= —6, 


e—-a,e¢+a_ 2-50 


39. 
eta a—aZ# a? — a? 


40. (m+n)P+(8m+n)e+2m= 0. 


EXERCISE 37 


1. Twice the square of a certain number equals the sum of 
15 and the number. Find the number. , 

2. If three times the square of a certain number be in- 
creased by 10 times the number, the sum is 8. Find the 
number. 

3. Find two consecutive numbers whose product is 462. 


4. The sum of the squares of three consecutive integers 
is 434. Find the integers. 


5. The sum of a certain number and its reciprocal is 22. 
Find the number. 

6. Find the dimensions of a rectangle whose area is 352 
square feet, if its length exceeds its width by 6 feet. 

7. The denominator of a certain fraction exceeds twice the 
numerator by 2, and the difference between the fraction and 
its reciprocal is 33. Find the fraction. 

8. Find the base and altitude of a triangle whose area is 
60 square inches, if the base exceeds the altitude by 7 inches. 

9. Find the dimensions of a rectangle whose area equals 
that of a square of side 18 feet, if the difference between the 
base and altitude of the rectangle is 15 feet. 

10. Find the dimensions of a rectangle whose area is 3000 
square feet if the sum of its base and altitude is 115 feet. 


11. Find the base and altitude of a right triangle if the 
hypotenuse is 13 feet and if the base exceeds the altitude by 


7 feet. 
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12. Find the base and altitude of a right triangle if the 
hypotenuse is 17 feet and if the sum of its base and altitude 
is 23 feet. 


13. A fast train runs 8 miles an hour faster than a slow 
train; it requires 3 hours less for a trip of 288 miles than 
does the slow train. Find the rate of each train. 


14. An automobile party made a trip of 160 miles. By in- 
creasing their average rate by 4 miles an hour, they can make 
the return trip in 2 hours less time. Find their average rate 
going. 
| 15. A crew can row downstream 18 miles and back again in 
a total time of 71 hours. The rate of the current is known to 
be one mile an hour. What is the rate of the crew in still 
water ? 


16. Some boys were canoeing on a river, in part of which 
the rate of the current is 4 miles an hour and in part 2 miles 
an hour. If, when going downstream, they go 3 miles where 
the current is rapid and 6 miles where the current is slow ina 
total time of 13 hours, what is their rate of rowing in still 
water ? 


' 17. A tank can be filled by one pipe in 4 hours less time 
than by another. If the pipes are open together 14 hours, the 
tank will be filled. In how many hours can each pipe alone 
fill the tank ? 


18. I have a lawn which is 60 feet by 80 feet. How wide a 
strip must I cut around it when mowing the grass to have cut 
half of it ? 


Hint: Referring to the figure, it is clear that if 
w = the number of feet in the width of the border 
cut, then the dimensions of the uncut part of the 
lawn are (60 — 2 w) and (80 — 2 w). 

Hence, (60 — 2 w) (80 — 2w) =} - 60 - 80. 

Complete the solution. 
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19. A farmer is plowing a field whose dimensions are 40 
rods and 90 rods. How wide a border must he plow around 
the field in order to have completed 4 of his plowing ? 


20. The numerator of a certain fraction is 2 less than the 
denominator. The reciprocal of the fraction exceeds the frac- 
tion itself by 18. Find the fraction. 


21. In the formula s=at+ig??, let s=124, a= 30, and 
g=32. Find t. 


22. From the formula S=-{2a+(n—1)d}, determine n 


m 
2 
when S=5, a=5, and d= —1. 

23. The numerator of a certain fraction is 5 less than the 
denominator. If 6 be added to both the numerator and the 
denominator, the resulting fraction is 3 of the original frac- 
tion. Find the fraction. 

24. A picture 15 inches by 20 inches in size is to be sur- 
rounded by a frame, whose area shall be 2 of that of the picture 
inclosed. What must be the width of the frame ? 


25. The rate of one train exceeds that of another by 5 miles 
an hour. The fast train makes a trip of 150 miles in one hour 
less time than the slow train. Find the rate of each train. 

26. A workman and his assistant can do a piece of work 
together in 32 days. It would take the assistant 4 days longer 
to do the work alone than it would take the master work- 
man. How long would it take each alone to do the work ? 

27. The area of a certain trapezoid is 150 square feet. The 
upper base exceeds the altitude by 2 feet and the lower base 
exceeds the altitude by 8 feet. Find the two bases and the 
altitude of the trapezoid. 

28. Divide 30 into two parts such that the square of the 
greater shall equal the product of 30 and the smaller. 

29. Replace the number 30 of Example 28 by the number a 
and solve the resulting problem. 
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IMAGINARY ROOTS IN A QUADRATIC EQUATION 
80. Exampie. Solve the equation 2 —22+5=0. 


Soxrvution : 1. Use the formula method of solving the equation. 


t= 1. b=—- 2, C=, 
9 pene Daa — 406 tet pV Se L os 
pg Qa 2 
3 ey 0 ey ae 
, = 5 = i : 


The question arises, what does V~—16 mean? Is —4 the 
square root of —16? No, for (—4)?=+16. Is +4? No, 
for (+ 4)?=+416. Thus, no number with which the student 
is acquainted will produce — 16, when it is squared. 

81. No rational number raised to an even power will pro- 
duce a negative result; hence an even root of a negative num- 
ber is impossible up to this point. To avoid this difficulty, a 
new kind of number is introduced. 

An Imaginary Number is an indicated square root of a nega- 
tive number; as, VW— 16; V—3; V—a@. 

The numbers previously studied are called Real Numbers. 


82. Every imaginary number can be expressed as the product 
of a real number and V— 1. 


V —1 is indicated i, and is called the Imaginary Unit. 


Thus, V—16 = V16(—l)=.- 4 4V—1=443. 
V—@= Vae(—)D= taV—1=4 ai. 
V—5= vb(— 1 =1V5 . V—l=4+ iv5. 

Hisrorican Nore. The symbol i for V— 1 was introduced by Euler, — 

one of the greatest mathematicians of the eighteenth century. 
EXERCISE 38 

Express the following in terms of the unit 7: 

1 V—9. 3. V— 49 2%. 5B. V—25 

2. V—36. 4. V—100 m’. 6. V—81 a? 
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V— ate i. 

af 60 ae, 15, 3 = 94, 

9. V—4. 16. — 44. 
10. “f— $6 17. /—45¢. 
11. = s. 18. — 20 ab? 
ye eee Sr) 19. V—50 at. 
ay Se 20. V— 63 7. 


ope 


21. Simplify i 2a, 


Souemos : a) —2' = 4/2" xo: Da 43 Vos Vi1=45iv3. 


4 
22. V—t 25. V — 40 28 — 32 
25. /— § iy ee 29. »/— 45 
24. /—Hit. 27. V—48. 30. V— 135 


83. Addition and Subtraction of Imaginary Numbers. 


EXERCISE 39 
1. Add \/= 4 and </— 56, 
Sorution: V— 4+ V— 36= 21+ 6i1= 81. 


Nors. While every imaginary number, like V— 4, has two values, one 


positive and one negative, in problems such as the one in this exercise, 
only the principal root, the positive one, is used, as in the case of surds 


(§ 68). 
Simplify : 
a ey ae BA 1 ee 
ee el \/ 49, 6 VoL ys — 4. 
dee = OT EA — 25. 7 V—-@—-V—40—-V—9a2. 


8. V— 36a? +-V—100 a8 —-V—81 a 
9. V—16 ay? —V — 25 ay? + -V — 49 ay? 
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10. = 2a 12 —/- 0b a 45. 
1. V¥V—34+V—12. 14. V—24—-2V—643V— 54. 
Pon — 18 yo 15. /—28+5V—7—v — 68. 


5 be 27 
16. Simplify +5 + a 


5 Tub V—- 2 _ 6 Svs VE 
(Pe i, ea y) ee os 
SoLuTION 37 ri o> 2 3 2 
_5 , 8iv3 
ee 
543i v3 
2 


The numbers in Examples 1-15 are called Pure Imaginaries. 
The sum, or difference, of a pure imaginary and a real number, 
§ 81, as in this exercise, is called a Complex Number. 


Simplify: 

38 2 3 3 ae 7 T Om 
le == ——- —— : al. : 
oN Bios Ne 16" aaa 100 
if es 1 3 B19 pee 
RSS oS ——s 202 : 22. . 

37 V9 Bt V 295 st 169 


84. A further discussion of imaginary numbers, more 
complete, including a discussion of the other fundamental 
operations upon imaginary numbers, is given in Chapter 
XIV. 


85. Meaning of Imaginary Roots of a Quadratic on the Graph. 


Exampie. Consider the equation a?+%+2=0. 


Soturion: 1. Solve the equation by the formula: 
Oma pe Oleaill yer Crean 


—~rittvi—8_-14v—7_—-1sivi 
2 2 2 
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—ritiv’, ,..—1—iv7. 

2 ans 2 
2. Solve the equation graphically. (Review rule § 75.) 
Let y=rrtent+?2: 


xy 


When « = | O 
then y= | +2 


—1 
+2 


—2 
+4 


a 
+8 


—4 
+14 


+2/ +8 
+8)|414 


Hed 
+4 


3. The graph has the same 7 
shape as the graphs obtained 
when solving other quadratic 
equations ; but the graph does 
not cross the horizontal axis - 
at all. Hence, y or zv? +242 
is never zero for any real value 
of x. ue 


This is characteristic 
of the graph of a quad- : a g a 
ratic which has imaginary : 
roots. 


\+ 
BS 
nD 
3 
Us 
+ 
RS 
> 
om 


EXERCISE 40 


Solve the following equations. Express the roots in simplest 
radical form. Draw the graphs for the first three equations. 


1. e&+e+1=0. 4 3m _ 
9. ae ee 
oe 2 eo, m—3 2 
See — ove), 10. Zm+1_m+T. 
Ae Gi oie tale), m—-1 m+1 
5. 3m?—2m+2=0. 11. PEELS 0. 
6. 4° —5ce+2=0. ¢ 
7 97P+4=8r. 12. 207 +6dr+5@=0 
8. 2&—Le+i=0. 13. 32?—dSwe+3w'?=0. 


TA ow — ote oe 03 


IX. SPECIAL PRODUCTS AND FACTORING 


ADVANCED TOPICS 


86. In paragraph 10 is the rule: “The product of the sum 
and the difference of any two numbers equals the difference of 
their squares”; thus, («+ y)(e«—y) =2’?— ¥ for all numbers z 
and y. 

Iix=2aandy=3b, (2a+306)(2a—38b) =4a?—9 02. 

If z = 14 and y =5, (14 + 5)(14 —5) = 196 — 25 = 171. 

If x= (a+b) and y=(c+ @), then similarly 

(a+b) + (¢+@)][(@+ db) —- (c+ ad] =@+b)?—- (+a)? 


Likewise, in any of the type forms studied in Chapter LI, 
the numbers may be general number expressions. 


Exampre 1. Multiply (a+6+c¢) by (@+b—c). 


Sotution: 1. (@+b+c)(a+b—c) ={(a+b) + e{(a+ bd) —c} 
2. =(a+0)?-C=e42ab4+ B?—c?. 
Here x =(a@+ 0) andy =c. 


Examete 2. Multiply 7+s+t—n) by (r+s—t+n). 

Sotution: 1. (r+s+t—n)(r+s—t+n) 

2 ={(r+s)+(—niiir+s) -—-(@—n i= (rt+s)?— G—n)? 

3 =r+2rs +s? —t2+2tn — n2. 

Here x= (r+) andy=(t—n). 

Nore. In such examples, the rules for introducing parentheses (§ 6) are 
used. The various terms of the expressions may be rearranged, if necessary, 
so that one factor becomes the sum and the other the difference of the same 


two numbers, when the terms are grouped. 
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EXERCISE 41 


Find the following products mentally : 
1. {(@4b) +53 {(a-+d)—5}. 
(m+n) —2 ph § (m+n) +2 ph. 
. {10—(r+s)}{10+(r+s)}. 
. {8p—C+O}{Bp+C+a}. 
. {(+2d)—lIla}f(e+2d)+11a}. 
(a—b+c)(a—b—c). 
(@—y+2)(@—y—2). 
(a? + a—1)(@—a+1). 
. (a+ ab + 0’) (a? — ab + 3%). 
. @4+2b6—S8c)\(a—264+30). 
. bat4y4+22z)\Ba—4y—22). 
. (@ + «2 —2)(2’—a— 2), 
. (atr—c+d)(a+r+ce—d). 
(a—b+m-+n)(a—b—m—n). 
. 2Qa+z2-y+w)(2e—z2—-y—w). 
16. {(a+0) +2(a—b)} §(a+b) —3(a—)}.- 
Soturion: Just as (4+ 2y)(*#—3y) =a? — ay —6y?, 
so {(a + b) + 2(a — b)}{(a + b) — 3(a— b)} 
= (a +b)? — (a + b)(a— b) — 6a — b)? 
= (a2+2 ab + b?)—(a? — b?) — 6(a? — 2 ab + 6?) 
=@+2ab4+ b?—a?4+t?—6a24+ 12 ab—60? 
= 14ab —6a?—40*, 
Here «= (a+ b) andy=(a— bd). . 
17. {(m+n)— 4} {(m+n) — 5}. 
18. {(e—y) +8} {(@—1) — 6}. 
19. {3a—(y+ 2} {2e—-Yy+2)}. 
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26. §e+3y4152z} ja+3y—102}. 
21. [r+2s—3t} jr+28+7t- 
22. {3p—4q+r)} [4p—5G+7)}. 
23. fa+2a+4+1} fa?+2e—5}. 
24. [(a+b)—5]?. 26. [2a—(c+d)]’. 
25. [64+ (m—n)]*. 27. [atbd+c]*. 


28. From the result of Example 27, make a rule for deter 
mining by inspection the square of any polynomial. 


Find the following by the rule made in Example 28: 
29. [a+3b—c]* 31. 2r+s—t+a]? 
30. [a—b+c—d]’. 32. [8a—b+2c—d]*. 

87. General Problems in Factoring. 

Exampte 1. Justasx2?—3%—88=(«¢—11)(4+8), 

so (a—2b)2— 8(a — 2b) — 88 = {(a— 2b) — 1 {(a—2b) + 
=(a—2b-—11)(a—2b +8). 
EXERCISE 42 


Factor completely the foilowing expressions: 


1. (a+ bP —e@. 7% (@—y)? + 2(a@—y) — 63. 

2. (m—n)? — 2. 8. («7+ y)?— 5(@ + y) — 36. 

3. a — (y+ 2) 9. (7+s)?+4r4+s)t—5e. 

4. m?—(n—p)* 10. (p—q)?+8( p—g)r—20 72. 
5. (Tx—2y)y?—y. 11. (@—4)?—(@ 4 2)% 

6. (a+ 0)? + 2344 +6)+ 60. 12. 9m—n)?—12(m—n)4+4 . 


13. (w—y)?— (m—n)*. 

14. (@—2a)?+2(7—2a)+1. 
15. 1+ n?)?—47n, 

16. (@’+32)?+4(a?+32a) +4, 
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17. (9a?+4)?— 144.0%, 

18. (a?+7 a)?+20(a?+7 a) — 96. 
19. (m+n)?+7(m-+n) —144. 

20. (a? +a—9)?—9., 


21. @+ys— 2 26. (e+ y+ (w~—y)*. 
22. (r+s)?4+ 828. 27. af — (a + 1)°. 

23. (m+n)®— (m— n)*. 28. 27 m’ —(m— n)*. 

24. @+(a+1)* 29. (2a—b)?—(a+2b)% 
25. a®—8(a+ 6)% 30. (@+3y)>—(@#—3y)* 


88. Polynomials Reducible to the Difference of Two Squares. 
Certain polynomials may be put into the form of the differ- 
ence of two squares by grouping certain terms. 


EXAMPLE 1. Factor 2mn-+m?—1-+ 72. 

Sotution: 1. 2mn+m?—1+ nn? =(m?+2mn-+ nv?) -1 

2. =(m+n)?—1 

3. = (m+n+1)(m+n—1). (§ 87) 
ExampLe 2. Factor a?—c’ +b? —d?—2cd—2ab. 
SorutTion: 1, a? —c¢?+ 0? —d@?—2cd—2ab 

2. = (a? — 2ab + db?) — (2? + 2cd + a?) 


3. = (a— b)?— (¢ + d)? 

4, ={(a—b) + (€+4)} {((a—b)-(€+ M} 

5. =(¢a—b+c+d)(a—b—c-—d) 
EXERCISE 43 

Factor: 


2mn — n? +1 — m2. 
9a?— 24ab4+160?—4c?. 
16 a? —4y? + 20 yz — 25 2. 


4n?+ m—2?—4mn. 


1. @—2ab+0?—e. 
m?+2mn +n? — p*. 
a — 2? —2ay—y’. 
e—y—eY4+2 yz. 
be —44-2ab+ a’. 10. 4a?—66—9— &. 
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11. 10ay—92+y? 4 25 x. 

12. @—2ab+0—€+2cd—a@. 

13. @—-VP+e7—y+2 aut 2 by. 

14. 24+ m—y?—n?—2 ma — 2 ny. 

15. 2ay—e@?+2?—-2ab-—'?+y. 

16. 40 +400+0?—9¢2+412¢c—4. 

17. 16 y— 36—8 ay—24 27-122. 

18. m?—9 n?+ 25 a? — b?—10am-+6 On. 
19. 4a?—2—120ad+2 cd+90?— dt. 
20. 9at— 4a? + 2 —6 x2 — 20 wy — 25 yy”. 


89. Trinomials Reducible to the Difference ot Two Squares. 
Type Form: x‘ + ax’y? + y'. 


Exampte 1. Factor at+ a?b?+ 64. 
Soxrurion: 1. at + a2b? + b¢ may be changed into a perfect square by 
adding @?b2. Adding and subtracting a?b?: 
a‘ + ab? + bt =(at + 2 ab? + bt) — a?b?. 
2. .. at + a%b? + bt =(a? + 6)? — ab? 
3 =(a? + 6? + ab) (a? + b? — ab). (§ 87) 


EXAMPLE 2. Factor 64 at — 64 a?m? + 25 m+. 


Sotution: 1. A perfect square containing 64a! and 25m‘ is 
64 at — 80 a2m? + 25 mt. The given trinomial may be changed into this 
perfect square by subtracting 16 a?m? ; then 


64 at — 64 a?m?2 + 25 mt = (64 at — 80 a2m? + 25 mt) + 16 a2m?. 
But this is the swm of two squares and not factorable in this form. 


2. Another perfect square containing 64 a4 and 25 m! is 64 a4 + 80 a2m?2 
+ 25m. Adding and subtracting 144 a2m?: 


64 at — 64 a?m? + 25 mt = (64 at + 80 a2m? + 25 mt) — 144 @2m?. 
3... 64 at — 64 a?m? + 25 mt =(8 a2 + 5 m2)? — (12 am)? 
=(8 a? + 5m? + 12am) (8 a? + 5 m? — 12 am). 
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EXERCISE 44 


Factor the following trinomials: 


Th Sere ea | 13. 44*— 32 r+ 4940 
2. at+tadm? + m4 14. 9 min’ — mnt + 16, 
Seec Olen or 15. 4 p®— 24 p47? + 25 r*. 
4. 7+3y+36. 16. 9at+17 ab? + 49 bt 
5. 1427494. 17. 4at+7 ay + 16 9, 
6. 1-7 +16 7%. 5 18. 9t— 31 fa? + 25 at 
7. w—12ey+4y', 19. 16 m4n* +15 mn? + 25. 
8. 9m*—19 m?+1. 20. 25 p* + 34p’y? + 49 y*. 
9. 4y4—32y+1. 21. a*+4, 
10. 25 xty! —11 ay? +1. 22. y+ 64. 
11. 4a* +1107? +904 23. at +4yA, 


12. 9m*+14m%?+25n4 24. 408+. 


90. Certain polynomials can be factored by grouping their 
terms. 


Type Form: ab+ac+ bd+cd=(a+d)(b+¢). 
Exampre 1. Just as av-+-ba= (a+b)a, (§ 5) 
so a(a+y)+o0(@+y)=G@+b)\(a+y). ($ 5) 


Exampre 2. Factor 623?—1527— 82+ 20. 

Soxrution: 1, 622-15 2?—8%+20=(6 23-15 x) —(8a—20) ($ 6) 
2. = 34?2(2~4—5) —4(2 4 — 5) (§ 15, w) 
3. = (842—4)2a4—5). 
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EXERCISE 45 

Factor : 
1. 2a(a+y)—3(@+y). 11. 24+38a—80?—120%, 
2. Sm(r+s)+2n(r+8). 12. 32? +627 +a + 2. 
3. 3p(2e—y)—r(2a—y). 138. 10me—1dbne—2m+3n. 
4. 8¢+w)—m(t+v). 14. ax + abcx — a*by — b’cy. 
5. a(b +c) —d(b+¢). 15. a’be — ac’d + ab*d — bed*. 
6. abtan+tbm+mn. 16. 30a? —12a?— 55a + 22. 
7. av— ay + ba — by. 17. 56 — 32a 21 —122. 
8. ac—ad— bc + bd. 18. 3ax—ay+9 bu — 3 by. 
9 &@+tatat+l. 19. 40° + vy? —4y? —16 ay. 
10. 4a°—52?—4a+5. 20. rt —rn — sn+st. 


21. 
22. 
23. 
24. 
25. 


ar +as + br+ bs —cr—cs. 

ax + ay — az + bu — bz + by. 

am — bm — cp + ap — cm — bp. 

x — v2? + ay + vy? + y8 — y2*. 
2ax%+ca+3 by —2ay—3 bx —cy. 


91. The Sum or the Difference of Two Like Powers. 


Type Form: a" + 6". 


By actual division, as in § 9, ¢: 

(a* — b*) +(a — 6) = a? + ad + ab? + 0% 

(at — b4) + (a+ b)= a8 — a + ad? — 88 

(a5 — b°) + (a — b) = at + a + a? + abe +- Of 
(a° + 0°) +(a+b)= at— ad + ab? — ad? + 4 
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The following rule may be verified in the same manner: * 


Rule.—I. Letting n represent any positive integer: 

1, a" — b”" is always exactly divisible by a— b. 

2. a” — 6" is exactly divisible by a + & when 7 is even. 
3. a*+ 6” is never exactly divisible by a — b. 

4. a"+ b" is exactly divisible by a + b when n is odd, 


II. In the quotient: 


1, The signs are all plus when a — 0 is the divisor. 

2. The signs are alternately plus and minus when a+ 0 is the 
divisor. ; 

3. The exponent of a in the first term is 1 less than its expo- 
nent in the dividend, and decreases by 1 in each succeeding term 
until it becomes 1. 

4. The exponent of 6 is 1 in the second term, and increases by 1 
in each succeeding term until it becomes 1 less than its exponent 
in the dividend. 

ExAMeie 1. Divide a’ —b’ by a—b. 

Sorution: 1. By I, 1, a7 — 07 is exactly divisible by a— 0b. 

2. By II, 1, 8, and 4, . 

ae =a° + abd + ath? + a3b? + a?d* + ab? + 08 
Exampre 2. Factor 322° + 243. 


Sorurion: 1. 32 5 + 243 =(2«)5 + 38, 
2. This expression is of the type a*+ 6b", where a=2a”, 6=3, and 
n=5. ByI, 4 and II, 2, 3, and 4, 
82 x5 + 243 =(2 a+ 3)[(2 2)* — (2x)8-38+4+(2x)2-32—(2 a) «3? + 84] 
= (2% +3) (16 xt — 24 x8 + 36 a? — 54% +4 81). 
Cueck: Letz=1. Then 3225 + 243 = 32 + 243 = 275; also, 


(2% +8) (16 at — 24 a + 36 2? — 544481) =(2+48) (16-24 +36—54481) 
= 5-55 = 275. 


* These rules are proved in § 257, 
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The method of factoring binomials of the form a” + 6" given 
in this paragraph must be used frequently. However, if the 
prime factors (§ 14) of a binomial of this form are desired, 
proceed as in: 


EXAMPLe 3. 2° 7° = (a+ y?)(2®— 9’) 
=(@+y)(@—ry+y)@—y)@+ary+y7). 


Note 1. By § 91, 16—y&=(x — y) (v5 + xrfy + ++ y5). 
The second factor is not prime however. 


Notre 2. Whenever the binomial is the difference of two even powers, it 
may be treated as the difference of two squares. 


EXxAMpie 4, a? + 7 = (2)? + (7°)? = (2 + yf?) (a — a*y? + 9) 
= (@ + y)(a? — xy + 9?)(a° — ay® + 9). 

Nore 1. By § 91, 19+ 99 = (@ + y) (#8 — x7y + x6y2 + --- + 78), 

The second factor is not prime however. 


EXERCISE 46 


Find the following quotients: 


a> a—ob 1—16 a‘ 

1. ° 6. ——.. 11. ————-. 
a+b a? — 0? 1+2a 
4 pS 1 

ata Pease Teepe ees 
a—b x+2 3e+y 
ae 

3. © e. 8. Tere 13) 16 — xt 
e—y 1l+a 2—2 

vt m>—1_ a: 32 — a? a. a® — 243 oF 
m—1 2—a a—32z 
ao om 10. m? — nt is 81 ct—16 dt 
ab+te m—n ; osc+2a 


Factor the following expressions, if possible : 
16. 272-8 y% 18. a — 7, 20. r&s° — 7, 
17. at—y'. 19. 32—m’. 21. a’ +0". 
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22. 32+7°. 25. gl — 0 28. 64 — 2°. 
Oe 1S ESS VAN 26. 2° + 7%, 29. 2° — 256. 
24, w+ y% 27. m>— 243. 30. 32a°+ 243 b*, 


SUPPLEMENTARY TOPICS 


92. The Remainder Theorem makes it possible to find the 
remainder in certain division problems by a short process. 

It is known that dividend = divisor x quotient + remainder. 

Suppose that a? + a — 2 is divided by «— 2; then: 


e+a2?—2=(¢%—2)-Q+R. w2+38ae+6 
Let x = 2; then: e+ ¢—2\e—2 
8+4—-—2=0-Q4+R. o8 — 2 x? 
“10=0-Q+R8. , 3 x? 
lO ie 302 — 6% 
That is, the remainder is 10. 6a2— 2 
Curcxr: See solution on right. 6a—12 


{0 = Bh. 


At the left, the correct remainder was obtained by substitut- 
ing 2 for w in the given expression. This suggests the 


Remainder Theorem. If a rational and integral polynomial 
(§ 12) involving x be divided by x—a, the remainder may be 
found by substituting a for x in the given polynomial. 

Proor: 1. The polynomial (containing x)=(«#—a)-Q+ RB. 

2, .. The polynomial (x replaced by a) =(a—a)-Q+ KR. 

3. .. The polynomial (# replaced by a)=0-Q4+ R=R. 

Exampere 1. Find the remainder when a*—3a+5 is di- 
vided by #— 3. 

Sotution: 1. Comparing «— a and x — 3, a must be 3. 

2. Substituting 3 for # in at -—3%-+4 5, 

R=3!-3-84+5=81-945=77. 


EXAMPLE 2. Find the remainder when the divisor is 7+ 3. 


Sorvution: 1. Comparing « — a and « + 3, a@ must be — 3. 
2. Substituting — 8 for x ina+—32+5, 
R=(-—38)?-38.- (—3)+5= 81 +9+5= 965. 
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EXERCISE 47 


Find the remainders when: 
1. 2 4+2a'—7 is divided by x—1; by +1. 
2. 207+ 32°—4a2-+5 is divided by x—5; by ++5. 
3. at+23—6 is divided by +2; by x—2. 
4. m®>—2m?—4 is divided by m—3; by m+4. 
5. y—y+y—y+6 is divided by y¥+3; by y—2. 
93. Synthetic Division is a short process for finding the 


quotient as well as the remainder when a polynomial containing 
x is divided by a binomial of the form x— a. 


Consider the two solutions: 
Soxution (a): Sotution (0): 


§6a2+ 4% 46 v+ 3/523 —1ll2?— 6x—10 
2 — 3/528 —11l2?—62—10 


5 +15 +12 +18 


= 2 § nob Db ot Be pds 
= ee 6x SE ee ae 
442—12 % Quotient : 5a2+4246. 
6zx—10 _ Remainder: +8. 
6x%—18 
+ 8 


The method of performing the solution (6) : 

(1) —8 of the original divisor is changed to + 3. 

(2) 523+ ”%=54% Place 5 in the third line. 

(3) +8-+5=+415. Add the product, +15, to —11. Place the 
sum, + 4, in the third line. 

(4) +3-+4=+412. Add the product, + 12, to —6. Place the sum, 
+ 6, in the third line, 

(5) +3+-+6=+418. Add the product, +18, to —10. Place the 
sum, + 8, in the third line. 


(6) The numbers 5, + 4, and +6 are the coefficients of the quotient. 
Since 52? + % = 5 22, the full quotient is 522+ 4246. The last number 
of the third line, + 8, is the remainder. 
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A partial explanation follows: 


(1) In step (1), —3 is changed to + 3. This permits addition in steps 
(3), (4), and (5) instead of the customary subtraction. Thus, in solution 
(a), when — 15 2? is subtracted from — 1122, the result is 42; in solu- 
tion (0), when + 15 2% is added to — 112, the result is again 4 22, 

(2) In step (8), +4 below the line represents, first, the coefficient of 
the first term of the remainder as in solution (@). When 42? is divided 
by x the quotient is + 4%, so that 4 may properly be considered also the 
coefficient of the second term of the quotient. Similarly in the case of 
+ 6 in step (4). 

EXAMPLE 2. Divide 7 at— 29 #2?—3¢t* by +24. 

SotutTion. Changex+2ttox—2t. 

x—2t|\Tat++ 0 ta? — 29124082 —344 
: —14¢ +2807 +208 —4¢4 
7 —14¢ — #@ 4+28\|\-74 
Quotient: 723 — 14 t7? —#e+428. Remainder: —7#. 


Norse 1. When powers of x are missing, supply them with coefficients zero, 
as in this example. 


EXERCISE 48 
Divide by synthetic division: 
1. o—20?+2a4—5 by x—1. 
2. 20?—4e°+6e—15 by +1. 
3. y—3y+10 by y—2. 
4. 24152415 2?—25 by 242. 
5. & — 32 by t— 2. 
6. 3m*—25 m?—18 by m—3. 
7% 4a°+18 a? +50 by a+5. 
6c# +15 + 28¢+5 by ¢+3. 
9. 3a°-+4 ma? —2 mx —5 m by «—m. 
10. 4a'— 15 b’x’?— 4b* by 7+ 205. 
Note. In §§ 92 and 93, two short processes for finding the remainder in 


certain division problems are given. Each is important. The second has the 
further advantage of determining the quotient as well. 
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94. The Factor Theorem makes it possible to factor certain 
polynomials. 


Examere 1. Is «—1 a factor of 2 +a°—2? 

Soturion: 1. If  —1 is a factor, the remainder when x* + x“? — 2 is 
divided by «— 1 will be zero. 

2. By the remainder theorem, R=1+1—-2=90. (a=1.) 

8. 2. %—1 is a factor of x3 + 2? — 2. 


This example illustrates the 


Factor Theorem: If a rational and integral polynomial (§ 12) 
involving x becomes zero when x is replaced by a, then the poly- 
nomial has x — a as a factor. 

Proor: Considering the given polynomial the dividend and x — a the 
divisor, the remainder will be the value of the dividend when « is replaced 
by a. According to the conditions, this value is zero ; hence the remain- 


der will be zero and the division exact. Therefore x — ais a factor of the 
polynomial. 


In applying the factor theorem: 

1. Determine mentally, if possible, some number a for which 
the given polynomial becomes zero. (Factor Theorem.) 

2. Divide the polynomial by x—a by synthetic division 
(§ 93). This division will give further assurance that the re- 
mainder is zero, and will also determine the other factor, the 
quotient. This factor may often be factored. 


EXAMPLE 2. Find the factors of #? + 3 a? — 4 a—12. 
Sorurion: 1. When «=1, then (mentally) «+ 8e2—4a—12=—12. 
“. «—1 is not a factor of the polynomial. 

2. When « =—1, 224+ 302-—4x%—12=—6. .«.%4+4+1 is not a factor. 
38. When z= 2, 22+ 802-—42—12=—0. .. 2 —2 isa factor. 

4. Dividing by e+2\e8+ 322— 4%—12 Remainder =0. 


synthetic division : 1 +2 410 412 .. «—2 isa factor. 
14+5 + 6] 0 The other factor is 
v2+5%+ 6. 


5. 08 4+322-—44— 12 = (4% — 2)(a2? +52 + 6) 
= (@ — 2)(a + 2) (a + 8). 
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EXERCISE 49 
Factor by the factor theorem: 


1, 2a — 6. 6. 2y+7—3. 
2. So — Ba. Te — 227-3. 
pena 8. P+47r4+6r+4, 
4. 2—607+112—6. 9. #+8—-—2@-—t41. 
5. P@—2—92+9. 10. m*—5m+5m’?+5m—6. 
11. 2+ ma? — 2 mi. 
Let x =m; m3+ m3 —2m3=0. 
. ©— mis a factor. 
Find the other factor by division. 
12. 83%+p'e—4p*. 14. #+3te’—48. 
13. w —5d7re?+67". 15. x'—ca—T Ca? 4- Fa +6 4. 


EXERCISE 50 
MiscELLANEOUS EXAMPLES 


In the following list of examples, the types of factoring 
studied in this chapter will be used. Before taking up the list 
of examples, review, if necessary, the rules for obtaining the 
H.C.F. and the L.C. M. of two or more expressions in Chapter 
II and for operations with fractions in Chapter III. The ex- 
amples marked with an asterisk (*) depend upon the supple- 
mentary topics in § 92 to § 94 and should be omitted if these 
paragraphs are not studied. 


Factor the following expressions : 


1. @be+aced — ab’d — bed. 6. 15ac+18 ad—35 be—42 bd. 
2. a&—(b+¢c). 7.* +40? +a —6. 

8. 4a°b? + 4 a*d®. 8. 3 ao? — 3 ab’. 

4. @+ayt+ay+y’ 9. at — 22 a?+ 81. 

Baal ae 10.* af —e?—42—4, 
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11. (a?—5e)? —2(a?-Ba)—24. 21. 128— ml. 


12. 16 a*—76 wy? + 81 y%. 22. 2 a?bc—2 D’c—4 PP? —2 be’. 
13. a&—2a® +1. 23 ae 

14. 9(m+n)?—12(m+n)+4. 24. a —5a?—10+ 2a. 

15. 320° + y™ 25.* at—4a?+a?—6a+4+8. 
16.* a'—a’?—5a—3. 26. a®—1. 


17. 99?+25 y?—1627430ay. 27. ab—at+a’?—1. 
18. ab? + a®y? — b's? — ay’. 8) of a — a 1, 
19. m*~ 625. 29. (@—y— 2)? 4 7°27. 
20. a&—T a —8., 30. (a°?+b*)— 2 ab(a+b). 


Find the H.C. F. and the L. C. M. of the following: 

31. 3a°— 21a?—a+7, and a+ 6a-— 91. 

32. ac + ad — be — bd, and a® —6ab+5B% 

33. a+ 0? —c’+ 2ab, and a?— B— +2 be. 

34. m’—4m, m+ 9 m? — 22 m, 2 m*— 4m — 3 m?+ 6m. 
85. 3a®— ab + 3 ab—b’*, 27 a — B’, 9a?—6 ab + b* 

36. 16 m*—n‘4, 16 m* — 8 m?n? + nt, 2 ma + 2 my — nw — ny. 
37. a® — ae — av’? + 2%, 38a8— 3 a'e+5 aa’ —5 2% 

$8.* 2+ ¢7—2, and 2?+ w#—2. 

39.* a — a?—a—2, and a+ x—6. 

40. 2° + 3 av’ — aa — 3.5, and 2° + 2 aa? — a’x—2 a’, 


Simplify the following fractional expressions: 


ai a? — oP 2? + 2 az ae gs ax — bu —ay+ by. 
e—y— 24 2 yz a — b? 

42. 4m?—10m?’—6m+15_ _ 2ac—2be—ad+bd 
6 m>+8 m?— 9 m—12 av—4¢ 


SPECIAL PRODUCTS AND FACTORING 115 


46 erie Deere +2 yz—2 
V+y—2—2ay xy 2yz— 2 
3 

46. ae ee : 
a—b+e a’—ab+b? 


a —b?—?—2be _a—b—c 
Gas. — 8 4 2he- akth—e 


ar—as+br—bs ar+as+ br+bs. 
r— 3? a? + 2 ab + 0? 


49. Solve the equation: 2? + aw—3ab—3br=0. 


47. 


48. 


Sotution: 1. 22+ ax—38ab—3brc=0. 
2. Factoring: «(¢+a)—3b(4+a)=0. 
(«#—3b)(x+a) =0. 
3. o. 33 0, OL = — 05 (§ 74) 


Solve the following equations: 
50. 2?+ax—ab—be=0. 52. aa®?—bae—ace + be=0. 
51. 2 —2mn—m’?—n?=0. 53. av’—2dr—6d+3ar=0. 
54. 3anz?+3 mnx— apex —mp = 0. 
55. ada’+ cdx + aex+ce=0. 


95. An equation of the first degree, having one unknown, 
has one root; an equation of the second degree has two roots. 
In general, an equation of the nth degree, having one un- 
known, has 2 roots. 

The roots of equations of degree higher than the second are 
not obtained readily, except in particular equations which may 
be solved partially at least by the factoring method. 


ExaAmpreE 1. Find the roots of et —13 2? + 36=0. 


Sotution: 1. Factoring, (a? — 4)(a? —9)=0. 
Qe eee — Ala Os eg Ae Ss OR —' D. 
ASO a ea OS 5 Pe OS th BOs Ol = — Oe 
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Exampie 2. Solve the equation 7? + 27?—4y+4+1=0. 
Sotution: 1. Factoring by the factor theorem, 
Yy¥—-l(y?+3y—1)=0. 


2. ey — 1 = Of or y= 1. 

Also, P+ 8y—1=0; yaa StVOFE_ 8 4VB, 
y= Soe y = 302+, or — 3.302+. 

Hence, 41 =13 yo = 802+ ; yg =— 3.302+. 


EXERCISE 51 
Solve the equations: 


1. a*— 2627? + 25 =—0. 9.* m—19m—30=0. 

2. m*—11m?4+18=0. 10.* 2—27—3212=0. 

3. y*—15y?-16=0. 11.* &@—5t—2=0. 

4. 44—17°+4+4=0. 12. #&—1=0. 

5. 9at+1427—8=0. 13. ¥—8=0. 

6.* e2—Tae+6=0. 14. P—57=5—7 

7. 8422°—92—18=0. 15. ob —ot —162+16=—0. 

8.* y—13y—12=0. 16.* vt—a—5 a —x—6=0. 
Solve for x: 


17. at — me? — n2a? + m?n?= 0. 19.* 2e°—3a7%ax+a®=0. 
18. as’ + ba? — aca — bd?’ =0. 20. 2t—7*=0. 


RemMarx. The graphical solution of equations of higher degree is consid 
ered in § 267. 


X. QUADRATIC EQUATIONS HAVING TWO 
VARIABLES 


GRAPHICAL SOLUTION 


96. Graph of a Single Equation. 
Exampe 1. Draw the graph of y —2®=0. 


Sotution: 1. Solve the equation fory: y= 22. 
is 3 


“ 


When z= |0\/1/2/3/4 


then y= |0/1)4/9]16|25| +1] +4/4+9]| +16] +25 


8. This curve is a Parabola. 


4. The codrdinates of any oy 


point on the parabola satisfy 25 


the equation. The codrdinates LI 
of A are: eas WH | 


and y = 20+. 


Substituting in y = ~: does | 


20+ =(— 4.5)2? IS 


Does 20+ = 20.25? Yes, 


approximately. The codrdi- 


nates should satisfy the equa- 


tion of the graph. Since the 


graph cannot be absolutely ac- | [tT 


curate, and since the codrdi- 
nates of a point on the graph | 


cannot be read exactly from x 40, 


the graph, the codrdinates de- x5--4_ 4 9 [ol PREP we 


termined may not exactly sat- 


isfy the equation. 
ual 
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Exampre 2. Draw the graph of 2? + 7’ = 25. 


Sotution: 1. Solve the equation for y: y =+V25 — 2% 
2. 


When a) 0) Mire eer ies +4 45 


y= | + V25| +V24| + V21| + V16| 4+ V9} +0 
ae). 374,84 455 | -- 4 ley 0 


8. When « is negative, y has the values given by the corresponding 
positive values of x Thus, when z is — 3, y is 


‘$25 — (— 892 = 4 V25 — 9 = VIG =H 4. 


_ Notice that for each value of x, y has two values; thus, when a is + 4, 
y is either +3 or —3, Hence, both (4, 3) and (4, —3) are on the 
graph. 

For « greater than 5, y is 
imaginary ; thus, whenx=6, 


y <4 V90— 86 =4.V=11. 


— Fi This means that there are 
| not any points on the graph 

X) for values of x greater than 5. 
The square roots required 
in step 2 may be obtained 
either by the method of 


—-|NO]lwo] pb 


3 rl] § 64, or from the table of 
14 square roots constructed in 
~ $ 65. 

1s 


4, This curve is a Circle. 
Every equation of the form 
x + y? = 7%, is a circle with its center at the origin and its radius equai 
tor. 


Examprie 3. Draw the graph of 9 a+ 25 y? = 225. 
225 —9 a? | 

25 ; 
2. When @=2, y= 4}3V225—86=43V18 Bk dess * 
+ 4(8 x 4.5) = + 4(18.5) =+ 2.7. 


Sotution: 1. y2= ys £4V 225 — 92?) 
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Whenaw=| 0 +1 +2 +3 ee amar i 


then y= OH +1V216 |43V189 |44V144/4+3-V81/V0 


HAF 1 44(14.6)/4$(18.5) [a2 = 0 
“Es +2.9 Sie +2.4 +1.8 0 


For negative values of x, y has the values given by the corresponding 
positive values of x. (See Example 2, step 3.) 
Notice that for each value of «, there are two values of y. 


| fy 
{| fejaaby 
| Ltt Ip 
EEE HH! \ 
x t++++g-H4 x 
+5) Boao r : ae 4 5 
| | A a 
. TA 
4 * _ 
We 


8. This curve is an Ellipse. Every equation of the form az? + by? = ¢, 
where a, b. and c are positive, and @ not equal to b, has for its graph an 
ellipse. _ 


Exampre 4, . Draw the graph of 9 a — 47’ =36. 
Sotution: 1. y= nea, yet aver—4. 


2. Whenx=1,y=t+iV1—4=4+3V—83; .. y is imaginary, 


Whenx=| 0 °&|41 4007 +8 +4 +5 +6 


then y =| +3V—4|43V—3| +$V0/ 4$V5) +$V12) +3V21| 4+3V32 
imag’y | imag’v 0 +83 /|+6.1 +6.8 +8.4 
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= 


For negative values of x, y has the values given by the corresponding 
positive values of x (See Example 2.) 


[ ¥, 
40 
| | 
| TI | 
- me aR) 7 
i fA | 
f | Ip | my | 
Ke | Ho i) a x 
he te ‘5 — = - | | 
4 6 4 3. | 2) 3 4 ? 6 7 
We} nae | 
ein 
if 
CP 
| 
| ™ 
aa + 
| | 
ahd aa 
lei ie "le | | | 


8. This curve isa Hyperbola. Every equation of the form ax? — by? =e, 
where a, 0, and ¢ are positive numbers, is a hyperbola, 


EXERCISE 52 


Draw the graphs for the following equations; name the 
curves obtained ; 


1. +7? = 36. 5. a’ —4y°= 36. 
2. Ys oe. 33 6. xy=4. 

S$... 2° = Gy. 1.10 = 5D: 
4, 2447’? = 36. & 42?+7?=16. 


97. Solution of a Pair of Simultaneous Quadratic Equations. 
[w’+y?= 25. (1) 
\a—y+1=0. (2) 


Sorution: 1. The graph of equation (1) was drawn in Example 2 of 
$96; it is the circle of radius 5, with center at the origin. 


ExAMPLeE 1. Solve the pair of equations: 
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2. The graph of equation (2) is found as in § 46. It is a straight 
Ime (§ 46). When «=0, y=15 when «= 2,7 =—8. 

38. Since points Aand B are on both graphs, their codrdinates should 
satisfy both equations. 

A= (38,4); B=(—4, —3). When the codrdinates of A and of Bare 
substituted in the equations, it is found that they satisfy the equations. 


2. ©=38, y=4, andz= —4, y=—8 are solutions of the pair of 
equations. 
SEXEEEE?THEUERS 
| IL 
THAT pe 
3 i 
Pr 
I 
x | r ) x 
=6 75 +4 3 9/4 | 314 6 
woo, as 
ENCE aa 
43 
S EECEEH| 
am a 
4 CEP EP Eee 


Notz. Since the graph of every linear equation having two variables is a 
straight line (§ 47), and since, as the student’s subsequent courses in mathe- 
matics will show, the graph of every quadratic equation having two variables 
must be one of the curves discussed in § 96, it is clear that, as a rule, a 
quadratic and a linear equation with two variables will have two common 
solutions, for a straight line will, in general, meet such curves in two points. 
” The straight line might touch the curve at only one point, thus giving only 
one solution; or it might not touch the curve at all, thus not giving any real 
solution. 


w+y?=25. (1) 
a? t-2 y?=34. (2) 

Sotution: 1. The graph of equation (1) is the circle of radius 5 
(see Ex. 2, § 96). The graph of equation (2) is the ellipse of the 
figure. 

2. The points of intersection of the graphs are: 

A: (4,3); B: (—4, 3); C: (—4, —38); D: (4, —8). 


Exampie 2. Solve the pair of equations: 
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8. Substituting these values of « and y in equations (1) and (2), it be 
comes clear that the equations have four common solutions. 


Inyy. | 
hs a ws, | 
l6 
! [| 
| 
iH NI 
B 3 IA 
Ae 
D) 
at 
ro Hi CI 4 
Xf | ims Ao) oe x 
Lg bk7 -6E5] +4 -3 -9 i=] | re ee 0) 0) 
eae |_| ale | { 
|_| —. adit | ae 
: 
GC 
! 3 
- | 
[ ai 
H 19 ; 
hy 


Nors. . Two quadratic equations, having two variables, will have four 
common solutions, in general. This becomes clear when the graphs of § 96, 
which result from such equations, are combined in pairs. For example: 


My 


However, there are other possibilities. Thus, the ellipse might intersect 
only one branch of the hyperbola in such manner as to give only two real 
solutions; or it might not intersect it at all, giving no real solutions. 
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EXERCISE 53 


Solve the following pairs of equations graphically : 


1 (a? + y?= 100. 
* lw2—y+2=0. 
" |2ea—y=1. 

e—y= —9, 

2a—y=3. 
ry aa, 

xy = —T. 


9. Draw the graph of 


eee Nd 
“y= — 

" (8y—11ea4 
7 Ce 

an ypre=4 

: xv? — yy? =—16. 


a + Date 1. On the same sheet, draw 
64 ' 25 


the three graphs obtained from the equation «=y+k, when 
k is made successively 6, 2, and — 6. 


ReMARK. The four curves studied in this chapter, the circle, the parab- 
ola, the ellipse, and the hyperbola are called conic sections, for each may be 
derived by intersecting a circular cone of two nappes by a plane. A special 
study of these curves is made in a later course in mathematics, analytic 


geometry. 


XI. SIMULTANEOUS EQUATIONS 


INVOLVING QUADRATICS 


98. A set of equations having two or more variables are 
called Simultaneous Equations if each equation is satisfied by 
the same set, or sets, of values of the variables. 


99. A set of equations that are solved as simultaneous 
equations will be called a system of equations. 


100. A pair of simultaneous linear equations (§ 47) having 
two variables have one common solution (§ 51). The com- 
mon solution is readily obtained by the addition or subtrac- 
tion method (§ 538), or by the substitution method (§ 54) of 
elimination. 


101. Pairs of simultaneous equations occur of which one 
or both are of degree higher than the first. 


Thus, in (a) below, equation (1) is of the first degree and (2) is of 
the second ; in (b), equation (1) is of the second degree and (2) is of the 
third. 


(a) (a2—2y2=6. (1) 


[8e4+4y=5. (2) ow) {@ 

([2027—S3ay=7. (2) NOY Oe (2) 
Many such combinations, even with two variables, are possi- 

ble. Only in special cases, however, are the common solutions 


readily obtained. A few such cases will be considered. 


102. CasrI. One Linear and One Quadratic Equation. 


a 2 a = 0; 1 
Exampue. Solve the system: fi ay + 8a 16 20. ae) 


142¢7—y=0. (2) 
SoLution: 1. From (2), Ay == teen (es)) 
2. Substituting in (1), w+ (2e+1)?+6%«—-—16=0. (4) 
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8. Simplifying (4), e+2x4—-8=0. (5) 

4. Solving for a, g=1,ora=—3. (6) 

5. Substitute in (2): whenxg=1,14+2—y=0; ..y=3. 
when # =—3,1—6-—y=0; ..y=-—45. 

The solutions are: x=1, y=3; e=— 3, y=—5. 

The solutions may be checked by substitution. 

Nore. One linear and one quadratic equation having two variables have, 


in general, two common solutions. The graphical solution of a particular 
pair of equations of this type is given in Ex. 1, § 97. 


EXERCISE 54 


Solve the following systems of equations: 


1 a? + 6 = 113. 10 38c+2d=—2. 
j PS ae : kaginbied a 
5a —3yY=—T. 11 T7ev’+10ab=—8. 
ic oyee ; enc ees 
2e—4ay+3y=11. 12 x—y=l. 
ee are it ah Gs 
- (m+ mn —n? =—19. 13. e+ y= 2(a? +0"). 
Sain S73 aty=2a. 
ae ea guess 
5. eile 2S 
(eno 140 a he 
ps baa it Pe a+o=16 
a? + y? = 101. ea ee oe, 
7 | y=—9 i Gaye 
7 ad ae i =+—-=1. 
8 lege ee 
Seluerieg = pot 1) 
9, [2yt2n=5ay. ae a 
; eas 38r—2t=—12. 
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HOMOGENEOUS EQUATIONS 


103. An equation is a Rational Equation if the variable does 
not appear under a radical sign. © 


104. A rational and integral (§ 11) equation is Homogeneous 
if all of its terms are of the same degree (§ 44) with respect 
to the variables. 

Thus: «2—382y + y? = 0 is a homogeneous equation ; «2? — xy + y?=5 
is homogeneous except for the constant term; 22?—3y=2y? is not 
homogeneous. 


105. Casre II. Quadratic Equations Homogeneous Except for 
the Constant Term. 
+3 y= 28. (1) 
e+ayt2y=16. (2) 


Sorurion: 1. Eliminate the constant terms: 


Examete 1. Solve the system: 


Ail) Bias 44? + 12y? = 112. (8) 
M; (2): Ta? +7 xy + 14y? = 112. (4) 
(4) — (8): 802+ Txy+2y?=0. () 


2. Solve (5) for # in terms of y: 
(8¢4+y)(*¢+2y)=0;.-. w=—F,ore=—2y. 
Substitute = forma: ine Giza eess F 48 y?= 28. 


. +27 y2=9-28; 2842= 9-28; y2=9; y=+ 8. 


When y =3: e=—¥a— 3-1. -. ©=—1,y=38 is a solution. 
Wheny=-8: w=—$=—-(=*)=1 .. t= ly yi=— 3 is a solution. 
3. Substitute —2yforwin (1). .. 4y24+3y? = 28. 


ie) (ier Ot? ar ee ett oe 
Wheny=2: eg=—2y=—2.2=-—4, .*. e=—4, y=2 isa solution. 
When y =—2: e=—2y=—2-.—2=4. .. o=4, y =— 2 ig a solution. 


* See § 53 for My (1). 
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Cueck: These four solutions are readily checked by substitution in 
equations (1) and (2). 

Nore 1. In case one equation does not have a constant term, solve it im- 
mediately for one variable in terms of the other as the equation (5) in step 2. 

Nore 2. A system consisting of two quadratic equations has, in general, 
four solutions. 

Note 3. The graphical solution of a particular pair of equations of this 
type is given in Ex. 2, § 97. 


EXERCISE 55 
Solve the following systems: 


(3ced+2d°?=—7, fa?+ab+b?=63. 


1g ° 
l\e?—2ced=30. | : a? — ? = — 27. 
(2a7—ay= 2. 7 aaSieeay tei 
| 4a? +-y?—=10, aan uit ae ey ee 
3 a 8 nora mis 
* (9 m?+2n2?=9. "  (gt§+2y?=18. 
4 Paetrce i 9 ela a he 
; h? 4-9? = 125. ; 32? + ay —107?=0. 
5. ome 10; Cee ae 
xy —y? =— 35. (2mn—n’ = — 64. 


106. Equivalent Systems. One system of equations is equiv- 
alent to another when the common solutions of each system 
are the solutions of the other system. 


107. Casr III. Systems Reducible by Division. A given 
system may sometimes be reduced by division to an equivalent 
system in which the equations are of lower degree. 
ve —y = 56. (1) 


Exampre. Solve the system: | a + xy + y? = 28 (2) 


Sotution: 1. Dividing (1) by (2): e-—y=2. (8) 
2 fe ) 
2. Form the new system : ee ion. e - “ 


8. Solve the new system by the methods of Case I: 
%=4, y=2; ande&=—2; y=-4 


128 . ALGEBRA 


Curck: These two solutions are readily checked by substitution in the 
equations (1) and (2). 


Norse 1. Whenever possible, divide one equation of the given system by 
the other, member by member, and form a new system consisting of the quo- 
tient equation and the divisor equation. 


Note 2. The full theory underlying this type of example belongs in a more 
advanced text and is therefore omitted. 


108. Number of Solutions. In Case I ($ 102) two solutions 
and in Case II (§ 105) four solutions are generally obtained. 
The following rule for determining the number of solutions of 
any system of equations having two variables is given without 
proof : 


Rule. — Two integral equations, having two variables, whose 
degrees are m and 7 respectively, have in general mm common 
solutions. 


Thus, a cubic (third degree) equation and a quadratic equation would 
have six common solutions. If, however, the system could be reduced to 
a simpler system, asin the example of § 107, then the number of solutions 
would be determined by the degrees of the equations forming the new 
system. 


EXERCISE 56 


Solve the following systems of equations: 


1 ioe. 6 a + 0? = — 335. 

* la+ty=14. ' l@—ab+0? = 67. 
{ ot — yt = 240. "7 { m’ — n? = — 117. 
(ar + y? = 20. ‘ lm—n=—38. 

3 fa? — 8 = 133, 8 f8ce+d=2. 

' le—y=T. ' (27F 4 8=98. 

Ki ee a} e+ y= 9 ay. 
V+ ay + y? = 87. ety=6. 

5. (ae + oy? = — 217, 10. et ene 
e+y=—7. x? — avy + y? = 84. 
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fe—y=3. ce oe 

11. 14. = 

(ety — ay? = 30. ety =2a. 
eo — 3a°y = 54. 

ioe 1 1 
- ane ig.1 2 8 

13. in T= 8. 1,1_y_ 
vy—y +3y=4. yn ry 


109. Miscellaneous Types and Methods. Many systems of 
equations which cannot be solved by the methods already 
given may be solved by combining the equations so as to ob- 
tain a linear equation er an equation of the form ay=a 
constant. 


Exampte 1. Solve the system: hae nbs (1) 


ey=0. (2) 
Sotution: 1. M2 (2): Dy = 12% (3) 
2, Adding (1) and (8): 224+ 2ay + 42+2e%+42y = 385. (4) 


. (@t+y)?+2(¢4+y) —35=0. 
w (@ty+D(e+y—5) =0. (§ 87) 
“e+ y=—T,ore+y=5. (§ 74) (6) 


ety=—T7. RB: eer 


3. Form the systems: A: ry = 6. ey = 6. 


4. Solving A: x=—1, y=—6; orxw=—6,y=—1. 
Solving B: «=3, y=2; orm@=2,y=38. 
Cuxck: The four solutions check when substituted in equations (1) 
and (2). 
n’?+mn+n?=T. (1) 


ExaMpue 2. Solve the system: | m+n=5-+mn. (2) 


Sotution: 1, Square (2): m?+2mn+n*?=25+10mn+m2?n?. (3) 
2. Subtract (1) from (8) : mn=18+10mn+ mn. (4) 

. mn? ++ 9mn+18=0. (5) 
.. (mn + 6) (mn + 8)=0; .. mn =— 6, or mn =— 8. (§ 74) 


m+n=5+ mn. sa a eae 


8. Form the systems: A: | 5 
mn =— 6, mn=— 3. 
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4, Solving A: m=2,n=—3; orm=—3,n=2. 
Solving B: m=3,n = —1; orm=—1, n=8. 
Cuecx: The four solutions check when substituted in equations (1) 
and (2). 
EXERCISE 57 


Solve the following systems: 


1 etre . mtn,m—n_10 
" (a+ y? = 40. 13. {m—n m+n 38 
Lge AB—480=0. mi? + nt = 45 
Le ag es uw, [@-y=3e+3a41 
eras \w-y= 
odie 15. iY 3, | ae 
rh (m? +p? =1. V+3ut+e 4 
Peer ; fot y 2Za—y 15 
vA kere = 61. 16. gt wt+2y 4 
20434? = 93. espe 
4y°—5ve=19. or 
1 + — |= 42 
ve ae 6. 17 i a 
3°—5rt+2?=—3. a Psa 
fe een e( +700) M2 
8 C+cd+d?= 97. 18. (to ee 
7 Cat 10: mv = —150. 
9 a + 9? = 756, 19. Pa = 7 at, 
” |e? — ay + y? = 63. ety =a. 
ee el ee: 2-9 7? 2 
10. ee 20. bea ee miei 
ps= — 2, \2a'— y=a?+ 2ab—b*, 
11. eet AT + 2 a. 21. a? + y? = 5(a? + 5%). 
—20°?= —7. 4a°—y’=5 a(3 a—4b). 
12. eae 8a?— 117? =8. 


22. 
e+y=2a. 124° +13 y? = 248. 
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ie 18 .e 30. re 
23. —s +6 a(y — b) =2ab. 
[2am x 14 
yes —14, 
ea aes 31. 45,2 oye? 
24. uty? + a2? = 148. 
os rp la 4 
2 2 
os, (Mteyity=91. 32. Ce —9nt= — 121. 
: la? + ay + 2 =18. n—am == INS 
Hint: See § 207. $3. ee 
tas fat + a? + bf = 133. mn? + (m — n)? = 18, 
i a oe 
baie sari, a mee 
ies MEE 24 ab —10 0? = 20. 
27. y 9 @ y ‘ 
oy ml. 35. re ed oeeetr 
Hint: Clear of fractions; divide 4 ay — Sy? =3. 
3 perce Tar fhe aa 2 we. tay, 
* (mn —n? = 3m. 
Hint: Msg (2); add; factor. 37. [Yt @e-y=—5. 


. xy(a— y) = — 84, 

29. og at ae 
y=sy—e. 38. fanaaeeaten. 

Hixt: Find (1)—(2). —d5ay+y+3a=81, 


EXERCISE 58 
x Find two numbers whose sum is 15 and the sum of 
whose squares is 113. 


2, Find two numbers whose difference is 9 and the sum of 
whose squares is 221. 

3. Find two numbers whose difference is 7 and whose sum 
multiplied by the greater gives 400. 


4. The difference of the squares of two numbers is 16 and 
the product of the numbers is 15. Find the numbers. 
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5. The sum of the squares of two numbers is 52; the 
difference of the numbers is one fifth of their sum. Find 
the numbers. 


6. The difference of the cubes of two numbers is 218; the 
sum of the squares of the numbers increased by the product 
of the numbers is 109. Find the numbers. 


7. If the product of two numbers be multiplied by their 
sum, the result is —6; and the sum of the cubes of the num- 
bers is 19. Find the numbers. 


8. Find two numbers whose difference is 4 and the sum of 
whose reciprocals is 3. 


9. The sum of the terms of a fractionis13. If the numera- 
tor be decreased by 2, and the denominator be increased by 2, 
the product of the resulting fraction and the original fraction 
is 3. Find the fraction. 


10. Find the number of two digits in which the units’ digit 
exceeds the tens’ digit by 2, and such that the product of the 
number and itstens’ digitis 105. (See $172, First Year Algebra.) 


11. The sum of the squares of the two digits of a number 
is 58. If 36 be subtracted from the number, the digits of the 
remainder are the digits of the original number in reverse 
order. Find the number. 


12. Find the number of two digits such that, if the digits 
be reversed, the difference of the resulting number and the 
original number is 9, and their product is 736. 


13. The area of a rectangular field is 216 square rods, and 
its perimeter is 60 rods. Find the length and width of the 
field. 


14, The hypotenuse (§ 73) of a certain right triangle is 
10 feet, and the area of the triangle is 24 square feet. Find 
the base and altitude of the triangle. 
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15. Find the dimensions of a rectangle whose diagonal is 
2/10 inches and whose area is 12 square inches. 


16. A rectangular field contains 2} acres. If its length 
were decreased by 10 rods, and its width by 2 rods, its area 
would be less by one acre. Find its length and width. (See 
p. 145, First Year Algebra.) 


17. The altitude of a certain rectangle is 2 feet more than 
the side of a certain square; the perimeter of the rectangle is 
7 times the side of the square, and the area of the rectangle 
exceeds twice the area of the square by 32 square feet. Find 
the side of the square and the base of the rectangle. 


18. If the length of a rectangular field be increased by 2 
rods and its width be diminished by 5 rods, its area becomes 
24 square rods; if its length be diminished by 4 rods and its 
width be increased by 3 rods, its area becomes 60 square rods. 
Find its length and width. 


19. A man has two square lots of unequal size, together con- 
taining 74 square rods. If the lots were side by side, it would 
require 38 rods of fence to surround them in a single inclosure 
of six sides. Find the length of the side of each. 


20. A and B working together can do a piece of work in 
6 days. It takes B 5 days more than A to do the work. Find 
the number of days it will take each to do the work alone. 


21. Find the sides of a parallelogram if the perimeter is 
24 inches and the sum of the squares of the number of inches 
in the long and short sides is 80. 


22. One of two angles exceeds the other by 5°. If the num- 
ber of degrees in each is multiplied by the number in its 
supplement, the product obtained from the larger of the given 
angles exceeds the other product by the square of the number 
of degrees in the smaller of the givenangles. Find'the angles. 
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23. Two angles are supplementary. The square of the num- 
ber of degrees in the larger angle exceeds by 4400 the prod- 
uct of the number of degrees in one angle by the number in 
the other angle. Find the number of degrees in each angle. 


24. The difference in the rates of a passenger train and a 
freight train is 10 miles per hour. The passenger train re- 
quires 1 hour more for a trip of 175 miles than the freight 
train requires for a trip of 100 miles. Find the rate of each. 


25. A crew can row upstream 18 miles in 4 hours more time 
than it takes them to return. If they row at two thirds of 
their usual rate, their rate upstream would be 1 mile an hour. 
Find their rate in still water, and the rate of the stream. 


26. The area of one square field exceeds that of another 
square field by 1008 square yards; the perimeter of the greater 
exceeds one half of that of the less by 120 yards. Find the 
side of each field. 


27. The tens’ digit of a certain number exceeds the units’ 
digit by 1. If the square of the given number be added to 
the square of the number with the given digits in reverse order, 
the sum is 585. Find the number. 


28. If the digits of a number of two figures be reversed, the 
quotient of this number by the given number is 13, and their 
product is 1008. Find the number. 


XII. THE THEORY OF QUADRATIC EQUATIONS 


110. The Sum and the Product of the Roots. 


The general quadratic equation is: 


av’ + ba+c=0. | (1) 
Divide both members C a: 
x -" 2 ee —=0, (2) 


The roots of (1) are: 
xe 2 —b—~Vt?—4ac 
a irre A te 4 ac p= a VEL a6, (§ 78) (3) 


1= = 
: 2a . 2a 
ey) b 
- es anys 4 
aT", 2a a (4) 
_ (— dP —(Ve—4 ac)? _B—(U’—4ac)_4ac_e, (5) 
4a? 4a? 4a a 
Rule. — In the general quadratic equation ax’+ bx+c=0 
1. The sum of the roots is — 2. From (4). 
a 
2. The product of the roots is ©. From (5). 
a 


_8. If the coefficient of x? is made 1, the coefficient of x is the 
negative of the sum of the roots, and the constant term is the 
product of the roots. From (2), (4), (5). 


Examp.e 1. Find the sum and the product of the roots of 
the equation 2 a—9x—5=0. 


Sotution: 1. a=2; b=—9; c=— 5. 
b —9 9 ec —5 
2. 9 + fe Se tees gp = 2 = 
dale a 2 Sua ain 


Notr. The first part of this rule justifies the method of checking solutions 
of quadratic equations recommended in § 76. 
135 


136 
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EXERCISE 59 


Find by inspection the sum and the product of the roots; 
check examples 1, 2, 3, and 7 by finding the roots: 


il, GP dS 7 SO p 5. 9r—217r°+7=0. 
2. m—m+12=0. 6. 4—y—6y=0. 
3. 3c’—c—6=0. 7% 20°+3 px—5p?=0. 
4. 127?—4y+38=0. 8. 14¢?+ 8t#+ 217?=0. 
9. One root of 4a22—2—5=0 is —1. Find the other 
root. 
Sotution: 1. ry; =—1. Let re be the second root. 
2. mtre sti; o —1l+tre =i, orm =14 =3. 
CuecK: Does Pah eBiaCS 1.€. dees = 1 Se Yes. 
4 4 4 


10. 
Ute 
2. 


One root of 832°+7%—6=0is 2. Find the other. 
One root of 7 g@+20qg+12=0is —2. Find the other. 


One root of 15 m?+ 28 m= 32 is #. Find the other. 


13. One root. of 32?—2kx=33k? is —3k. Find the other. 

14. One root of 4p?—15ap—42°=0 is —4p. Find the 
other. 

15. Find & so that one root of a —5x«+k=0 may be 7. 

Sorotion: 1. m+ 72 = 53 &. %2 +7 =5, or re =— 2. 

2A Sie re eka 7 i 2S Se, 

Curnck: If 2—5e%—14=0, then @—7)@+2)=0. «. %=7, or 
— 2. ‘ 

16. Find & so that one root of 22°—3a—k=0 may be 3. 

17. Find & so that one root of 3a°—T7T#—2k=0 may be 
2D. : 

18. Find n so that one root of 2 +7a#+4n=0 may be 5. 

19. Find p so that the roots of 2+ 3 a+ p=0 shall be equal. 
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20. Find y so that the roots of 322—52+7=0 shall be 
equal. 


111. Formation of Equations Having Given Roots. There are 
two methods of forming a quadratic equation which shall have 
given roots. 


Exampre 1. Form the equation whose roots shall be + and 
3 


Sotution: 1. Let the coefficient of x? be 1; then by § 228 the equation 


a “a — (rp + 2) e+ ro = 0. 
3 1 1 -—-3_—8: 
2 2=- —=\)=—= St 
Tae et cieke Gals epee 
8, .*. the equation is: 
x2 — ot a+(—5 =0, or a pee eed (§ 228) 
4 8 4 8 


Multiplying both members by 8, 
8a2+22%—3=0. 
Cueck: The given roots, if substituted, will satisfy the equation. 


Exampie 2, Form the equation whose roots shall be —9 


and 2. 
Sotution: 1. Ife =—9, thenzx+9=0; ifx=2, thene —2=0, 
e . (@ + 9)(¢—2)=0, or #2 +4+72%—18=0. 


It is clear that this equation has the given roots. 


Norr. This second method may be used also to form an equation having 
three or more roots. 


EXERCISE 60 


Form the equations whose roots shall be: 


1, 2; 9, 4. 12, —5. 7. 4, 2. 

2. —3, —6. 5. 2, 2. 8. 3m, —d5m. 
3. 6, —9. 6. 1, —4. 9. 4t, —$t. 
10. —#¢, $c. 13. 2a—b,2a+0. 

11, 2, 3, —5. 1458 4/6, 8/6, 


) 


7 
3 
12. a+3m,a—3m. Date 34/202 = 35/2. 
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DETERMINATION OF THE CHARACTER OF THE ROOTS 


112. Classification of Numbers. ‘The numbers considered in 
this text to this point are: 


(A) Real numbers. 

1. Rational Numbers: (a) integers (positive and negative) ; 
(b) fractions whose terms are integers. 

2. Irrational numbers: (a) quadratic surds (§ 67); (6) surd 
expressions, such as 24+ V3. 

(B) Imaginary Numbers: (a) pure imaginaries ($ 83); 
(b) complex numbers (§ 83). 


113. It is often necessary to determine the character of the 
roots of a quadratic. 


Thus the roots of 2a2— 8x+3=0 are ao v0. 


Since 10 is positive, the roots are real numbers. 
Since 10 is not a perfect square, the roots are irrational. 


Since V10 is added in one root and subtracted in the other, the roots 
are unequal. 


Hence the roots are real, irrational, and unequal. 


It is possible to determine the character of the roots how- 
ever without determining the roots themselves. 
For the general quadratic ax®+ bx + c= 0, the roots are 


—b4+Vi—40c, | _ —b-VP— ac 
2a ‘ aa 2a 


Ty => 


Rule 1.— If 6? — 4 ac is positive, the roots are real and unequal. 
They are rational if b° —4ac is a perfect square, and irrational if 
b’— 4 ac is not a perfect square. 


2. If b’—4ac equals zero, the roots are real and equal. 


3. If b°—4ac is less than zero, the roots are imaginary. 
b’ — 4 ac is called the Discriminant of the quadratic. 
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EXAMPLE 1. Determine the character of the roots of 
227—5a—18=0. 

Sotution: 1. 6?—4ac =(— 5)?—4(2)(— 18) =25 + 144 = 169 = 182, 

2. By Rule 1, the roots are real, rational, and unequal. 

EXAMPLE 2. Determine the character of the roots of 

3e7°+2e¢+1=0. 

Sorution: 1. b2—4ac=4—4.3-1=4-—12=-—8. 

2. By Rule 8, the roots are imaginary. 

Exampre 38. Determine the character of the roots of 

Sotution: 1. 0?—4ac=144—4-4-9=144-— 144=0. 

2. By Rule 2, the roots are real and equal. 


Norsr. This type is most easily understood if the quadratic is solved by 
factoring. This example becomes (2% —3)(2%—3)=0. The xoots are then 
$ and §. It is customary to say that the roots are equal. 


EXERCISE 61 


Determine by inspection the character of the roots of: 


1. 62°+72—5=0. 7 5m—2=4 mi. 

2. 4a? — 20"4+25=0. 8. 4y2—y=6. 

oor —— oO: 9. 57? +7=8t. 

4. & —92+15= 0. 10. 20 2?—41 2+ 20=0, 
5. 6774+77r4+3=0. 11. 7e?+32=0. 

6. 98?—1=12s, 12. 16m’?—9=0. 


XIII. EXPONENTS 


114. In the preceding chapters, only positive integers have 
been used as exponents. The fundamental definition when m 
is a positive integer, is: 


a™=a+a-a--+a@ (m factors). (§ 3) 


115. There are five fundamental laws of exponents. When 
m and n are positive integers: 


I. Multiplication Law. Justas a’ x a’ =av¥, 

so a™ X a® = am, 
Proor: 1. a*=a-a-a-+- a (m factors). (§ 114) 
2. a’ =a-a@-a---a_ (n factors). (§ 114) 
3. ow. am™- ar? =fa-a-a-+- a (m factors)}- {a-a.a-+- @ (n factors)} 
@-a-a-+ af{(m-+n) factors}. 
Bh Ra ChE OTe Bere (§ 114) 


Il 


II. Division Law. Justas a®+at=a’'’, 
soa™+a"=a™™. (m greater than n.) 


: a” _d-d-d.d---d-a-a--- a (m factors) | 
Benet fi-g-f-f + & (n factors) Ci) 
2. =A-a++ai{(m—n) factors} = a™—", (§ 114) 
3... A + Q*® = qn, 


III. Power of a Power. Justas (a°)’=a", 
so (a™)" = am". 


Proor: 1. (a™)"=a™-a™.q™...a™ (n factors) (§ 114) 
2° = qmtm+m-+ ++ +m (n terms). (Law 1) 
3. “. (a™)" = am {since m+ m+ --- +m (n terms) = mn}. 


IV. Power of a Product. Just as (ab)’=a’d’, 


_ Bo (ab)* = a7". 
~ 140 
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Proor: 1. (ab)" =(ab) - (ab) - (ab) «++ (ab) (nm factors) (§ 114) 


2. ={@-a-a--- a(n factors)}- {b- b-b--- b (nm factors)}. 
(§ 114) 
3. re GO en a ORS 
; a a’ 
V. Power of a Quotient. Just as G) aa 
so e ‘ = 
Ola: 
: © VP cash SV (SVEN Jef a i 
Proor: 1. (¢) a, (¢) (5) (5) (n factors) (§ 114) 
2 —@:a@-a--- a (n factors) | 
: b-b-b-+- b (nm factors) 
a 


3. = Gy =e (§ 114) 


Involution is the name given.to the process of finding a power 
of anumber. (Compare with § 3.) 
EXERCISE 62 
Find the results of the indicated operations in the following 
examples, using the five laws above; the literal exponents 
denote positive integers. 


La = a. 13. 2-2, 25. (yt 

2. m?.m". 14. v7? +a. 26. (y?)?. 

Saf ~y", 15. 7°" = y", 27. (my 

4. m™-m*. 16. m* +m’. 28. (—a’d*)®, 

5. a a™, 17. aa" 29. (y’x’w)'. 

6. ort. B?, 18. b4+B 30. (mnp'y’, 

Teo O =e Cs 19. crt? 1c", S10 yr 

Sa" s dF. 20. drt8 +d 32. Py’. 

Be go e 21. gts a, 33. (—e'd™)% 
1G se See, 22. tha, 34. (aty®)™. 
se PS aaah va BS. 200 F* ayo, 35. (7°8°)'. 


~ 
Sd 


(ype 24. gin rt) + gr? 36. (4797). 
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116. Only cube and square roots have been considered in 
the preceding chapters. More general roots occur in mathe- 
matics. 


117. Just as -/x indicates the cube root of x (§ 3), so Vx 
indicates the nth root of a. 
m is called the Index of the root. 


The nth root of # is the number whose nth power equals x; 
that is, (Va)"= = 

Thus, V2 = x3, since (a8)# = 22. 

Va = xt, since (2)5 = 2, 

V— alt =— 28, since (— 22y8)7 = — aly, 

The number under the radical sign is called the Radicand. 


Rule. —To find the mth root of a perfect nth power, divide the 
exponent of each factor of the radicand by 2. 


Every number has n nth roots. Unless something is said to 
the contrary, the principal root is denoted by the symbol V . 
If n is even, this root is the positive root; if n is odd and the 
radicand is negative, this root is negative. 

Evolution is the name given to the process of finding the 
root of anumber. (Compare with § 3.) 


Hisrorrcan Notr. A symbol for extracting a root did not appear 
until the fifteenth century. In Italian mathematics, the first letter of the 
word Radix, meaning the root, was used to indicate the square root; thus, 
R. Presently there were used R.2%, R.3%, etc. to indicate the square, 
cube, and other roots. Chuquet, a French mathematician of about 1500, 
used R2, B3, etc. 
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In Germany, a point was placed before a number to indicate that its 
square root was to be taken. Two points were used to indicate the fourth 
root, and three the third root. Reise, 1492-1559, replaced the point by 
the symbol, ,/, to indicate the square root, and Rudolph, 1515, used the 
symbol, ,/,/, for the fourth root. Stevin, 1548-1620, used the better 
symbols: \/@, /@, etc. Girard, 1590-1632, used: 2/, ¥/, etc. Des- 
cartes used the vinculum to indicate what numbers were affected by the 
root. 


EXERCISE 63 


Determine: 
1. A. 11. V64 a°bs, 21. Va™. 
Poa yg 12. ~/625 abt. 22. Wa. 
S.. 8, 13. VW — 27 mn’. 23. Wd, 
4. V/81 at. 14. V—32mn®™ 24. VY—aity, 
5. 243 0% 15. V81 yz. 25. Vao®, 
6. Vm nk. 16. VW — bcd. 26. */a2"b*. 
x | 
7 ——. Li. ° 27. . 
N\ yp Vz 8 y? 
5 Bie 5 4 4m 
—m 32 a 162 
8. 7 ° 18. 7 ° 28. ie ° 
6 8 5 943 m¥ nl on 
x | m a 
9 y = LS: — 32 n> . 29 pin < 
7 6 ae m\—aa 
ria ye om 
EE peers 200 Alar 30. a 


118. Fractions, zero, and negative numbers are used as ex- 
ponents. Up to this point the symbols a~* and aé do not have 
any meaning, for the base a cannot be used as a factor minus 
three times or two thirds times. (See § 114.) 
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119. Meaning of a Fractional a a If a? is to obey the 
‘multiplication law (§ 115), then Ges det at =a’, 
- (a3)3= a, or ab = Va. 


This fact suggests the definition: in a fractional exponent, 
the denominator denotes the principal root (§ 117) of the power of 
the base indicated by the numerator. In symbols, 


ue a 
a” =Va". 
Thus : at We; (—27)8= Y— 27 =-8, 


EXERCISE 64 


Express with radical signs and find the values of: 


hic 2 eae? MS?» 7. (—125)3. 10. (a®)8. 
Se0O7s, B. 812. 8. 256%. 11. (y2)*. 
3. (—8)8. 6. 648. 9. (—1000)%. 12. (23. 
13. (—64 a%y*)}, 14. (32 a°®)3. 15. (81 a%y')*, 


Express with radical signs: 


len 


16. 23. 18. 53, 20. 427, 22. Qab. 24. min 

17. 43, _ 19. (4a)%. 21. 3y%. 23. (2ab)%. 25. 8 abd’. 
Express with fractional exponents: 

26. Va. 28. VW2a. 30. Vm 32. 2W/n 34. 3y°/at 

at. Va. 29. 2Va. 31. VOR 33. 44/7. 35. 02 2/82 
120. Meaning of a Zero Exponent. If a° is to obey the multi- 


plication law (§ 115), then a. a® =a™°= a”, 


. @=sa"+a7 =. 
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This partially suggests the definition: the zero power of any 
number, except zero, ts I. 
Thus: Sieh OE ip Ler (— 65)°=1. 


121. Meaning of a Negative Exponent. If a~” is to obey the 
multiplication law (§ 115), then a~-™-a™=a-™*™"=q@=1. 


This suggests the definition: a~"™= a . 
a 
Thus: 
pee f 
etait, yt-toJ, (5) a ee ee 
at ye V¥ 8 eae Sy 


EXERCISE 65 


Express with positive exponents and find the values of: 


103 5. 3.24 9. 64-4-% 13. 6478. 

2. 2-8, 6. 5-4-2 10. 1674, 14. (—125)-* 

$34 Ta SECT” Aaa gots 16. (ae 

ais 8. 100-5-% 12. 8174 

Write with positive exponents: 

1G). wo. 16. 205%, 20, .307b% 

ay, (2a) °° 19. (8.a)-64. 21. 2-m'n—. 
2254.07" 23. (2.a)*- (3b)-%, 


122. Negative Exponents in Fractions. 


1 

3 a) 22 

Ses alae DL 

EXAMPLE 1. = ano ae 


g? 
This example makes it clear that a factor may be trans- 
ferred from one term of a fraction to the other provided the 
sign of its exponent be changed. 
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5 afye* _ 5 aw 


EXAMPLE 2. me ie 


EXAMPLE 3. 3 ab = 3 a’bc“ld-3. 
cd? 


EXERCISE 66 


Write with positive exponents: 


1, 2%, Aa Pye se. 8 alb-? 
: 3 " Dy-5 7 ay— er ier. 
y ] ‘p ay 5 
9 372 5 ath 3 
By ee 4. Pais ak Be" 6. 3a" 8. 35 
o-* 5-(2y) 2 dt 6 ¢ $a5 
Write without any denominator : 
9, 3, 11, 20% is, Ce 8 aid? 
oF e7 + 15. = 
Z 2 e-2qt 
-2 4 & 2 
-6 a arm 
a bt 19 ee. 14. = 16. ——_- 
ee hi b-*e> 2db'n§ 


Historicat Nots. In the note following § 14, credit is given to 
Herigone for having grasped the idea of an exponent, and for introducing 
a rather good notation. As early as 1484, another French mathematician, 
Chuquet, had had some idea of an exponent and had written expressions’ 
involving a form of negative exponent and also the zero exponent. His 
ideas, however, did not spread far. Other attempts to introduce general 
exponents were made between that time and the time of Newton. To 
Newton must be given the credit for having finally fixed the present form 
of writing the various kinds of exponents. 


123. The Fundamental Laws for Any Rational Exponent. 

The symbol a” has been defined now ($$ 114, 119, 120, 121) 
for all rational (§ 112) values of n. The five fundamental laws 
which have been proved for positive integral exponents (§ 115) 
apply also for other rational exponents. This fact will be 
assumed without proof in this text. 
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EXERCISE 67 


Law I 
Exauem, ae. o%sat =o tt 2a, 
1. Express Law I in words. 
2. Multiply each of the following numbers: 
r; yt : s7t : ae eae aa ys™ 
Cee petra (ey ss (dares (e) 4s, 
3. Multiply each of the following numbers: 
ais at; gts atyty © ary’ 
by: (@ a; (b) ats © y's @ alyt. 
4. Multiply each of the following numbers: 
ms; nt; mento; mn ; mtn, 
by: (a) m; (0) m2; (ce) nt; (ad) mn’, 


Multiply: 

5. ai + a3b3 + bt by at — pt, 

6. 2a*—T—3a by 4a7+5. 

Me ett Qet+ 4448 by ot — 2, 
8. at gtyt + ys by as — xy? + y8, 


Find: 
9. (a? +d) (at d). 12. (wt — 6) (et + 13). 
10. (at — yy’. 13: (r2 ~ s3)?, 


rae (7 tnt go)". 14, (aé a "7 b-*) (a8 _ 8 Oe), 


148 ALGEBRA 


Law II 


2-(-2) _ 28 


o m e 


2 = 
ExamMete. m?+mt=m 


15. Express Law II in words. 


16. Divide each of the following numbers: 
#0, tl, gs; ot, ct; 1; 
by: (a) ® @ tts © 8; @ et 
17. Divide each of the following numbers: 
cdt; ctd®; cba a, cd? 
by: (a).cd3: (6) ¢“d>. 
18. Divide a-*+ a-?+ a7 by a-*. 
19. Divide 4a-°+ 6 a*+412 2 by 22%, 
20. Divide at+a?+a’+a by at. 
21. Divide a?+ 8 by a? +08. 
22. Divide a—1 by a? +4. 
23. Dividea—4at+6at?—4a?+1 by at —2at +1. 
Law III 
EXAMPLE. (a 3y$ =et faa, 
24. Indicate and find the values of the following numbers: 
(2®)” ; (y-®)" ; (25); (074); (t2+4)* ; 
when nis: (a) 2; (0) —3; (0) 4; @ —4; © -#. 


Laws IV ann V 


se Se oR ede ak 
Examprtzel. (ay?) 3 =a : Gs ie ay 8, 

=f =9--2 

s 2 \ —2 ay 3 
Examrre 2, (—) =! = =7's', 

$ Cee 4 
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25. Express Law IV in words. 
26. Express Law V in words. 
27. Indicate and find the values of: 
(a); (m= phy; yA), (esr; 
when 2 is: (a) 2; (0) —4; (¢) 4; @ —-4. 


Find the values of: 


as. (—8)i. 
Sorution : (— 8)# =[(— 8)? 2 = [Y/— 8]? = (— 2)? = 4. 
a9. 25%. . 92. 81%, 35. (409%, 38. (—32)8. 
30. 93. 33. 493, 36. (243°). 39. (64 afy2)8, 
1. 88. ga. (— 274. 87. (16 m4. 40. (— 125). 
41, (—64 a%*)}, 43, (256 aty’)%, 
42. (—128 m’)’. 44, 16%, 

. ed 
45. Simplify Saye 
SOLUTION ; eS = 101542-125 — 1925, 


46. Multiply each of the following numbers: 

1G} 407: 10**; Btn 10°: 
by (a) 10; (6) 100; (c) 10*™. 

47. Examine the results of 46 (a) and (0). What is the 
effect upon the exponent of a power of 10 when the power is 
multiplied by 10? by 100? 

48. Replace the word “multiply” in Example 46 by 
“divide” and solve the resulting exercises. 

Simplify: 

Re g2m—sn ess on qe (a*-1)* 


om n qrth. qn} 


XIV. RADICALS 


124. A Radical is a root of a number indicated by a radical 
sign; as, V5, Va, Va+1. 

If the indicated root can be obtained, the radical is a rational 
number; if it cannot be obtained,'it is an irrational number 
(cf. § 112). 


125. The index (§ 117) determines the Order of the radical. 
Thus, Va +1 isa radical of the third order. 


126. An introduction to radicals of the second order (square 
roots) has been given in Chapter VII. In § 69, a means of 
simplifying radical expressions in order to find their approxi- 
mate values is illustrated. Some methods of simplifying more 
complicated radical expressions will be given in this chapter. 
These methods, like the one in § 69, lead to more economical 
and often to more accurate methods of finding the approximate 
arithmetical values of the expressions. 

It will be of interest also to find that radicals, like integers 
and fractions, can be added, subtracted, divided, ete. 


127. Radicals of the second order will be emphasized. 
Where the final expression involves only square roots of arith- 
metical numbers, the approximate arithmetical value should be 
found as in the examples solved in the text. 


128. Two principles are used frequently in this chapter: 
(A) (Va)"=2 (§ 117). Thus, (V2)?}=2. From this it 
follows that V2?=2. Similarly \/3°= 3. 


(B) Vab=Va-*/o. Thus, -Y7-9= V7 --Y9. 
150 
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This principle may be expressed: the nth root of the product 
of two numbers is equal to the product of the nth roots of the 
numbers. 


REDUCTION OF A RADICAL TO ITS SIMPLEST FORM 
129. Reducing a Radical to a Radical of Lower Order. 
Exampiz 1, Vi25= V5= (5) =5) = 5! = VB, 

 VI25 = V5 = 2.23". 
Examrre 2, V64=(2) 9225 = 28 = VP = V1. 
.. the ninth root of 64 may be found by obtaining the cube 


root of 4. In the chapter on logarithms, a method for deter- 
mining a higher root of any number will be given. 


EXERCISE 68 
Reduce to radicals of lower order; see § 127: 
1/20. 7. VI6. 13. V64. 19. V125 ay. 
2. ~/100. 8. V81. 14, V4, 20. V32 mi, 


3. V8. 9. 32. 15. \/216. 21. V/81 wt 
4. 36. 10. V/49. 16. 4/100. 22. 3am 
a PLE 11. 25. 17, 4/248. 23. V27 aba. 
6. W343. 12. V9. 18. 121 a, 24. 9/256 aia’. 


130. Removing a Factor from the Radicand. 
Examete 1. V75=V25-3=V25-V38=5. V3. 
w. V75 =5(1.732+) = 8.66+. (See also § 65.) 


Examete 2. %/96a"e = -V32 aS . W/3 028 
=2ab'eV30e. 
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Rule. — To simplify a radical by removing factors from the radi 
cand: 

1. Resolve the radicand into two factors, the second of which 
contains no factor which is a perfect power of degree corresponding 
to the order of the radical. 

2. Find the required root of the first factor; multiply it by the 
indicated root of the second factor. 


EXERCISE 69 
Simplify by removing factors from the radicand; see § 127: 


tho: 5. V98. 9. V125. 13. \/40 a’, 
2. V90. 6. V96. 10. V99@. 14. 54m. 
3. V80. 1. V112. 11. V60ey. 15. W375 a8, 
4. 63. 8. 108. 12. V200 mn®. 16. \/108a°. 
17. 128 ay. 19. /162. 21. \/64a°’. 
18. V/1125 min’. 20. \/64 a", 22. »/243 n®p’. 
23. 128 ay. 26. V27 ab — 36 ab? + 12 ab%. 
24. »/128 ay’. a7. V5a'+ 30a? +45 x. 
25. V(a?—40)(a—2b). 28. V(a*—a«—6) (@+2e%—15). 
29. ee 

AP ep ae 
se eee a2 Vien of ae 


31. afd a? 33 ee 35. 578 | 1) en 
v 125 * N8t at yo 8 Nig mint 


131. Changing a Fractional to an Integral WRadicand. 
Review § 66 and Exercise 27. The method of § 66 applies 
to radicals of higher order. 


3 27 a ee 3 — 
EXAMPLE. Nie (AF - a a. 
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Rule. — To change a fractional to an integral radicand: 

1. Multiply both numerator and denominator of the fraction 
by such a number as will make the denominator a perfect power 
of degree corresponding to the order of the radical. 


2. Simplify the resulting radical as in § 130. 


Express with integral sere see § 127: 


ate 


2. 


sd 


= 


[2 
N3° 


a CB 
Bw LL 


5 
Vida’ 


9a? 


8b- 


10. 
11. 


12. 


8 act 
14. 4/ : 
25 


EXERCISE 70 


16. 
17. 


18. 


Nee 
; 1256 


19 


20. 


coe 
Vig y 


4/5 m8 
9n3 


44 11a? 


16 cia? 


22. 
23. 
24. 


25. 


T nt 
= | i 
32 m3 


2 


27. 


28. 


a+b. 
a—b 


132. To Introduce the Coefficient of a Radical under the Radical 


Sign. 


Exampir. 20V3e=V(2a)+ V3r=V80 3 = V 24 08x" 
Rule. — To introduce a factor under the radical sign: 

i. Raise the factor to the power denoted by the index. 

2. Multiply the radicand by the result of step 1. 
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EXERCISE 71 
Introduce under the radical sign the coefficients of: 
1. 5V2. 4, 5Y/4. 7. 4avV8a. = 10. ay? ay. 
2. 8V3. 5. 20/5. 8. TaV6a. 11. 3m?2X/2m. 


3. 4N/5. 6. 3/2. 9. 38abv/5a@. 12. 2av7 a. 
@ 
1—a a—b ja+b 
13 li \ . 157 | : 
a sed: ce Nab 


14 1 V 24, ie ee 
. («@— —— +1. © a7 A/1 — ———: 

133. Similar radicals are radicals which, in their simplest 
form, do not differ at all or differ only in their coefficients; 
thus, 2\/aa? and 3-V/a2? are similar radicals. 


134. Addition and Subtraction of Radicals. Review § 69 and 
Exercise 28. The methods of § 69 apply to radicals of a 
higher order. 


Exampie. Vi— 244 Vb4 = V2— -V8-34 V27-2 
= / 0 04/8 ON oe oie ewe. 
Rule. — To add or subtract radicals: 


1. Reduce them to their simplest form. 


2. Combine similar radicals (see § 69) and indicate the addi- 
tion or subtraction of those which are dissimilar. 


EXERCISE 72 
Simplify the following expressions; see § 127: 
1. V98 3 9/32) 0) 4s N/E AG: Tien/S2 ee 
2. 2780+ -V180. 5. Vi92m—W3m. 8. V64— V2. 
3. 3V24—V150. 6. V2I7T#4+V24w. 9. 134/192. 
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10. m2/32 m+ mv/108 m? — 2/500 mi. 
11. 2150 @ + -V96 28 — Vid — 2/2403, 
12. V3+ V2. 
13. V3 + V$. 
14. V24+ Vy. 
15. — V3. 


) 10 
slat , 4/08 iE te 
16. VE+Ne } 19. pa are 


b (G0 2a anh et Be 
20. qe = 
a—b fapteae b*. 


17. Vin +a 


6/5— 6f 2 
18. 2 mt + 9) 


135. Reduction of Radicals of Different Orders to Equivalent 
Radicals of the Same Order. 


Exampne. Reduce V2, */3, and V5 to equivalent radicals 
of the same order. Determine which is the Ai number. 


6 


Sortution: 1. By §119, Vi =()' = git — ¥/96 — 


vs 2/3 =(3)3 = 37 —¥/3! = Vl. 
8. 4/5 =(5)* = 512 — V5 = 108. 


«. V5 is the greatest number. 


Rule.—To reduce radicals to equivalent radicals of the same 
order : 
1. Express the radicals with fractional exponents. 


2. Reduce the exponents to a common denominator. 


8. Rewrite the resulting expressions with radical signs. 
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EXERCISE 73 


Reduce to equivalent radicals of the same order: 


1.5 and V5. 6. Vay, Vyz, and W272. 
2. V2and V3. ie /2 a, 1/20, and ~/6c. 
3. vad and Va'b*. g. 1/2, V8, and V13. 
4. V2 and V/12. 9. Vi—awand Vi-+z. 
5. W/4and V6. 10. Vatb and ~/a—b. 
Arrange in order of magnitude: 
11. V2 and V3. 14. 3 and V/15. 
12. 11 and V5. 15. V3, V5, and */7. 
13. /10 and V4. 16. \/14, V6, and 170. 


MULTIPLICATION OF RADICALS 
136. Multiplication of Radicals of the Second Order. 


Exameite. 2V3-V6=2V3-6=2V3?.2=2-.3V2=6V2 
w 2V3>V6=6V2=6(1.414t)= 8.4844, 
EXERCISE 74 

Find the products; see § 127: 

1. V2 =v 10. 4, V5. V5. 1. 2V5.3-V5. 
a. V3. 12. 5. 2V3-.V21. 8. (8-V3)% 

8. V7. VI4 6. 3V20-V10. 9. (62) 

10. (2V7)%. 13. Va+1-Vae—-L 
11, 5V6a-2V3z. 14. (Vx—5)*, 

12. 3V3 m? -2-V15 m. 15. (3-Vx+ 2), 


RADICALS Noy 


16. Multiply 2V3+43-~2 by 3V38—Vv2. 
SoLurTIon : 2V3 + 8V2 
3V38 — v2 
18 + 9V6 
—2V6 —6 
18+7V6—6=1247V6. 
os (2V8 + 8V2)(8V3 — V2) = 12 + 7(2.44) = 12 + 17.08 = 29.08. 


Find the following products : 


17. (6—V3)(5 + V8). 24. (V2—7)(V2 +7). 
18. (2a—Vb)(2a+Vo). 25. (2V3 4 5)(2-V3 —B). 
19. (V3-+7)(V3—8). 26. (Va —Vb)(Va +2). 
20. (2+3-V3)(6—V3). a7. (Vat1l+) > 

21. (VW2—4)(8-V2 —5). 28. (Va—3—4)*. 

22. (44+ -V5)* 29. (Ve—Vax+5)’. 

23. (2—3-V7). ; 30. (Va+1—Vx—1). 


137. Multiplication of Radicals of Any Order. 
Exampre 1. W422. W/8at=V32 0 =22-Va. 
Exampir 2. V2a-V4a?=V(2a)?- V4a)? 
= x/ B.@.42.q= 4/38 oF. at 
—s2 av/2 a. 
Rule. — To multiply monomial radicals: 
1. Reduce the radicals, if necessary, to equivalent radicals of the 
same order. (§ 135.) 
2. Multiply together the radicands obtained in step 1 for the radi- 
cand of the product ; place it under the common root. (§ 128, B.) 


8. Simplify the result of step 2 as in §§ 130 and 131. 


158 ALGEBRA 


EXERCISE 75 


Find the products: 


tA ta 8. Va-Va 

2. 24/3 . /18. eo Soin bt Oe 

3. 5V9 ae. V3 a8 10. Vm - Vm. 
4, V9. 27. 1. %/2. V8. 

Bu V8 BN 12. 12. V10- V4. 

6. V16a- VW12a4 13. V9a?. V15a. 
7. 6Va8y? Vary, 14. VEE.W2e. 


15. 5\/mn - V6 ment. 


DIVISION OF RADICALS 


138. Division of Monomial Radicals of the Same Order. 


Examete 1. V6-+ Via S=v3 . V6+V2=1.732*. 


£5 2VB 
ExaMpre 2. V12+>/15= \E= Viz = =F 


ore Wi. V15 = set) = 4. 472° _— = .894", 


Vue: 31 8 3/4. 4.3 1 37 
EXAMPLE 3. Ys YBa Ss =ViaV a1 y 


Rule. — To divide monomial radicals of the same order. 


1. Divide the radicand of the dividend by the radicand of the 
divisor, and write the result under the common radical sign. 


2. Simplify the result as in §§ 180 and 131. 
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EXERCISE 76 


Perform the indicated divisions; see § 127: 


1 V8+ V2. 9. 4cV12 bd + V2 d. 
2. V14+ V7. 10. V15+ V4. 

3. V12m-+V4m. 11, 11 Vay+vVily. 

4. 6V15 +2V5. 19. V5.2 V2. 

5. 2aV72+aVv 18. 13. V10+- V6. 

6. V2 + Vi. 1A? a7, 

7. 15-V ab? + 5-V/ab. © 15. V33 + VI15. 

8. 18 733+ 2/6 7s. 16. (8V12—6V3)+2V3. 


17. (15V2a+25-V6a)+5V2 a. 
18. (V8 +2-V10) + v3. 
19. (8V15 —4V18)+ V6. 


20. W135 + V5. 25. 2 avV/12 ay + av/6 ay. 
21. 63 +V7. 26. 3 abv ays + ar/ aye. 
22. V/26a0+/39 a 27. 6mnVabe+2 mnVab’. 
23. 192 m®+V3 m2. 28. 4/5 s+ V1s. 


24, 125 ab?+ V25 be. 29. Vaaty + Va 


139. Division of Monomial Radicals of Any Order. 


2 Ve 8s 
ee HV. 
EXAMPLE 1 Sa 27 mn NOS 


6 (33 85 1 
EXAMPLE 2. e = seo = ta vfiay == a — 
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Rule. — To divide one radical by another: 


1. Reduce the radicals, if necessary, to equivalent radicals of 
the same order. 


9. Divide the radicand of the dividend by the radicand of the 
divisor for the radicand of the quotient and write the result under 
the common radical sign. Simplify the result. 


EXERCISE 77 


Find the quotients: 


py 8 4.5 4/25. Too. 

2. 3+V73. 5. awd. 8. V¥3+V9. 

3. 38+ V6. 6, V+ V2. 9. V8a+V32a. 
10. Vi2@+V2a. 13. V2 V3. 

te ey 14, V20 + -V125. 

12. V8l ay + V9 ay. 15. V2 ay + V2 xy. 


140. Division by a Binomial Quadratic Surd. 
ExaAmMpte 1. 
LOM SENS). Boner yo 
24+V3 (24+V3\(2—-V3) 4-3 1 
o 1+2+V8) =2—1.7382+= 267+. 


Norr. 2+¥V3 is multiplied by 2—V3, thus giving the product of the sum 
and the difference of two numbers. The product is the difference of their 
squares. 2-+V3 and 2—V3 are called Conjugate Surds. 


In general, the product of two conjugate surd expressions is 
a rational number, for (a+Vd)(a—Vb) equals a? —(Vb? 
=a—b. 

Rule.— To divide a number by a binomial quadratic surd: 


1. Multiply both dividend and divisor by the conjugate surd of 
the divisor, and simplify the result. 
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EXAmMpte 2. 
BV24+1_ BV241)2V241)_1245V241. 
2V2—-1 (2V2—-12V241) 8-1 
82 svat 1_ 18 +5(1.414+) _ 20.07+ 
" 9/2 ee fi 7 


‘Nore. Since in this method of division the original fraction is changed 
into an equivalent fraction with a rational (§ 242) denominator, the process is 
referred to as ‘‘ Rationalizing the Denominator.” 


—__. = 2.86+. 


EXERCISE 78 


Perform the indicated divisions; see § 127: 


quae gts Very. 
3B4V5 — V8—4 44+V2 

es - Coe A Va+b 
WO 3+4+2V5 Va—b 

3 4 ° 2+V3, 9. Va—Vvy 
3—V5 1+V3 Vai+vVy 

A pn eh 13, Ve—2+1. 
V5B+V2 : Va—-2+42 

nn, 2¥24+3, ya, Moab +Va, 
Sv2+2 Va—b—Va 

ao oc 6. ai Vl 

iba/2 —6 Wid he 


141. Involution and Evolution of Radicals is accomplished 
in the case of monomials by the use of exponents. 
Examere 1. (w/12)?= (12%)? = 12? = 12? = V12 =2V3. 
*, (0/12) = 2 (1.732+) = 3.464+. 
Exampre 2, V(¥/27 a) = §(27 #334 = §(8 2) 15 = (8 2). 
*e V( , 27 = N/3 a, 
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EXERCISE 79 
Simplify the following expressions; see $127: 


4.0/5), 6. (2avb)>. ll. (V3a—2/). 
2. (V8)%. TST ay 12. (VW48 ay)’. 
8. (7128). 8. (50 ay)’, 13. /(-V32). 
4. (6). 9. (V3). 140 V2) 

5. (vI16)% 10. (5 m'\/96m*), 15. V(W25). 
16. V(V382 4°). 19. V(W/2 ay). 

17. V(V49). 20. V(V9 a"). 

1s. \/(v10). 21. V(V2?— 6a +9). 


142. Square Roots of a Binomial Quadratic Surd. It is possible 
to find the square roots of some binomial surds by inspection. 


(V2 —V3)? =2—2V64+3=5—2V6. 

Notice that the square of the binomial surd is a binomial; that 5 is 
the sum of the two radicands 2 and 8 and that the radicand 6 is the 
product of the radicands of the given binomial. This example suggests 
the 

Rule. — To find the square root of a binomial surd (§ 67): 

1. Reduce the surd term so that its coefficient is 2. 


2. Separate the rational term into two numbers whose product 
shall be the radicand obtained in step 1. 


2. Extract the square roots of the two numbers of step 2 and 
connect them by the sign of the surd term (§ 15, c). 


EXAMPLE. Find the square roots of 22 —3V/32. 


Sonurion: 1. V22—8V32 =V22 —V9.8-4 = V22 — 2V72, 
2. 22=18+4and 18 x 4=72, 

-, V92 — 8V32 =4(VI8 — V4) =4(8V2—2). ($59). 
ae (8V2 — 2)? = 18 — 12V244 = 22 —- 8V16-2 = 22 — 8V32, 
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EXERCISE 80 
Find the square roots of: 


S. 17 95/58. 4. 8—\/60. 729 —3V/8. 
$0 V7 o/78. B. 647/22. 8. 84+4V3. 
$. -11—2-/30. 6 6 = 7/90: 9. 20—6vVi11. 


IMAGINARY NUMBERS 
143. An introduction to imaginary numbers was given in 
Chapter VIII. Review, if necessary, paragraphs 82 to 85 
inclusive. 


144. Powers of the Imaginary Unit 7. 


By § 82,7is V—1; therefore ??=—1. ($117.) 
fae 4 = (—1t=—7, 
#=-¢=(—)i=—P=—(—-1)=1. 
Pest 1 - hs. 
Thus, the first four positive integral powers of 7 are 7, —1, 
—i, and 1; and for higher powers, these numbers recur in the 
saine order. Find, for example, 7°, 7’, and es 


145. Multiplication of Imaginary Numbers. 
EXAMPLE 1. 
ee 82 ee h a (1) Vo aa 
Note that each number is expressed in terms of the unit 4, 
and that the fact that 7? =—1 is used. 
Exampie 2. Find the product (2—V—3)(5+V-— 8). 
Sotution: (2 —V—38)(5+V—3) =(2— Oe +iv3). 
2-—iv3 
5+1v3 
10—5iv3 
+2iv3—2.8 
10 — 8iV38 —(—1)8 =18—8iv3 
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EXERCISE 81 
Find the products : 


1. V—4-V—9. 8. aV—b-cV—8. 

BIN ou —12. 9. mV—r-nV—s. 

SAG = 65 V0. 10. V—a:- —V—b. 

4. V—5-V—15. ll. (24+-V—1)-(2—V—1). 
5. V—9a?- V—16 a’. 12. (334+V—5)(8—V—5). 
6. 2V—3-3V—3. 13. (7+V—6)(7+2V—6). 
1. 5V—2-4V—2. 14. 9—V—83)(11+V-— 8). 


15. (-1+V—3)(—1—vV—38).. 16. (4—V—5). 
17. (29 +V—y)(@—V—y). 19. {4(—-1—-V—3)}2 
1s. {4(-14+V—3)}?. 20. §4(—-1—V—3)}% 


146. Division of Imaginary Numbers. 


VS 1a ieee 
ae 
Wane ee Me 


EXAMPLE 1. 


EXAMPLE 2. 


10 10 510 89 10:2 Biva 


SES 


V=2 iv? #-V2-V2 —2 
EXAMPLE 3. 22s us so eitaeti ee ae 
1+V—3 1+iv3 (€+iv3)a—iv3) 


_ 20 —iv8) _ 20 —iv3)_1—iv3. 
1—#.3 L332 


Norsr. As in division of real radicals, rationalize the divisor, by multiply- 
ing by the conjugate imaginary. Thus, to rationalize 3—V—5, multiply it 
by 3-+V—5; the product will be 32—(V—5)2, or 9—(—5), which is 14. 
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EXERCISE 82 
Find the quotienis: 


fhe SE ee. Ns 19 TE ae 
gf 38 anf. a 
11.. ——__—_- 
3. V42 +V—6. i J=s 
EW geese aed 
5. ao) — 0c. 1—vV-—-1 
— —e — 2 —aes 
6. /=—aeVv —6 . i Eee 
PEIN AN =~ sh, Deda = G 
DEN ea Sie Gy 
8. 12/—18 =4V/ Poem Ges 
9. av = 108 + —4. a mee 3 


147. Application of Radicals. In Chapters VIII and Xy 
irrational (§ 124) roots were found for quadratic equations. 
Checking by substitution in such cases was not recommended 
at that time. 


Exampye. Solve the equation 2?+%—1=0. 


Sotution: 1. By the formula (§ 78), i oiowits es 
Pe om SLE, nai. 


Cueck: Does (y+ (EE) -1 10/2 


Does Ln 2vb +5 2. =1+vb_y —0? 
Does saeJh ssa s20ho, 0? Yes. 
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EXERCISE 83 
1. Check the second root 7, above by substitution. 


Solve and check the following equations: 


2. 2&—x—1=0. 5. @+ae+1=0. 
3. 2 —20a—2=0. 6. a? +1=0. (See § 95.) 
4. y—3y+1=0. 7. #&—8=0. 


8. In a higher course in mathematics (trigonometry) certain 
six numbers occur, five of them bearing the following indicated 
relations to the sixth; calling the numbers g, ¢, t, 8S, C, T: 


ey o= Ea (0) s=— (6) a 
pce cul. 
(0) t ea (@) : 


If ss find c, ¢, S, C, and Tin simplest radical form. 


Saliva find ¢, ¢, S, C, and Tin simplest radical form. 


10. When factoring expressions in Chapters II and IX, 
only factors involving rational numbers were permitted. Fac- 
tor the following expressions, using irrational or imaginary 
numbers, if necessary : 


(a) 2-2, (d) +2. (g) 527-9. 
(b) a2—5. (e) a+4, (h) 22-5. 
(c) a?+9. (f) 3a°—4. (i) ax®—bd. 


IRRATIONAL EQUATIONS 


148. An Irrational Equation is one in which the unknown 
number appears under a radical sign or with a fractional 
exponent. 
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149. It is agreed that the radical sign or fractional ex- 
ponent shall denote the principal root ($117); thus the square 
root shall always denote the positive root. 


150. The following examples illustrate the methods of solu- 
tion of irrational equations. 


Examp.e 1. Solve the equation « —~1—~V2? —5=0. 


Sorurion: 1. Transposing, #—1= V22—6. 
2. Squaring both members, 22—2¢2+1=2?— 5, 
Be *. —24=—6, orz=8. 


Cueck: Does8—1=V3?—5? Does2= V4? Yes. (See § 149.) 


Nore. When a single radical occurs in an equation, transpose the terms 
until the radical is on one side by itself and the remaining terms are on the 
other side. Then, if the radicalis a square root, square both members of the 
equation; if it is a cube root, cube both members. 


Exampte 2. Solve the equation —1+~V2?—5=0. 


SotuTion: 1. Transposing, V2?—5=1—z2z. 
2. Squaring both members, 2? —5=2?—24+4+1. 
3. pe 10,- Ol © — oz 


Cueck: Does 3—1+4+V32—5=0? Does2+V4=0? No. (§ 149.) 


Therefore 3 is not a root of the equation. Recall that in solving an 
equation a number is sought which will satisfy the equation. The equa- 
tion may, however, impose an impossible relation upon some numbers, as 
in this case, and then it is impossible to find a solution. 

What is the explanation of the solution = 3? If the original equa- 
tion is compared with the equation of Example 1], it is noticed that the 
only difference is in the sign of the radical; also that in step 2, after 
squaring both members in both examples, the resulting equation is the 
same. In each example, if the equation of step 1 has a root, that number 
is a root of the equation of step 2; but, since the equation of step 2 is the 
same in each solution, it cannot be asserted in advance whether its root 
or roots are roots of the equation of Example 1 or of Example 2. When 
finally the solution # = 3 is obtained, the question arises, is 3 a root of 
the equation in Example 1 or in Example 2? The root x = 8 satisfies the 


168 ALGEBRA 


equation of Example 1; it does not satisfy the equation of Example 2 


It 
du 


is customary to say that, in Example 2, the extraneous root 3 is intro 
ced by the method of solution. 
This example makes clear the necessity of checking the solutions or 


equations. 


ExAMP_Le 3. Solve the aa Ve—24+V20¢+5=3. 
Sotution: 1. Transposing, Vz — 2=8—V2<« + 3. 


2. Squaring, i ee eee eT 

8: “ 6V2¢+5=2+4 16. 

4. Squaring, 36(2 @ + 5) = 22 + 32 w + 256. 

5. .. 2—40%+76=0. .. x=2, or88. (§110.) 


Cueck: Does V2 —2+V2-24+5=3? Does V0O+V9=38? Yes. 
Does V88 —2+4+V2-38+5=3? Does V36+V81=3? No. (See 


§ 149.) 


Therefore x = 2 is the only solution of this equation. 


Note 1. Jt will be found that the extraneous root 38 will satisfy the equa- 


tion V2% +5—Vx —2=3. 


Nore 2. When there are two radicals in an eqnation, arrange the terms so 


that one radical appears alone in one member of the equation. 


EXERCISE 84 
Solve and check the following equations: 
1 vV3e—5—2=0. 9. VF 6-ba/e= wie 
2. Y6nt9+8=5. Matic 
pach esis . V3 1+v3 
8. V9e+5—3e¢=1. 10. ee Seed, 
Vi V3r+1-—Vv3r 
4. —Vy—12=2. eerie 
pa uu, Meta+vVe-a_, 
5. Vt+4+vi=8. Vet+a-Veog . 
6. V8e—12 e+ 1s2 2»: 4g V20—3 _ V40—4 
TON Sed he/she Bh. V3e4+2— ici ae 
Oe Urrerer aie: 13. V10+ae—V10—a=2. 


Vin 14. V6+10a—3 @=2 a—3. 
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15. Ve+24+V38e44=2. 17. Ve4+8a?p162—1=243. 
16. Vw—-14+V3wt+3=4. 18 Vy¥+3—Vy48=—Vy. 


19. 


20 


21 


Solve for 2: 


22. 


23. 
24. 
25. 


26. 


27. 


28. 


29. 
30. 


31. 


° 


Ve—Vle+1=2—1. 


5b—2 
_vt__ vit? 5 
Vt+2 ve 6 
9 a? — 0? 


V@=2D@F8o)=044b. 
V3a4+2a—-V4a—6a=V2a. 
Solve the equation ¢ = Ae 
(a) for 7; (6) for g. : 
Solve the equation = V2 gs: 
(a) for 9; (0) for s. 


Vate—-V2ae= oe 
Vata 


Ve—-a+vV20e+38a= via. 
V(a+2b)e—2ab=a2—4b. 
Aes a+5_ 5. 


e+5 gid 2 


XV. LOGARITHMS 


151. Logarithms are exponents. 


Every positive number may be expressed, exactly or approxi- 
mately, as a power of 10. The exponent corresponding to a 
number so expressed is called its Logarithm to the Base 10. 


Thus, 10?=100; therefore 2 is the logarithm of 100 to the base 10. 
This is written : logy9100 = 2, or more briefly log 100 = 2. 


Similarly log, 35 is read “logarithm of 35 to the base 10.” 


152. Much difficult computation may be simplified by the 
use of logarithms. To make this fact clear, the approximate 
values of some powers of 10 will be computed and some ex- 
amples will be solved. 


1. 10°=1; 10'=10; 10°=100; 10°=1000. 1.0000 = 10° 
1.7782 = 10° 

2. 10°= 10?=V10 = 3.1623. 3.1623 = 10°” 
10" = 10! x 10° = 10 x 3.1628 = 31.628. 5.6234 = 10° 
10% =10!x10¥= 10 x 31.623 = 316.23. 10.0000 = 10» 
17.7820 = 101% 

8. 10%=(10°)? = V3.1623 = 1.7782. 31.6230 = 10 


LOM S210" 10 ee Ose 11182 = 1 Se 56.2340 = 10% 
10*8 = 10'x10°*= 10X17.782=177.82. | 1000000; 10-8 

| 177:8200 =10% 

410% = (10) )t_ V 31.623 = 5.6234. 316.2300 = 10? 
10° = 10 x 10%=10 x 5.6234 = 56.234. | 562.3400 = 102% 


10? = 10 x 10*” =10 x 56.234=562.34. | 1000.0000 = 103” 
170 : 
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EXAMPLE 1. Find 3.1623 x 17.782. . 
CHECK: 8.1623 


17.782_ 
Soxtution: 1. 8.1623 x 17.782 68246 
2. = 10°50 x 101-5 — 101.75, 252984 
8. .°. 3.1623 x 17.782 = 56.284. 221361 
This is approximately correct. 221361 
81623 
56.232+ 
Exampre 2. Find 1000 + 56.234. 
CHECE: 17.78 
56.284) 1000.00000 
SotuTion: 1. 1000 + 56.234 = 
2. = 103 = 10175 — 103-1.75 — 101-25, SST 
8. .*. 1000 + 56.234 = 17.782. SoA ue 
The solution is correct. ae 
39 3638 
4 65820 
4 49872 


Exampe 3. Find (5.6234)? x 316.23 + 177.82. 
Sotution: 1. (5.6234)? x 316.28 + 177.82 


” = (10-75)? 102-50 =. 102.25 
3. = 101-5042.50-2.25 — 191.75, 
4, . (5.6234)? x 316.23 + 177.82 = 56.234. 


This example also raay be checked by ordinary computation. 


153. From the examples of § 152 it is clear that a more 
complete list of exponents (logarithms) and ability to use 
them must be of great advantage, for in each case the solution 
by exponents is the simpler. The following paragraphs teach 
the methods of using logarithms. 


154. Logarithms of numbers to the base 10 are called 
Common Logarithms, aud form, collectively, the Common System 
of Logarithms. 
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155. If a number is not an exact power of 10, its logarithm 
can be given only approximately; a four-place logarithm is 
one given correct to four decimal places. 


Thus the logarithm of 13 is 1.1189 ; ¢.e. 13 = 101-89, approximately. 


The integral part of the logarithm is called the Characteristic 
and the decimal part, the Mantissa. 


The characteristic of log 13 is 1 and the mantissa is .1139. 


Nore 1. The plural of mantissa is mantisse. 


Nots 2. A negative number does not have a logarithm. 


156. The Characteristic of the Logarithm of a Number Greater 
than 1. It is known that 3.53 = 10%, or log 3.53 = .5478. 


Multiplying both members of 3.53 = 108 by 10, 
35.3 = 10%" x10 = 10", or log 35.5 = 1.5478. 
Similarly, 353 = 10" x 10°48 = 1078, or log 353 = 2.5478. 


The numbers 3.53, 35.3, and 353 have the same siynificant 
Jigures; they differ only in the location of the decimal point. 
Their logarithms differ only in the characteristics. These two 
facts indicate a connection between the location of the decimal 
point and the characteristic. 


38.538 has one figure to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 1, or 0. 

35.3 has two figures to the left of the decimal point ; its logarithm has 
as characteristic 1 less than 2, or 1. 

358 has three figures to the left of the decimal point; its logarithm has 
as characteristic 1 less than 8, or 2. 


Rule. — The characteristic of the common logarithm of a number 
greater than 1 is one less than the number of significant figures to 
the left of the decimal point. 


Thus, the characteristic of log 357.83 is 2; of log 70390.5 is 4. 
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EXERCISE 85 
What are the characteristics of the logarithms of: 
1. 365. haste 7. 6.35. 10. 300506.7. 


2. 2000. Sento. 


8. 60907.03. 11. 300.506. 
3. 50698. 6. 123.05. 


9. 500.005. 12. 1000000. 


Tell the number of significant figures preceding the decimal 
point when the characteristic of the logarithm is: 


13. 4. 14. 2. 15: 0: tC i Velie 18. 5. 


157. The Characteristic of the Logarithm of a Number less than 1. 
Dividing both members of 3.53 = 10*#* (§ 156) by 10, 
oo = 1078 1h 10 .s. log 353 =—.5478 — 1. 

Dividing both members of .353 = 10°*#8-1, by 10, 

300 == 1078-? 1 = 10? +, log 0353. = .5478 — 2, 
Similarly, .00353 = 1048-8, +. log .00353 = .5478 — 3. 
Between the decimal point and the first significant figure of : 
.003 there are no zeros; the characteristic of log .353 is — 1 
.0353 there is one zero; the characteristic of log .0353 is —2. 
-00353 there are two zeros; the characteristic of log .00353 is 

— 3. 

Rule. — The characteristic of the common logarithm of a number 
less than 1 is negative; numerically it is one more than the number 
of zeros between the decimal point and the first significant figure. 

Thus, the characteristic of log .0045 is — 3; of log .00027, is — 4, 


EXERCISE 86 
What are the characteristics of the logarithms of: 


De 00: 3. .00064. 5. .00007. 


eee 
2. .0032. 4. .0586. 6. .08375. 


8. .33759. 
Tell the number of zeros preceding the first significant figure 
when the characteristic of the logarithm is: 


9. —3. 10] — i. 11. —5. 12. —2. 13. —4, 


174 ALGEBRA 


158. Method of Writing a Negative Characteristic. In § 157 
log 353 = .5478 —1. Actually, therefore, log .353 is — .4522,a 
negative number. For many reasons, however, the positive 
mantissa and the negative characteristic are retained. 

.5478 — 1 is written: 9.5478 — 10. Numerically the two ex- 
pressions have equal value. Note that 9—10=—1. 

The process in general is to decide upon the characteristic 
by the rule in § 157; then, if it is —1, write it 9— 10; if — 2, 
write it 8 — 10; ete. 

Thus, log .02 is 3010 — 2, or 8.3010 — 10. 


Nore. The negative characteristic is often written thus: log .02=2.3010; 
again, log .353 = 1.5478. The minus sign is written over the characteristic to 
indicate that it alone is negative, the mantissa being positive. 


EXERCISE 87 


1-12. Tell how each of the characteristics of the examples 
of Exercise 86 should be written. 


159. Mantissa of a Logarithm. From §§ 156 and 157: 


log 3.53 = .5478; log .853 = 9.5478 — 10; 
log 35.3 = 1.5478; log .00353 = 7.5478 — 10. 


The numbers 3.53, 35.3, .353, and .00353 have the same 
significant figures. Their common logarithms have the same 
mantissz. This is an example of the 


Rule. — The common logarithms of all numbers having the 
same significant figures have the same mantisse. 


Thus, the logarithms of 2506, 2.506, 250.6, etc., all have the same 
mantisse. 


160. A Table of Logarithms consists of the mantisse of the 
logarithms of certain numbers. The characteristics of the 
logarithms may be determined by the rules given in $§ 156 
and 157. The table given on pages 176 and 177 gives the 
mantisse of all integers from 100 to 999 inclusive, calculated 
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to four decimal places. The decimal point is omitted. Such 
a table is called a fowr-place table. While a five or six place 
table would be more accurate, this table is sufficiently ac- 
curate for all ordinary purposes. 


161. To find the Logarithm of a Number of Three Significant 
Figures. 


Exampte 1. Find the logarithm of 16.8. 


Sorurion: 1. In the column headed ‘*No.’’ find 16. On the hori- 
zontal line opposite 16, pass over to the column headed by the figure 8. 
The mantissa .2253 found there, is the required mantissa. 


2. The characteristic is 1, by the rule in § 156. 
3. .. log 16.8 is 1.2253. 


Rule. — To find the logarithm of a number of three figures: 


1. Look in the column headed “No.” for the first two figures of 
the given number. The mantissa will be found on the horizontal 
line opposite these two figures and in the column headed by the 
third figure of the given number. 


2. Prefix the characteristic according to §§ 156 and 157, 


ExAmMp_LeE 2. Find log .304. 


Sotutrron: 1. Opposite 30 in the column headed by 4 is the mantissa 
.4829. The characteristic is —lor9—10. (§§ 157 and 158.) 


2. .. log .3804 = 9.4829 — 10. 

Nore. The logarithm of a number of one or two significant figures may 
be found by using the column headed 0. Thus the mantissa of log 8.3 is the 
same as the mantissa of log 8.30; of log 9, the same as of log 900. 

EXERCISE 88 
Find the logarithms of: 
t25200; Baice 9. 56.2. 13. .00465. 


2. 769. 6. 8. 10., 7:80. 14. 8690. 
3. 843. %. Size 11. .924. 15. 24700. 
4. 900. 8. 620. 12. .0326. 16. 60.7. 
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162. To find the Logarithm of a Number of More than Three 
Significant Figures. 


Examp_e 1. Find log 327.5. 


Sotution: 1. From the table: log 327 = e| Difference 


los $27.5 =— ar —.0014. 


log 828 = 2.5159 

2. Since 327.5 is between 327 and 328, its logarithm must be between 
their logarithms. An increase of one unit in the number (from 3827 to 
828) produces an increase of .0014 in the mantissa. It is assumed there- 
fore that an increase of .5 in the number (from 327 to 327.5) produces an 
increase of .5 of .0014, or of .0007, in the mantissa. 

8. .*. log 327.5 = 2.5145 + .5 x .0014 

= 2.5145 + .0007 = 2.5152, 

This result is obtained in practice as follows. The difference between 
any mantissa and the next higher mantissa as written in the table (neglect- 
ing the decimal point) is called the tabular difference. The tabular dif- 
ference for this example is 14(5159-5145). .5 of the tabular difference is 
7. Adding this to 5145 gives 5152, the required mantissa of log 327.5. 

Similarly to find log 327.25, the tabular difference is 14. .25x14=3.5. 
Hence the mantissa of log 327.25 is 5145 + 3.5 or 5148.5. .:. log 327.25 

. == 2.5149. 

NotEe1. The process of determing a mantissa which is between two 
mantisse of the table is called Interpolation. 

Note 2. The assumption made in step 2 is not warranted by the facts. 
Nevertheless, for ordinary purposes, the results obtained in this manner are 
sufficiently correct. This is the common method of interpolating. 

Nore 3. When interpolating, it is customary to cut down all decimals so 


that the mantissa will again be a four-place decimal. Thus 3.5 is called 4. 
3.4 would be called 3. 


Rule. — To find the logarithm of a number of more than three 
significant figures : : 


1. Find the mantissa for the first three figures, and the tabular 
difference for that mantissa. 


2. Multiply the tabular difference by the remaining figures of 
the given number, preceded by a decimal point. 

8. Add the result of step 2 to the mantissa obtained in step 1 

4. Prefix the proper characteristic by §§ 156 and 157. 
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ExampereE 2. Find log 34.652. 

Soxution: 1. Mantissa of log 346 = 5891. 
Mantissa of log 347 = 5403. 

2. Tabular difference = 12. .52 x 12=6.24=6. 

3. .*. Mantissa for log 34652 = 5391 + 6 = 5397. 

4. .°. log 34.652 = 1.5397. 


ExamptLe 3. Find log .021508. 
Sorvrion: 1. Mantissa of log 215 = 8324. 
Mantissa of log 216 = 3345. 
2. Tabular difference = 21. .08 x 21=1.68=2. 
3. .*. mantissa of log 21508 = 83824 + 2 = 3326, 
4. .*. log 021508 = .8326 — 2, or 8.3326 — 10. 
EXERCISE 89 


Find the tabular difference for the mantissz: 


$,992224 « 3)-6590.2-5. (8982: 7. TOT6. 9. 4728. 
& 4166. °° “4. 7364. © 6. 5340) ° ~8. “8692. 10; 7435. 


Find the logarithms of: 


dita o25-0% 16. 32.16. PN aes es 26. 3.1416. 
12. 263.1. 17. 1.608. 22. 243.25. 27. 1.0453. 
13. 786.3. 18. 7.961. 23. 62.721. 28. .22736. 
14. 492.2. 19. .8462. 24. 803.75. 29. .063457. 


15. 703.4. 20. .05375. 25. 6.2534, 30. .004062. 


163. To find the Number Corresponding toa Given Logarithm. 


ExAmpie 1. Find the number whose logarithm is 1.6571. 

Sotvution: 1. Find the mantissa 6571 in the table. 

2. In the column headed ‘‘ No.’ on the line with 6571 is 45. These 
are the first two figures of the number. At the head of the column con- 
taining 6571 is 4, the third figure of the number. Hence the numbet 
sought has the figures 454. 
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8. The characteristic being 1, the number must have two figures to 
the left of the decimal point. (§ 156.) 
.*. the number is 45.4. 


Rule. — To find the number corresponding to a given logarithm 
when the mantissa appears in the table: 


1. Find the three figures corresponding to this mantissa, as in 
the example. 


2. Place the decimal point according to the rules in §§ 156 and 
157. 


EXERCISE 90 
Find the numbers whose logarithms are: 
1. 2.6138. 4. 2.9542. 7. 1.7404. 10. 9.8000 — 10. 
2. 1.3365. 5. 3.9289. 8. 4.7024. 11. 8.5378 — 10. 
8. 3.6972. 6. 0.8162. 9. 0.8893. 12. 7.4133 — 10. 


Examete 2. Find the number whose logarithm is 1.3934. 
Soturion: 1. The mantissa 3934 does not appear in the table. 


The next less mantissa is 3927, and the next greater is 3945. 
The corresponding numbers are 247 and 248. That is: 


mantissa of log 247 = 3927 ) Diff. Tabular 
mantissa of logz = 3934 | = 7. } difference 
mantissa of log 248 = 3945 = ise 


2. Since an increase of 18 in the mantissa produces an increase of 1 
in the number, it is asswmed that an increase of 7 in the mantissa must 
produce an increase of 74 or .88 in the number. Hence the number has 
the figures 247.38. 


38. Since the characteristic is 1, the number must be 24.738. 


Rule.— To find the number corresponding to a given logarithm 
when the mantissa does not appear in the table: 

1. Find in the table the next less mantissa. Find the correspond- 
ing number of three figures, and the tabular difference. 

2. Subtract the next less mantissa from the given mantissa and 
divide the remainder by the tabular difference. 
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8. Annex the quotient to the number of three figures obtained in 
step 1. 


4. Place the decimal point according to the rules in §§ 156 and 
157. 
EXERCISE 91 


Find the numbers whose logarithms are: 


i 1.8079; 6. 0.8744. 11. 2.5369. 
2. 3.3565. 7. 9.9108 — 10. 12. 9.7022 ~ 10. 
3. 2.6639. 8. 8.8077 —10. 13. 2.4644. 
4. 0.7043. 9. 7.5862 —10. 14. 3.1634. 
5. 2.5524. 10. 8.2998 — 10. 15. 2.9310. 


PROPERTIES OF LOGARITHMS 


i164. The preceding discussion relates entirely to the Com- 
mon System of Logarithms. (§ 154.) Certain properties of 
logarithms to any base will be considered now. 


Norr. The base may be any positive number different from 1. 


165. Just as logy3.053 =.4847 means that 10” = 3.053, 
so log, N=a means that N= a’. 
Log, N is read “the logarithm of NW to the base a.” 


166. Logarithm of a Product. 

Assume that a? = M | on ea log, UM, 

and ah. y = log, N. 

Also a* - a’=MN, or a**7=MN. .*. log, MN=a+y. (§ 165) 

Therefore log, MN = log, M+ log, N. 

Rule. — In any system, the logarithm of a product is equal to the 
sum of the logarithms of its factors. 

Exampie 1. Given log2=.3010, and log3=.4771, find 
log-72. 
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Sotution: 1. log72 = log2-2-2-3.3. 
2. = log 2 + log 2 + log 2 + log3 + log3. 
8. .*. log 72 =8 log2 + 2 log3 = 3(.3010) + 2(.4771) 

= .9030 + .9542 = 1.8572. 


.EXERCISE 92 


Given log 2 = .3010, log 3=.4771, and log 7 = .8451. Find 
the following logarithms as in Example 1; check the solutions 
by finding the same logarithms in the table: 


1. log 21. 4. log 126. 7. log 324. 
2. log 42. 5. log 128. 8. log 378. 
3. log 36. 6. log 252, 9. log 168. 


10. Find by logarithms the value of 35.2 x 2.35 x 6.43. 


Sotution: 1. Let v = 35.2 x 2.35 x 6.48. | log 35.2 = 1.5465 
2. .*. log v = log 35.2 + log 2.35 + log 6.43. | log 2.35 = 0.3711 
8. .°. log v = 2.7258. : log 6.43 = 0.8082 
4... 7=531.87. (§ 163.) 2.7258 


Find by logarithms the values of: 

11. 32.5 x 27.8. 14. 34.55 x 29.9. 17. 3.142 x 6039. 
12. 2.49 x 65.7. 15. 678.1 x 37. 18. 541.2x1.523. . 
13. .289 x 365. 16. 1.732 x 580. 19. 43.65 x 865.25. 


20. Find by logarithms the value of .0631 x 7.208 x .51272. 


Sotution: 1. logy = log .0681 + log 7.206 + log .51272. 
2. log .0631 = 8.8000 — 10 
log 7.208 = 0.8578 
log .51272 = 9.7099 — 10 
19.3677 — 20 = 9.8677 — 10 


3. “. logv = 9.8677 — 10... v = 2382. (§ 163.) 


Norse. If the sum of the logarithms is a negative nuinber, the result 
should be written so that the negative part of the characteristic is — 10. 
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Find by logarithms the values of: 


21. .0235 x 3.14. 24. 84.75 x .00368. 
22. .0638 x .0245. 25. .0273 x .00569 x .684. 
23. .7783 x 6.282. 26. .2908 x .0305 x .0062. 


167. Logarithm of a Quotient. 


Assume that a?=M 8 FE =log, M, 
and av—= NJ’ y =log, N. 
Also, a? +a" = M+ WN, or a 4=M+N. 
-. log, (M+ N)=a—y. 
Therefore, log, (M+ N) = log, M—log, N. 


Rule. —In any system, the logarithm of the quotient of two num- 
bers is equal to the logarithm of the dividend minus the logarithm 
of the divisor. 


Exampie 1. Given log 2=.3010 and log3=.4771, find 
log §. 
Sotution: 1. log 3 = log 3 — log 2 = .4771 — .3010 = .1761. 


ExampLe 2. Find log $. 


Soxtution: 1. log § = log 223. 

2. =(log2 + log 2 + log 2)— (log 8 + log3). | .9030 = 10.9030 — 10 
3. = 3(.8010)— 2 (.4771) = .90380 — 9542. .9542 = 9542 

4, .. log& = 9.9488 — 10. 9.9488 — 10 


Note 1. To find the logarithm of a fraction, add the logarithms of the 
factors of the numerator, and from the result subtract the sum of tbe loga- 
rithms of the factors of the denominator. 


Nore 2. To subtract a greater logarithm from a less, or to subtract a 
negative logarithm from a positive, increase the characteristic of the minuend 
by 10, writing — 10 after the mantissa to compensate. Thus, in this example, 
.9542 is greater than .9030; therefore, .9030 is written 10.9030 — 10, after which 
the subtraction is performed. 
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EXERCISE 93 
Given log 2=.3010, log 3 =.4771, and log 7 =.8451, find: 


1. log 4. 3. log 2. 5. log $2. 7. log Z. 
2. log 14. 4. logi?. ~ 6. log 42. 8. log 24. 


Find by logarithms the values of: 


9. 255 + 48. 12. 630.5 + 402. 15. 2865 + 1.045. 
10. 376+ 83. 13. 300.25+3.14. 16. 7.835+23.75. 
11. 299 +99. 14. 230.56+1.06. 17. 9.462+85.64. 

3.14 x 25 -0036 x 2.35 
a 2. ——_—_——- 
A S65 ie TTS 
23.5 x 1.05 287.5 x .096 
> 8185... a, PALE 
a0. 24.75 x .0058 | o4. 25.6 X .738 x .0535 _ 
1.41 265 x 432 
91 16.08 x 256. 25 1.405 x 207 x .00392 
17 508 x .6354 
168. The Logarithm of a Power of a Number. 
Assume that - a? = M; then x=log, M. 
Algoso (@?)?= M?,. or oh = Me, lop Me = pa: 
Therefore, log M? =p log, M. 


Rule. —In any system, the logarithm of any power of a number 
is equal to the logarithm of the number multiplied by the exponent 
indicating the power. 

Exampte 1. Given log 7 =.8451, find log 7% 

SoLuTion : log 76 = Blog 7 = 5 x .8451 = 4.2255. 

Exampe 2. Find by logarithms 1.04”. 

Soxurion: 1. log 1.0419 = 10 log 1.04 = 10 x .0170 = .1700. 


2. The number whose logarithm is .1700 is 1.479. (§ 163) 
8. 2. 1,041 = 1.479, 
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Exampte 3. Find by logarithms 1/365. 

Soturion: 1. log W365 =log 3653 = 4 log 365. 

2. .. log W365 = 1 x 2.5623 = 0.8541, 

38. The number whose logarithm is 0.8541 is 7.146. (§ 163) 
4. «. 365 = 7.146. 

When finding a cube root, the logarithm of the radicand is 


divided by 3; when finding a square root, the logarithm of the 
radicand is divided by 2. This suggests the 


Rule.—In any system, the logarithm of a root of a number is 
the logarithm of the radicand divided by the index of the root. 


Exampre 4. Find by logarithms -V.0359. 

Sotutron: 1. log V.0359 = } log .0359 = } (8.5551 — 10). 

2. «. log V.0359 = } (38.5551 — 40). (See note.) 

8. .. log V.0359 = 9.6387 — 10. 

4. The number whose logarithm is 9.6387 — 10 is .4852. (§ 162) 

5. 2. V/.0359 = .4352. 

Nots. To divide a negative logarithm, write it in such form that the 
negative part of the characteristic may be divided exactly by the divisor, and 
give — 10 as quotient. 

Thus 8.5551 — 10 is changed to 38.5551 — 40 since the divisor is 4. If the 
divisor were 3, it would be changed to 28.5551 — 30. 

EXERCISE 94 
Given log 2 = .3010, log 3 =.4771, and log 7 = .8451; find: 
1. log 3% 3. log74 ~—s'5. log (21)3. ~— 7. log V6. 
2. log 2°. 4. log 27% 6. log V7. 8. log V14. 
Find by logarithms the values of the following: 
9. 235%. 13. 3.1416 x 18% 17, V218;8. 

10. 2.045%. 1457.09 18. V25 x 19.6 x 17.3. 

1132 5/6 B50 1b 2. 19. V/3x V5. 

12. 9.863. 16. $x 3.1416 x 5% 20. (4499)?, 
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21. The volume of a right circular cylinder is given by the 
formula V=7h?H. 

Find the volume (by logarithms); 

(a) if R=10.5 and H=26.5. 

22. The volume ofa sphere is given by the formula V= 47R’. 
Find the volume: 

(a) R12; 0) i k=6z. 


23. The interest on P dollars at r% for t years is given by 


Prt : 
h f 1 = ° F Cue: 
the formula J 100 in 


(a) if P=$765, r=5, and t=6.5 years. 
(6) if P= $1250, r= 4.5, and ¢=8 years and 3 months. 


24. The amount to which P dollars will accumulate at r% 
compound interest in n years is given by the formula, 
=P(1+—.). Find A: 
4 ( ‘i 70) 
(a) if P= $250, r=4, and n=10. 
(6) if P= $75, r=3.5, and n =15. 


25. A cylindrical cistern has for its diameter 5 feet. Find 
the number of barrels of water this cistern has in it when the 
water is 9 feet deep. (One cubic foot of water is about 7} 
gallons; one barrel contains 31} gallons.) 


Historica Nore. Logarithms were introduced by John Napier (1550- 
1617), a Scotch gentleman who studied mathematics and science as a pastime. 
The Napier logarithms were not the common logarithms. Briggs (1556-1631) , 
an English mathematician, computed the first table of Common Logarithms. 


XVI. PROGRESSIONS 
ARITHMETIC PROGRESSION 


169. An Arithmetic Progression (A. P.) is a sequence of 
numbers, called terms, each of which after the first is derived 
from the preceding by adding to it a fixed number, called the 
Common Difference. 

Thus, 1, 3, 5, 7, --- isan A. P. Each term is derived from the preced- 
ing by adding 2. The next two terms are 9and 11. 2 is the common 
difference. 

Again, 9, 6, 38, -.- is an A. P. The common difference is —3. The 
next two terms are 0 and — 3. 


Notre. The common difference may be found by subtracting any term 
from the one following it. 


EXERCISE 95 


Determine which of the following are arithmetic progres- 
sions; determine the common difference and the next two 
terms of the arithmetic progressions : 


1. 4, 7, 10, 13, «++. 6. 5m, 7.5m, 10m, «+» 

Z- 1, S, 1, 9, 15, s+. 7. 4p,1.5p, —p, -- 

Be AO fy 4,1, : 29% 8. 1.06, 1.12, 1.18, «+. 

4. 25, 20, 15, 10, ---, 9. a+b,a+2b, a+3b, oo 
5. 21, 34, 4, 43, --- 10. 57+6s8,6r+4s, Tr+2s, ove, 


Write the first five terms of the A. P. in which: 


the first term is 


the common difference is 
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170. The nth Term of an Arithmetic Progression. It is possi- 
ble to determine a particular term of an arithmetic progression 
without finding all of the preceding terms. 

Given the first term a, the difference d, and the number of 
the term n, of an arithmetic progression, find the nth term 7. 

The progression is a,a+d,a+2d,a+3d,---. The coeffi- 
cient of d in each term is 1 less than the number of the term. 
Thus, the 10th term would be a+9d. Therefore the coeffi- 
cient of d in the nth term must be (n —1). 

o. d=a+ (n—1)d. 

ExampLe. Find the 10th term of 8, 5, 2, +++. 

Sonurion: Lo q@=8: d=—33;7=105 l= 

2. t=at+(n—1)d. .1=8+(10—1)(—3)=8-27=—19, 


EXERCISE 96 
Find: 
1. The 12th term of 3, 9, 15, ---; also the 20th. 
2. The 15th term of 16, 12, 8, ---; also the 25th. 
3. The 13th term of —7, —12, —17, ---; also the 31st. 
4. The 16th term of 2, 21, 3, ---; also the 51st. 
5. The 11th term of 1.05, 1.10, 1.15, ---; also the 26th. 


6. What term of the progression 5, 8, 11, --- is 86? 
Sorution: 1. @=5; d=8; 1= 86; find n. 
2. l=a+(n—1)d. 2.86 =54+(n—D3. 
3. Solving for n,n =28. .. 86 is the 28th term. 


7. What term of the progression 8, 5, 2, --- 1s —70? 
8. What term of the progression 4, 8, 4, «- is 201? 


9. What term of the progression —75, — 67, —59, «.- ig 
LOG a 


10. What term of the progression 1, 1.05, 1.10, --- is 2? 
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11. If the first term of an A.P. is 15, and the 11th term is 
35, what is the common difference ? 


Hint: 85=15+(11—1)d. 


Find the common difference: 

12. If the first term is 5 and the 22d term is 173. 
13. If the first term is — 20 and the 33d term is —4 
14. If the first term is 325 and the 31st term is 25. 


15. Find the 10th term of the arithmetic progression whose 
first term is 7 and whose 16th term is 97. 


16. A man is paying for a lot on the installment plan. 
His payments the first three months are $10.00, $10.05, and 
$10.10. What will his 20th and 25th payments be ? 


171. The terms of an arithmetic progression between any 
two other terms are called the Arithmetic Means of those two 
terms. 


Thus, the three arithmetic means of 2 and 14 are 6, 8, 11, since 2, 5, 
8, 11, 14 form an arithmetic progression. 


A single arithmetic mean of two numbers is particularly im- 
portant. It is called The Arithmetic Mean of the numbers. 

When two numbers are given, any specified number of 
arithmetic means may be inserted between them. 


Exampte. Insert five arithmetic means between 13 and 
—11. 
Sontution: 1. There results an arithmetic progression of 7 terms, in 
which @ = 18,7 =—11,andn=7. Find d. 
2. l=at(n—1d «.—11=18+6d, ord=—4, 
3. The progression is: 18, 9, 5,1, —8, —7, — 11. 
Cuecx: There is an A. P. with five terms between 13 and — 11, 
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EXERCISE 97 
Tnsert three arithmetic means between 3 and 19. 
Insert four arithmetic means between — 10 and 20. 
Insert nine arithmetic means between 3 and 28. 
Insert five arithmetic means between 4 and 5. 
Insert five arithmetic means between — Sand —5d. 
Find the arithmetic mean of 7 and 15. 
Find the arithmetic mean of 2 and V18. 
Find the arithmetic mean of +7 and x—7. 


9. Find the arithmetic mean of a and b. From the result, 
make a rule for finding the arithmetic mean of any two 
numbers. 


POSEN GR Naps lr Rea) 


Nors. The arithmetic mean of two numbers is commonly called their 
average. 

10. Find the common difference if two arithmetic means are 
inserted between r and s. 

11. Find the common difference if & arithmetic means are 
inserted between m and p. 


172. The Sum of the First m Terms of an Arithmetic Pro- 
gression. ; 
Given the first term a, the nth term 7, and the number of 
terms n; find the sum of the terms S. 
Sorution: 1. S=a+(a+d)+(a@+2d)+ +» +(J-—2d)+(J—d) 42. (1) 
2. Writing the terms in reverse order, 
S=l+(l—d)+(l-24) +--+ (a+ 2d+@4OD+a ( 
8. Adding the equations (1) and (2), term for term, 
28=(a4l)+(at)4+(at)t+ + +(@4D+(atl)+(at). (8) 


4, There were n terms in the right member of (1); from each, there 
results a sum (@ +7) in (8). 


“28=n(a+), rS=F(atl) (4) 


f 
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b. (3% 
5. In § 288, [= a +(n—1)d; substituting this value of 7 in (4), 
S=hat(@a+(n—)d}, or S=226 +(n—)di. (5) 


Exampte 1. Find the sum of the first 15 terms of the 
arithmetic progression, of which the first term is 5 and the 
15th term is 45. 

SOLUTION: 1. @= 55), — 45+, — 165. 


2 S=2a@tl). + SHY + 45)= 16-25 = 875. 


Exampte 2. Find the sum of the first 12 terms of the pro- 
gression 8, 5, 2, «++. 
Sotution: 1. @a=8; d=—38; n=12. 
2. S= ae a+(n—1d} +. S=6{16 +11. (—3)}= 6{16 — 88}, 
« S=6(— 17) =— 102. 


EXERCISE 98 
Find the sum of: 
1. 12 terms of 3, 9, 15, ---. 
2. 15 terms of —7, —12, —17, «+. 
3. 16 terms of — 69, — 62, — 55, ---. 
4. 10 terms of $1.06, $1.12, $1.18, ---. 


Find the sum of the terms of an arithmetic progression if: 
5. The number is 12, the first is 5, and the last is 50. 

The number is 31, the first is 40, and the last is 0. 

The number is 18, the first is —18, and the last is 22. 

The number is 8, the first is — 3, and the last is 74. 

Find the sum of the numbers 1, 2, 3, ---, 100. 

10. Find the sum of the even numbers from 2 to 100. 


9 PID 


Find the sum of the odd numbers from 1 to 99. 
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12. Find the sum of all even integers, beginning with 2 and 
ending with 250. 


13. If a boy earns $360 during his first year of work, and 
is given an increase of $50 per year for each succeeding year, 
what is his salary during his 10th year, and how much has he 
earned altogether during the 10 years ? 


14. If at the beginning of each of 10 years a man invests 
$100 at 6% simple interest, to what does the principal and 
interest amount at the end of the 10th year? 


15. How many poles will there be in a pile of telegraph 
poles if there are 25 in the first layer, 24 in the second, etc., 
and 1 in the last? 


16. A man has a debt of $3000, upon which he is paying 
6% interest. At the end of each year he plans to pay $300 
and the interest on the debt which has accrued during the 
year. How much interest will he have paid when he has 
freed himself of the debt ? 


17. A man is paying for a $300 piano at the rate of $10 
per month with interest at 6%. Hach month he pays the total 
interest which has accrued on that month’s payment. How much 
money, including principal and interest, will he have paid 
when he has freed himself from the debt ? 


18. It has been learned that, if a marble, placed in a groove 
on an inclined plane, passes over a distance D in one second, 
then in the second second it will pass over the distance 3 D, in 
the third, over the distance 5 D, etc. Over what distance will 
it pass in the 10th second? in the ¢th second. 


19. Through what total distance does it pass in 5 seconds ?. 
in 10 seconds? in ¢ seconds ? 
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20. Experiment has shown that an object will fall during 
snecessive seconds the following distances: 

1st second, 16.08 ft. ; 3d second, 80.40 ft.; 

2d second, 48.24 ft. ; Ath second, 112.56 ft. 


Find the distance through which the object will fall during 
the 7th second; the ¢th second. 


21. Find the total distance through which the object falls in 
5 seconds; in ¢ seconds. 


22. Substitute g for 32.16 in the final result of Example 21 
and simplify the result. — 


173. In an arithmetic progression, there are five elements, 
a, d, l, n, S. Two independent formule connect these ele- 
ments, the formula for the sum and the formula for the term J. 
Hence if any three of the elements are known, the other two 
may be found. 


Norge. Remember that the formula for the sum is given in two ways. 
Exampte 1. Givena=—3, n=20, S=—8; findd andl. 
Sotution: 1. S=ta +2). °.% -2= 10(-3+ 1) ; whence 7 =3. 
2. l=a+(n—1)d. .. §=—$+(19)-d; whence d=}. 
_Exampie 2. Givena=7, d=4, S=403; find n and J. 
Soution: 1. S=52 a+(n—1)d}. .*. 408 = Fils we ret We 
Bens 806 = nf4n +103; 4n?+10n —806=0; 2n?+5n—403=0, 
_—5+ vee +3224 _—5 2 eRe _= 8 =-2, Be ris. 


Since n is the number of terms, 7 must be 13. 
8. l=at(m—1)a «1 =74+12-4= 55. 


7 


Nore. A negative or a fractional value of n is inapplicable, and must be 
rejected together with all other values depending upon it. 
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Exampte 3. The sixth term of an arithmetic progression 
is 10 and the 16th term is 40, Find the 10th term. 


Soxtution: 1. By the formula / =a@+(n—1)d: 


a+5d=10. 
a+ 15d=40. 


2. Solving the system of equations in step 1,d=3 anda=—6. 
8. The 10th term: 7=—5+9-8=—5 +27 = 22. 
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1. Given d=5, 7=71, n=15; find a and S. 
2. Given a=—9, n= 23, l= 57; find d and S. 
3. Givena=4, J/=38, S=415; find d and n. 
4, Givena=1, Jl=— 5, d=—4; finda and SW. 
5. Givend =4, n=17, S=17; find a and U1. 
6. Given a=3, n=15, S=495; find d and l. 
7 Givena=—4, l=—23, S=—91; finddandn. 
8 Givena=15, d=—3, S=134; find n andl. 
9. Given a, l, and n; derive a formula for d, 

10. Given a, d, and 7; derive a formula for n. 

11. Given a, n, and 8; derive a formula for 7. 


eS 
w 


. Given d, n, and 8; derive a formula for a. 

13. Given d, J, and n; derive formule for a and 8S. 

14. The 8th term of an arithmetic progression is 10, and the 
14th term is —14. Find the 23d term. 

15. The 7th term of an arithmetic progression is — 1, the 
16th term is J, and the last term is 13. Find the number of terms. 

16. The sum of the 2d and 6th terms of an arithmetic pro- 
gression is — $, and the sum of the 5th and 9th terms is — 10. 
Find the first term, 

17. Find four numbers in arithmetic progression such that 


the sum of the first two shall be 12, and the sum of the last 
two — 20. 
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18. Find five numbers in arithmetic progression such that 
the sum of the second, third, and fifth shall be 10, and the 
product of the first and fourth — 36. 


19. Find three numbers in arithmetic progression such that 
the sum of their squares is 347, and one half the third number 
exceeds the sum of the first and second by 44. 


20. Find three integers in arithmetic progression such that 
their sum shall be 12, and their product — 260. 


GEOMETRIC PROGRESSION 


174. A Geometric Progression (G. P.) is a sequence of num- 
bers, called terms, each of which, after the first, is derived by 
multiplying the preceding term by a fixed number called the 
Ratio. 

Thus, 2,6, 18, 54, .-- is a geometric progression. Each term is ob- 
tained by multiplying the preceding term by 3. The ratio is 3. 

Again, 15, —5, + 4, — — $5 --isaG.P. The ratiois—+. The next 
two terms are + 3, and — ¥. : 


Nore. The ratio may be found by dividing any term by the one preced- 
ing it. 
EXERCISE 100 


Determine which of the following are geometric progres- 
sions; determine the ratio and also the next two terms of the 
geometric progressions: 


1. 4, 8, 16, 32, +++. 6. otk 6 2, 12 a, ... 

2. 200, 50, 25, 10, ---. 7. 2, —4, —8, 16, — 32, .... 
8. (1+r), +7), 1+7)%, -. 

. 2 9 ooo, d 

$. 81, 27, 9, teat 

MPG 18, BA ae i Sona 

. 10 2 

5. 5m, om 5m 10 2 
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Write the first five terms of the G. P. in which: 


The first term is; 
The ratio is: 


175. The nth Term of a Geometric Progression. It is possible 
to determine a particular term of a geometric progression 
without finding all of the preceding terms. 

Given the first term a, the ratio 7, and the number of terms 
n, of a geometric progression, determine the nth term / 

The progression is a, ar, a7”, ar’, +++. 

The exponent of 7 in each term is 1 less than the number of 
the term. Hence the 10th term would be a7v*. Therefore the 
exponent of r in the nth term must be (n —1). 


inl = OF a 

Exampte. . What is the 7th term of 9, 3, 1, ---? 
SOLUDION SLY a= Os ae sae a Scien 

= —1 . = LVS of, eee SE 
2. t= ar, “1=9(3) 8 we 

EXERCISE 101 

Find the 6th term of 1, 3, 9, -«. 
Find the 7th term of 6, 4, §, ++». 
Find the 5th term of — 2,10, — 50, «+ 
Find the 9th term of 3, 3, 3, --- 
Find the 10th term of —§, +5, —10, --. 


6. Find the 8th term of a? _ , Aes 


7. Indicate the 11th term of 1, (147), (1-40) «+. 


Site Gk Gs bs 
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8. Indicate the 15th term of 1, 4, 4, ‘: +++; also the kth 
term. 


cs 


: , m? m 
9. Indicate the 13th term of m, eter ire eee also the 


Sie 


(a + 1)th term. 
10. What term of the progression 3, 6, 12, 24, --- is 384? 
11. What term of the progression 5, 10, 20, --- is 160? 
12. What term of the progression 18, 6, 2, --- is 2? 


13. If the first term of a geometric progression is 5, and 
the 6th term is 3, what is the ratio? 


Find the ratio of the geometric progression if: 
14. The first term is ;, and the 5th term is % 
15. The first term is 3, and the 7th term 24, 


176. The terms of a geometric progression between any two 
other terms are called the Geometric Means of those two terms. 


Thus, the three geometric means of 2 and 162 are 6, 18, and 54, since 
2, 6, 18, 54, 162, form a geometric progression. 


A single geometric mean of two numbers is particularly 
important. It is called The Geometric Mean of the numbers. 

When two numbers are given, any specified number of geo- 
metric means may be inserted between them. 


Examete. Insert three geometric means between 9 and 18. 


Sorution: 1. There results a geometric progression of 5 terms, in 
which a=9, J=1$,andn=5. Find r. 


2. t=arrk =9. rf, ore = rays a2. 


8. The progression is: 9, 6, 4, 3, ae or 9, — 6, 4, — §, 4. 


Cuecx: There is a G. P. with three terms between 9 and 48. 
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EXERCISE 102 
Insert 4 geometric means between 3 and 729. 
Insert 5 geometric means between 2 and 128. 


Insert 2 geometric means between 4 and 3. 


eye 


Find the geometric mean of 8 and 32. 


5. Find the geometric mean of 3 ¢ and a 


6. Find the geometric mean between 2 # and 8 a. 


7. Find the geometric mean between OAR oe 
x m 


8. Find the geometric mean between a and b. 
9. Insert 3 geometric means between 3 and 12. 


10. Insert 2 geometric means between a and b. 


177. The Sum of the First n Terms of a Geometric Progression. 


Given the first term a, the ratio r, and the number of terms 
n, of a geometric progression, find the sum of the terms S. 


Sotution: 1. S=a+t+artar+--4+ are?2t+ ari, (@5) 
2. Multiplying both members of (1) by 7, 
rS=artar+ars ++. + arn1 4+ arr, (2) 
8. Subtracting equation (2) from equation (1), 
S—rS=a—am, or S(l1—r)=a—ar, (8) 
4, “Ss = (4) 
5. Since 7 = arn-1, then rl = ar". Substituting rl for ar in equation 
(4), gat 7, (5) 
l—r ; 


Exampite. Find the sum of the first 6 terms of 2, 6, 18 «+. 

Sotution: 1. a=2, r=8, n=6. Find V8. 

Og: a ean s=2 —2.- oe 1458 
1-3 1-3 —2 _ 
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EXERCISE 103 

Find the sum of the first: 

1. Eight terms of the progression 5, 10, 20, --.. 
Six terms of the progression 24, 12, 6, --.. 
Seven terms of the progression 5, —15, + 45, «+. 
Seven terms of the progression 74, —14, 4, ++-. 
Five terms of the progression — 2, 10, — 50, «+. 
Fifteen terms of the progression 3 m, 3 m’, 3 m5, «+. 
Ten terms of the progression 1, m?, m4, m*, «++. 
Find the sum of 15 terms of 1, (1 +r), (1+7)%, «+. 
Find the sum of the first 10 powers of 2. 
Find the sum of the first 10 powers of 3. 


11. Each year a man saves half as much again as he saved 
the preceding year. If he saved $128 the first year, to what 
sum will his savings amount at the end of seven years ? 

12. Find the sum of the terms from the 11th to the 15th 
inclusive in the progression +4, 4, 4, ++. 

13. A father agrees to give his son 5 on his fifth birthday, 
10¢ on his sixth, and each year up to the 21st inclusive to 
double the gift of the preceding year. How much will he 
have given him altogether after his 21st birthday ? 


OO AAA Pw w 


= 
So 


178. Infinite Geometric Progression. By an infinite geo- 
metric progression is meant one the number of whose terms 
increases indefinitely. If the ratio is greater than one, the 
terms become larger and larger. For example, the progression 
3, 6, 12, 24, ---. If S, represents the sum of the first n terms 
of a progression, then, when r is greater than 1, S, increases in- 
definitely as n increases indefinitely. 

Thus, in the progression 3, 6, 12, ---, as n increases indefinitely, 
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“= 


S,, increases indefinitely. Hence the sum of an infinite num- 
ber of terms of the progression must be an indefinitely large 


number. 
When the numerical value of the ratio is less than 1, the 


progression has special interest. 


ExampLe 1. Consider the progression 5, 2, 3, ++ 


Soxturion: 1. The ratio r is 3. 


5G) = ay 


10 5(4)° = r9bss 


8. Clearly, as n increases, J decreases ; also the term r/ of S,, decreases. 
If n increases indefinitely, 2 will become approximately zero, the term ri 
will become approximately zero, and S,, will become approximately 
Sees ob 


ee Ce ee 


Consider now any geometric progression in which r is less 
than 1 in absolute value ($ 21). The sum of the first terms 
is: — ayn 

Se SSE 
1l—r 


Now as n increases indefinitely, 7" decreases indefinitely, 
becoming approximately zero. Hence the term a - 7" becomes 
approximately zero, a, and 1—7 remain the same. 


.. S, becomes approximately a o or 


—?r 1—r 


Hence, the sum of an infinite number of terms of a geo- 
metric progression in which r is numerically less than 1, is 


given by the formula S=; : 
—r 
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Exampie. Find the sum to infinity of the progression 


eee ae Maser 
Sontution: 1. a=4; r=—. 
2. Since r is numerically less than 1, § = —“. 
—-?r 
. eae pee ee 
ig «6 
EXERCISE 104 
Find the sums to infinity of: 
1. 6, 2, & +: © 2 
? 6 WH, =, —5 99% 
ae rey Ae 
2. dk > 4 cts ; : a rae 
3° 10; 8. y eelOint OO et 
= 1 5 
4.5, ah rh Mie wr 
De Oe Oe OR aes 
39 9? OT 9 ©. 
Bie b1, 20152001 0%, 10. $, —7po +n 


11. Find the value of the ee decimal .8181 ---, 
SoLurion: 1. .8181--- = 84, + ribo t+ eto. os. 


2. This is a G.P. in which a= 84; r= 74,. The value of the 
decimal if an infinite number of decimal places is considered is given by 
the formula 


ge Toe—— 81 , 100_81_ 9 


— — 
ee — 


Ter, 100° $6 Soe 11" 
Find the values of the following repeating decimals: 
OL aU 1a hana "16, .212121 «., 
13. 0077 +s, 15. .6444 -. 17. .151515 ..., 


XVII. THE BINOMIAL THEOREM 


179. The Binomial Theorem is a formula for determining by 
inspection the expansion of any power of a binomial. 


By actual multiplication : 


(a+er=e?+2ar+x’. (1) 
(a+ef2=8+4+3a7a4+3 ax? + 2% (2) 
(a+a)jt=at+4a'e+ 6 a’x? + 402° + a4, (3) 


Rule. — To expand any power of a binomial, like (a+ x)”: 

1. The exponent of a in the first term is 7 and decreases by 1 in 
each succeeding term until it becomes 1. The last term does not 
contain a. 

2. The first term does not contain x. The exponent of x in the 
second term is 1 and increases by 1 in each succeeding term until it 
is nin the last term. 

8. The coefficient of the first term is 1; of the second is a. 

4. If the coefficient of any term be multiplied by the exponent of 
a in that term, and the product be divided by the number of the 
term, the quotient is the coefficient of the next term. 


Notre 1. The number of terms isn+1. 


Nore 2. The coefticients of terms ‘‘ equidistant from the ends” are the 
same; for example, the second and the next to the last. 


Exampie 1. Expand (a+ 2)*. 


So.ution: 1. The exponents of a are 5, 4, 8, 2,1. The exponents of 
x, Starting with 1 in the second term, are 1, 2, 3,4, and 5. Writing the 
terms without the coefficients gives : 2 


@ + ate + a8a2 + aa? + axt + 25, 


2. The coefficient of the first term is 1, and of the second term is 5 
(Rule 3). Multiplying 5, the coefficient of the second term, by 4, the 
202 


Wwe 
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exponent of @ in the second term, and dividing by 2, the number of the 
term, gives 10, the coefficient of the third term ; and so on. 
Filling in the coetticients in this manner gives: 


(a+a)> = a> + 5atx + 10 aia? + 10 e223 + 5 at + 25, 
ExamMpte 2. Expand ( ih ; 


Sotution: 1. In this example, a is 2 and x is ea 
6 2 
ao fs— 2) =2 6.25(— 2) 15.24. aa 20.98. (—™m\* 
( 4 + mt) rm” 4.20 z 


4 5 6 
ie wef )\n 6.9 e( Le C3) 
+15 ( ae ( 7) +(-2 


8. =64-—6. 82. 2+15- 16. mn — 20. 8- ee ry me 


Hep by a tics 8 om 


- 81 729° 


4. minora ae am +2 


Nore 1. When the second term of the binomial is negative, the terms of 
the expansion are alternately positive and negative. 

Notre 2. When the terms of the binomial are complicated monomials, 
place each in parentheses, and afterwards simplify as in steps 3 and 4. 


EXERCISE 105 
Expand the following: 


1. (a+y)*. 6. (a? —b%)4, 11. (a—4)5, 
2. (m—n)>. 7% (2a+1)* 12. (4+2)4. 
s2i(e-+ 1% 8. (a—3db)*t 13. (2m? —1)°* 
4, (r—2)% 9. (1+27)% 14. (a?+b’c)4, 
5. (m+n)% 10. (1—2)®. 15. (8 +2%)% 
Find the first three terms of: 
16. (a—3)”. 18. (a—4)% 20. (a+ 32°)™ 


17. (m?+2n)™. 19: (= 0) 21. (m-—4n7)4. 
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1 AN’, a, db 4 ay 
22. as 24, ae 26. (a? —b8)’. 
23. (ae y 25. (a-1+0-*)°. 27. (V2 —v3)% 
a 


28. Write the first 4 terms of (a+ 2)”. 


180. The rth or General Term of (a2+-x)". Following the 
rules of § 297, 


(a+a)*=a"+n-a"Te +20—41) a 292 


mn (ea) <s 
ate ae A a ase, 


Note the fourth term. The exponent of x is 1 less than the 
number of the term; the exponent of a is m minus the expo- 
nent of x; the last factor of the denominator equals the expo- 
nent of x; in the numerator there are as many factors as there 
are factors in the denominator. Hence, 


Rule. — In the 7th term of (a+ x)”: 
1. The exponent of xis r—1. 
2. The exponent of a is n— the exponent of x, ie., n—7r+1. 


38. The denominator of the coefficient is 1-2-3... (r—1), the 
last factor being the same as the exponent of ~. 


4. The numerator of the coefficient is n(n—1) --- etc., until there 
are as many factors as in the denominator. 


Pp iC Boat DR ties oe ak) Bele Pe 
peas Seb teri to) oor Ge een ae 


Examptr. Find the 8th term of (3 a? — b)4. 


2, Sonurion: 1. (8a? — db) ={(8 a") +(—b)}1. 
In the 8th term, the exponent of (— 6) will be 7 (Rule 1); the ex- 


ponent of (3 a?) will be 11 — 7, or 4; the last factor of the denominator 


will be 7, and there will be 7 factors in the numerator starting with 
11-10, ete. 
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3 
11-10-9-$-7-6-3 
he ee ey ey 


8... The 8th term is (3 a®)4(— b)t, 


or 330(81 a2) (— b7) =— 26730 a2b7. 


Norr. If the second term of the binomial is negative, it should be in- 
closed, sign and all, in parentheses, before applying the rules. Also, if either 
cerm has an exponent or coefficient other than 1, the term should be inclosed 
in parentheses before applying the rules. 


EXERCISE 106 


Find the: 

1. 4th term of (a+2)%. 8. 5th term of (2 a?— 3)”. 

2. 9th term of (m—xn)". 9. 6th term of (#—y")”. 

3. 5th term of (¢ +2). 3 
oe 10. 7th term of (“—8 ce 

4. 10th term of (¢— 2)". b 

5. 8th term of (m?—n*)”. ati ae esha: a ae 

6. 6th term of (a?+3 2°)”. ne 

7. 7th term of (¢ — })¥. 12. 8th term of (#!—2 y2)'8, 


181. The Binomial Formula has not been proved in this 
chapter; it has been written down from observation of the 
results in certain special cases. The formula has been ap- 
plied only for positive integral values of n. 

The proof of the formula for positive integral exponents will 
be found in § 219. 

In more advanced courses in mathematics, the formula is 
proved to be correct (with certain limitations) not only for 
positive integral values of n but also for negative and frac. 
tional values. 


HistoricaLt Nots. The binomial theorem was formulated by Newton. 


XVII. RATIO, PROPORTION, AND VARIATION 


182. The Ratio of one number to another is the quotient of 
the first divided by the second. 


Thus, the ratio of a to b is 5 it is also written a:b. The 


numerator is called the Antecedent and the denominator is 
called the Consequent. 

All ratios are fractions and are subject to the usual rules for 
operations with fractions. 


183. The ratio of two concrete quantities may be found if 
they are of the same kind and are measured in terms of the 
same unit. 

Thus, the ratio of 3 Ib. to 2 Ib. is $3; and the ratio of 350 lb. to 2 tons is 
Fos OT zoe 

EXERCISE 107 
Express the following ratios and simplify them: 


1. Sto. 3. Sx to 2¢@. 5. to. 7. 25 to 375. 
2.12to2 4. Ga?tolda® 6 tok 8 a—b* to a®—Bs 


9. A line 15 inches long is divided into two parts which. 
have the ratio 2:3, Find the parts. 
Sotution: 1, Let # = the short part. 
2. Then 15 — x = the long part. 


3. Then ees 


15—2 8 
Complete the solution. 


10. Divide a line 63 inches long into two parts whose ratio 
is 3:4, 
206 


OE 
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11, Divide 386 into two parts such that the ratio of the 
greater diminished by 4 to the less increased by 8 shall be 3: 2, 

12. The ratio of the height of atree to the length of its shadow 
on the ground is 17:20. Find the height of the tree if the 
length of the shadow is 110 feet. 

13. Divide 99 into three parts which are as 2:3:4, 

Hint: Let the parts be 2x”, 3, and 42. 

14. Divide a farm consisting of 720 acres into parts which 
are as 3: 5. 
15. Divide $1000 into 3 parts which are as 5:3: 2. 


184, <A Proportion is a-statement that two ratios are equal. 
The statement that the ratio of a to d is equal to the ratio of 
c to d is written either 

@ oc 
—=—, ora:b=c:d. 
b @ 

This proportion is read “a is to b as ¢ is to d.” 

Thus 3, 9, 5 and 15 form a proportion since § = 7. 

Hisroricat Norr. Leibnitz, 1646-1716, was instrumental in estab- 
lishing the use of the form a:b =c:d. 


185. The first and fourth terms of a proportion are called 
the Extremes, and the second and third the Means. 
In the proportion a:b = c¢:d, a and d are the extremes, and 
- band care the means; a and care the antecedents, and 6 and 
_ dare the consequents. 


EXERCISE 108 


Find the value of the literal number in the first six of the 
following exercises and of a in the remaining ones : 


a ob fe & Jt SD 
—=—— 3. —=>—=: 5. == 
ee! 37 164.5 3 2 
Dawe ORS Haag As 
._-=— 4, —=-— Eo ——S = 
; : y 10 24 2 +t 2 
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Bip feos ge oe 10222 
AVRO aLIC SLE x b 
le hee ate 10. 2224 19s 2 

26 de np nx L—-m 2 


186. A Mean Proportional between two numbers a and 0 is 
the number # in the proportion a: % = @: b. 


A mean proportional between 2 and 3 is x in: = = 


} “2=6;2=4V6. 

Thus, there are two mean proportionals between any numbers, Gener- 
ally the positive one is used. 

187. The Third Proportional to two numbers a and 6 is the 
number # in the proportion a:b = 6b: a. 

Thus, the third proportional to 2 and 3 is a in: 

IE ATEN DOU Os ees CS 

188. The Fourth Proportional to three numbers a, b, and ¢c is 
the number « in the proportion a:b =c: a. 

Thus, the fourth proportional to 2, 3, and 4 is the number 2 in: a 4 

oO “3 

w2 tee Lande. 


Note. Thenumbers must be placed in the proportion in the order in which 
they are given, as in the illustrative examples. 


EXERCISE 109 
Find the fourth proportional to: 


4 27 5sanded. 4. 35, 20, and 14, 
2. 5, 4, and 2. 5. 6a, 2b, ande, 
3. 7,3, and 14. 6. x, y, and xy. 


Find the mean proportionals between: 
7. 18 and 50. 9. Zaanda. 


8. 21 and 3. 10. 12 mn and 3 mn?. 
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13-16. Find the third proportional to the numbers in ex: 
amples 7, 8, 9, and 10. 
17. Find the third proportional to a?— 9 and a—8. 
18. Find the third proportional to 10a and 3 y. 
19. Find the fourth proportional to: 
22—2y a#—y Ca ax — by + ay — ba 
a+b ’ @—p etoyty 
20. Find the mean proportionals between: 
— — 3 SS 
ax =ay ao and 2 On ; 
w+aoayty (a — 6) 


PROPERTIES OF PROPORTIONS 


189. In a proportion, the product of the means ts equal to the 
product of the extremes. 


This property of a proportion is proved as follows: 


LBs ‘ =<, then ad = be, by clearing of fractions. 
Examete. Since 2 = §, 2-9 should equal 8-6. Does it ? 


190. If the product of two numbers is equal to the product of 
two other numbers, one pair may be made the means and the other 
the extremes of a proportion. 


If mn = ay, then se AP 
: one) 
Prove this by dividing both members of the given equation 


by na. 
Prove that the following proportions also are true: 
MB p32 om ny 
a) —==- (divide by ny). t. —=——- Cc) ~=e 
( ak y ny) (eee OG: 
Exampie 1, Since 3.8=6.-4, $ should equal ¢. Does it ? 
Exampte 2. Write three other proportions which should be true ac- 
cording to the property given in this paragraph. 
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191. In any proportion, the terms are in proportion by Alter- 
nation; that is, the first term is to the third as the second ts to the 
fourth. 

If ;= prove _%. 

Suecustion. Use § 189 and then divide both members of the equation 
by cd. 

Exampie. Since %= 74, then ? should equal =. Does it ? 


192. In any proportion, the terms are in proportion by Inver- 
sion; that is, the second term ts to the first as the fourth is to the 
third. 


. 


gs aa —, prove 


Suecsstion. Use § 189, and then divide both members of the equation 
by ac. 
Exampie. Since 2 = ;4, then § should equal 12. Does it? 


193. In any proportion, the terms are in proportion by Compo- 
sition; that is, the sum of the first two terms is to the second as 
the sum of the last two terms is to the fourth. 
a+b _c+d, 

ery 
Succxstion. Add 1 to both members of the given equation. 


Exampie. Since a= ne then 2 zee should equal 4 + a. Does it ? 


12 


194. In any proportion, the terms are in proportion by Divi- 
sion; that is, the difference of the first two terms is to the second, 
as the difference of the last two ts to the fourth. 


If 2=°, prove Ge fst) 

b ad b d 
Sucecrstion. Subtract 1 from both members of the equation. 
Examriz. Since 22 — , then iS should equal ne aes Does it? 


=F 
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195. In any proportion, the terms are in proportion by Compo- 
Sition and Division; that ts, the sum of the jirst two terms is to 
their difference as the sum of the last two terms is to their 
difference. 


Gs c= prove a+b_e+d_ 
b a a—b ce-—d 
Proor. 1. Since 2= ©, then 2% eee (Composition) 
ba b d 
2, Since =, then o=? eo (Division) 
b ad b d 
3. Divide the members of the equation in step 1 by those of the equa- 
tion in step 2: atb.a—b ee ad 
SAS Lie ae 3 
4. Simplifying step 3: q et Bee, 
—b c-d 
Exampie. Since — a =2, then, “os + should equal 16 ae Does it ? 


196. In a series of equal ratios, the sum of the antecedents is to 
the sum of the consequents as any antecedent is to its consequent. 


a+c+e+eote. a. 


oes —*. ete: = 
gs Bs heey etc, 8 


b 


Proor. 1. Let v = the common value of the equal ratios x at ; etc. 
2. Then since 5h a=bv 
c=, c=dv 
L=v, e == 0. 
8. Then (a+ec+te=dbv+dvt+fv=v7b+d+f). 
4. Do+rain: Be ee ph ea, eS ee rors 


DA fice ce Goh Ot Bae ok 
ExaMpPLyE. Since Bere =. ee aan should equal Does it ? 


Historrcat Note. All of these properties of a proportion were known 
to Euclid, 300 B.c. 
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197. There are several other properties of a proportion 
which follow directly from properties of an equation or of a 
fraction. 


(a) 182 gu 8, tices fas bese both members to the third 
power. 
(b) If Ge hen va - Ve. Extract the cube root of both 
bana og e/a members. 
‘ “n ne Multiply numerator and denomi- 
(c) If - =-, then ——-=—-: nator of the first ratio by m, and 
b 4 : of the second by n. 
cad Multiply both members of the 
G@y It =]2, thea “aR } m 
aa nb nd equation by =". 


198. In the preceding paragraphs, some of the simple prop- 
erties of a proportion have been given. There are many others 
which may be derived by means of these simple properties. 


2a+3b_ 2a—30b, 
Exisere. If “= 2, prove 222 
b a 6 Segn Besa 
Proor. 1. Since ofS - then 24 a ($ 197, @) 
2a+3b_2c+438d_ By £195 
oes DEESIDE Loe se eS. 
2a+38b_2a—8b 
etl Ee By $191 
Sig then 2¢4+8d 2c—3d ow 
EXERCISE 110 
1. Write by inversion: 
3 => 2 a &- 
a b >= Cc -S-e 
@ § OF © $=" 


Write wes same three proportions by alternation. 


. Write these same three proportions by composition. 


2 
3 
4. Write these same three proportions by division. 
5 


. Write the proportion (c) in Example 1: 
(a) by inversion and the result by composition; 
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(0) by alternation and the result by division; 
(e) by composition and the result by alternation ; 
(ad) by division and the result by inversion. 


Go Et: =: prove that oe GP 
n 


7 ery y 

q. If 7=", prove that © — rere 

s 0° a 
8. If =, prove that % ant a B. 

b a c—d d 
lea Wi ee prove that iste whe 

U t w? ? 

Ot .= A prove that att a 


EXERCISE 111 
Proportion in Geometry 


1. Ina triangle in which DZ is parallel to BC, m:r=n:s. 


To test this truth: (@) measure m, n, r, and 
s; (0) find the value of the ratio m:r and of 
n:s; (¢€) compare these two ratios. 

This truth may be tested in any triangle. It 
may be expressed thus: the upper segment on 
one side is to the lower segment on that side as 
the upper segment on the other is to the lower 
segment on the other. 


2. Write the proportion as by alternation. Express 
Pnehs 


the resulting proportion in words as in Example 1. 

3. Write the proportion of Example 1 by composition and 
express it in words. 

4. Write the proportion of Example 1 by inversion and 
express it in words. 

5. If AD=7, DB=4, and AE = 8, find EC. 
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6. If AB=12, AD=5, and AC=14, find AZ. 
Hint. Let AF =a, and OF = 14—z. 
7. If AD= DB, how does AE compare with EC? 
8. If AD=20, DB=8, and AC'=30, find AEH and EC. 


9. If two perpendicular lines BC ana 
DE are drawn from one side of an angle 
to the other, then BC: AC= DE: AE. 


¥ Test this statement by measuring the lines 
4 in the figure and finding the value of the ratios. 


o 
SES 


10. Draw any other perpendicular, as XY. Find the ratio 
of XY to AY and compare the ratio with those found in 
Example 9. What do you conclude 
about all ratios obtained by dividing 
the length of the perpendicular by the sf 
distance from A to the foot of the per- 
pendicular (like AY) ? oa 


11. Using the fact stated in Ex- <6 =es== 
ample 9, tell how to find the height ———________ 
of the tree in the figure, if the - 
height of the rod and the lengths on the shadows of the 
tree and the rod are as indicated. 


12. Suppose that EF and AC are 
perpendicular to OC in the adjoining 
figure. Suppose that HF =10 feet, 
OF =12 feet, OC=150 ‘fect,r and 
BC = 20 feet. Determine AB. 


13. Suppose that CD and AB are 
perpendicular to AF in the adjoining 
figure; that AX=5 feet, YB=8 
feet, AE = 750 feet, CH =25 feet, 
and CD = 30 feet. Find XY. 
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VARIATION 


199. Some quantities change or vary and are called Variable 


Quantities. 

Thus, the distance between a moving train and its destination varies, — 
that is, it decreases; the age of an individual varies from moment to 
moment, —that is, it increases. 


200. A quantity which is fixed in any given problem is called 


a Constant. 


Thus, if a workman receives a fixed sum per day, the total wages due 
him changes from day to day if he works and remains unpaid. His daily 
wage is a constant ; his total wages is a variable. 


201. A change or Variation in one quantity usually produces 
a variation in one or more other quantities. Such variables 
are called Related Variables. for each value of one variable 
there is a corresponding value of the other variable, or variables. 

Thus, if the side of a square is increased, the perimeter and the area of 
the square are also increased. 


202. Variation is the study of some of the laws connecting 
related variables. Instead of the quantities themselves, their 
measures in terms of certain units of measure are used. 

Thus, distance is expressed as a number of miles, rods, or other units 
of length ; weight is expressed as a number of units of weight ; area is 
expressed as a number of units of area. 


203. One quantity varies directly as another when the ratio 
of any value of the one to the corresponding value of the other 
is constant. 

Thus, the ratio of the perimeter of a square to the side of the square is 
always 4, because the perimeter is 4 times the length of the side; there- 
fore the perimeter varies directly as the side of the square. 


204. The symbol, «, is read “varies as”; thus, acd is read 
“ @ varies as 0.” 
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If wey, then = % where m is a constant, expresses the 


relation between any two corresponding values of # and y. 
(See § 203.) 


Since 7 m, then «= my. 


Either equation may be used to express direct variation. 


205. One quantity is said to vary inversely as another when 
the product of any value of the one and the corresponding 
value of the other is constant. 


Thus, the time and rate of a train going a distance d are connected by 
the equation 7t =d. If the distance remains fixed, then the time varies 
inversely as the rate ; for example, if the rate is doubled, the time is halved. 


If w varies inversely as y, then zy=m, where m is a con- 
stant, expresses the relation between them. 


If wzy=m, then also x= 7 Either equation may be used 


to express inverse variation. 


206. One quantity is said to vary jointly as two others 
‘when it varies directly as their product. If a varies jointly 


x : 
as y and 2, then ae m, where m is a constant, expresses the 
relation between the variables. 


Thus, the wages of a workman varies jointly as the amount he receives 
per day and the number of days he works; for, letting W equal his total 
wages, w his daily pay, and n the number of days he works, then W=nw. 


Here m = 1. 
Again, the formula for the area of a triangle is 
A=}iab. 


This shows that the area of a triangle varies jointly as the base and 
altitude. (Here m = 2.) 
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207. One quantity may vary directly as a second and inversely 
asathird. Let « vary directly as y and inversely as z; then 
my 

z 


expresses the relation between the variables. Notice that this 
combines the equation for direct variation of y and inverse 
variation of 2. 


208. Variation of more complicated related variables needs 
to be expressed sometimes. 


Exampte 1. xy’ may be written «= my’. 
Exampie 2. aay? may be written 2? = my’. 


Exampe 3. The volume of a circular cylinder varies jointly 
as the altitude and as the square of the radius. This may be 
expressed: v car’, or v= kar? 

Exampre 4, a varies directly as g, and inversely as d*. 

ky 


This may be expressed: a= a 


EXERCISE 112 


Express the following relations both by means of the symbol « 
and by an equation: 


1. The area of a rectangle varies jointly as the base and 
altitude. 


2. The area of a circle varies as the square of the diameter. 


3. The volume of a rectangular prism varies jointly as the 
length, width, and height. 

4. The distance a body falls from a position of rest varies 
as the square of the number of seconds in which it falls. 

5. The interest varies jointly as the principal, the rate, and 
the time. 


9218 ALGEBRA 


Express the following relations by means of equations: 


6. The rate of a train varies inversely as the time, if the 
distance is constant. 


7. The rate of gain varies inversely as the capital invested, 
if the total gain is constant. 


8. The weight of an object above the surface of the earth 
varies inversely as the square of the distance from the center 
of the earth. 


9. The per capita cost of instruction for pupils in a school 
room varies directly as the salary of the teacher and inversely 
as the number of the pupils. 


10. The volume of a circular cone varies jointly as the alti- 
tude and the square of the radius. 


11. Ifz varies jointly as wand y, and equals 2 when y= 4 
and «= %, find z when y = 3 and a= 4. 


Sotution. 1. According to the conditions z= may. 


~ ws 3 4 2) pe 
Pa, ash Fake 4° 5° OF eG since z= 2 when % = § and y= 4 
3. = ay, substituting 2 for m. 


e=3 
4, ».2=2-4.$=10 whenz =4 and y=. 
Nore. In such problems, first find the constant, as in step 2. 
12. If y «w# and is equal to 40 when x= 5, what is its value 
when «= 9? 
13. If yoca® and is equal to 40 when w«=4, what is the 
equation for y in terms of w? 


14. If x varies inversely as y and is equal to 2 when y= 3, 
what is the value of y when w is 3? 

15. If (6%+8) «(6y—1) and e«=6 when y=— 8, what is 
the value of « when y=7 ? 


16. The distance fallen by a body, from a position of rest, 
varies as the square of the number of seconds in which the 
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body falls. If it falls 256 feet in 4 seconds, how far will it 
fall in 6 seconds ? 


17. The interest on a sum of money varies jointly as the 
rate of interest and the principal. If the interest is $3875 
when the rate is 5% and the principal is $3000, what is the 
interest when the rate is 6% and the principal is $2500? 


18. The principal varies directly as the interest and inversely 
as the rate. If the principal, $4000, produces $250 interest 
at 4%, what principal must be invested for the same time to 
yield $500 at 5% ? 


19. The number of tiles required to cover a given area 
varies inversely as the length and width of the tile. Ifit takes 
270 tiles 2 inches by 5 inches in size to cover a certain area, 
how many tile 3 inches by 6 inches will be required for the 
same area ? 


20. The number of posts required for a fence varies inversely 
as the distance between them. If it takes 80 posts when 
they are placed 12 feet apart, how many will be required 
when they are placed 15 feet apart ? 


XIX. GRAPHICAL REPRESENTATION OF COMPLEX 
NUMBERS 


209. Representation of Real Numbers. Mark any point, O, 
on a straight line X'X by the number 0, and any other point, 
- ae U, to the right of O by the num- 


Ve <a ber +1. Let OU be considered 
/ sy 
re ad the unit length. 
SI a ea Any real positive number, +a, 
Se Sy! O eT A Farars 


is represented by the point 4A, 
a units to the right of O, and any real negative number, — a, 
by the point A’, a units to the left of O. 


210. The representation of —a (the point A’) may be 
located by turning the representation of +a (the point A) 
about the point O as center, through two right angles in the 
direction opposite to the motion of the hands of a clock. 

—a=(+a)x(—1), hence the multiplier —1 may be re- 
garded an operator which turns the representation of +a 
through two right angles in the i direction, 
about point O as center. 


211. Graphical Representation of Pure Imaginaries. By 
definition (§ 82),7xi=—1. Since multiplication of +a by 
—1 turns the representation of 
+a through two right angles in 
the counter-clockwise direction, 
~ may be regarded an operator 
which turns the representation 
of +a through one right angle 
in the counter-clockwise direc- 
tion. This suggests represent- 
ing + at by the point B, a units 
above O on YY'. 
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221: 


In general, pure imaginaries are represented by points on 


the line YY". 


ai is represented by the point a units above O, 


and —ai by the point a units below O. YY" is called the 


axis of pure imaginaries. 


212. Graphical Repre- 
sentation of Complex Num- 
bers. To represent a+ di: 

Let A represent the 
number a, and B the 
number 67. Draw AC 
equal and parallel to OB. 
Then it is agreed to con- 
sider point C the repre- 
sentation of a+bi. Thus. 
D represents — 4— 37. 


EXERCISE 113 


Represent on a diagram the numbers: 


ete SAL 2 i 


2212 87. 4. 


—3— 2%. 


5. 
6. 3— 51. 


Ge PHsea a), 
8. 4—2.57. 


—34+ 21. 


~9. Represent a+ bi and —(a + Di). 


213. Graphical Represen- 
tation of Addition of Complex 
Numbers. 

(a) To represent graphi- | 
cally the sum of a+ 07 and 
c+ di. 

Let M represent a+ bi, 
and N,c+di. . . 

Construct OM and ON, 
and then construct the par- 
allelogram OMPN, thus 
locating point P. 
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Point P represents (a + bi)+(¢+ di). 

Point P may be determined readily without constructing the 
complete parallelogram, by drawing from M the line MP equal 
and parallel to ON, thus adding (¢ + dt) to (a+ di). 


Nore. The correctness of the construction is readily proved by plane 
geometry. The proof is omitted from the text, 


EXERCISE 114 
Represent graphically the sum of: 


1. 8+éand 24 57. 5. 3 and 4—i. 

2. 2—8iand1+4i. 6. —5iand 6427. 
3. 2+47 and 5—7. 7. —3+4iand +5. 
4. —6+2i and —4—7i. 8. +5—S3i and —4z. 


214. Graphical Represen- 
tation of Subtraction of 
Complex Numbers. In the 
adjoining diagram, if M 
represents the number 
a+ bi, then M' represents 
—(a+ bi), for M' repre- 
sents the number — a— Di. 

To subtract (a + d2) from (¢ + di), one may add —(a +d?) to 
(c+di). To represent this difference graphically : 

1. Locate M representing a+ bi 
and M' representing — a — bi. 

2. Locate NV representing 
c+ di. 

3. Draw from WX a line 
equal and parallel to OM’, 
thus locating &. This con- 
struction represents adding 

—(a+bi) to (c+di). (§ 213.) 

4. R represents (c+ di) 
(a+ bi). 
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EXERCISE 115 


1-8. Represent graphically the result of subtracting the 
second number from the first number in Examples 1-8 of 
Exercise 114, 


215. It is possible to represent graphically other operations 
with complex numbers, but such topics are beyond the scope 
of this text. 


XX. EQUATIONS IN THE QUADRATIC FORM 


~ 216. An equation is in the quadratic form: 

1. if it has three terms; 

2. if two of the terms contain the unknown number; 

3. if the exponent of the unknown number in one of these 
two terms is twice its exponent in the other. 


Norse. The unknown number may be an algebraic expression. 


3 
> 


_8 
—224%4-—3=0. 


Exampe 1. Solve the equation 16 a 


3 
2 


-8 a 
Sotution: 1. Let y =~ # and therefore y? = « 2. 
2. Hence the equation becomes 16 y? — 22y—8=0. 


3.  SytD@y—3)=0. 
= YS horyads 
that is hoe =-}, or ae = =. 
5. From ok gS VELA. 
1 1 
Sle S/n ee ee 
Ns CLD Eis iW SEMORE Siege 


ERO rs 
Gy * 
There are also two imaginary roots, obtained by taking the fourth powers 
of the two imaginary cube roots of (—+#). (§ 95.) 


If the principal cube root (§ 117) of — 3 is taken, « = 


6. From at = 3, at =V (3). 
Dis if ire 1 3 
gc V3 4 20> V3 4 or“z= = 2)4, 
( 3) ’ x ( $) ’ (3/3) ( ¥) 


«% again has one real value and two imaginary values. 
Altogether there are 6 roots for the equation; the principal roots are 
16 and (V2)4. 
224 
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EXERCISE 116 
Solve the equations: 


1. 2 — 29 o =— 100. 6. 2s °— 35 s-*+ 48 =0. 
2. 27 a + 46 2° 16=0. 6 he2 Tayi 

8. 16 2 — 33 2t— 243 =0. 8. 29+33 2? = —32. 

4. 16109454322" =0. 9. a —10a8+9=0. 

5. 8a2414e71=5. 10. 24+3-Va = 27. 


217. An equation may sometimes be solved with reference 
to an eapression, by regarding the expression as the unknown 
number. 


ExAmMpte 1. Solve the equation 
2 —62+5Va—6a+ 20 =46, 


Soxution: 1, Let y = V2? — 6 x + 20, 
and therefore , y? = x? —6u + 20. 


2. The equation becomes 


y2+5y = 66, or y27+5y—66=0. 


3. “. (y+11)(y—6)=0, or y=—11 and y=6., 
4. When y =6, Va? —624+20=6. 


~. 2%—6a2+ 20 = 36, «2 --62—16=0. 
a (e— 8) Gp 2) = 0) or ci 8 andtn— 2, 
5. When ee ran Pee eh 
. 2%—6e+ 20 = 121, or 2? —62—101=0. 


poe SEES Df 8 VH0 6 4 2YN0 9 4 VIO. 


Nore. If y, or V2?—6%+ 20, is restricted to the principal root, 
these last two values are not admissible. 
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EXERCISE 117 
Solve the following equations : 
1. (2a°—3 2@)*— 8(20?—32)=9. 
(Hint: Let y =2 x? — 38-2.) 


2. 5404+124+5Vde4+12=—4, 
(Let y=V5x% + 12.) 


i — Bote (Ze oO) WG 
Par a cae 


(Let y ===>.) 
\ 22 


4. 3e¢+a+5V3e+2+6=30. 


2 lian.) eo Oe 
6. 2+7Ve—4e4+11 =4 2-23. 


Te m—3m—3=mM—3 m—23. 


f@—5t+1 #—-2t4+2 8 
en a ee Se ee es 


9. 2P+4r4vVrP4+2r—38=9. 
10. &?+14+Ve—8¢e+37 = 8(c +12). 
11. 25(@ +1) —15(@ +1)? =— 2. 


FES 3 
12. yi8- PRCT 


XXI. THE BINOMIAL THEOREM (Continued) 


218. The Binomial Theorem was formulated in general 
form (for positive integral exponents), in § 179, after special 
cases of the general theorem were exhibited. The theorem 
was not proved; it was arrived at by the process of pure 
induction. 


219. Proof of the Binomial Theorem for Positive Integral 
Powers. Assume, as in paragraph 179, that 


7)"— qr a n(n—1) n—2y2 n(n—1)(n—2) n—3, Se 1 
(a+e)"=a"+na*le + Ws 0 + eee an—Sy8 +. (1) 


Multiply both members of (1) by a+a. Then 
(ata)ra=anth+nare+ A Sat am an lye + BF =O 2) a ne 2) gn—%8 + 


1) Q”—2y3 eee 


n n(n — 
ax = arly? + 


*. (@+x)"tH=a"tl+ (n+1)a"e+ nf +1 art? 


sett BS et |e tats - 


1-2 


=a+(n+laatn. DET gta? LM ee nahn 7aB 4 ose 


= anth+ (n+ 1)a"e+ (nt) get + oat : (RE) an ta8 + ae 


It will be observed that the expansion on the right is in 
accordance with the rules of § 179. This proves that if the 
rules of § 179 are assumed for any particular positive integer, 


n, they hold true, also, for the next greater integer, n +1. 
227 
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But the rules are known to be satisfactory in the case of 
(a+); hence they hold for (a+«)*. Since they hold for 
(a+~)*, then they hold also for (4+ .)*; and so on. 

Therefore the binomial theorem is true for any positive 
integer. 


Nore. The above method of proof is known as mathematical induction. 


220. Fractional and Negative Exponents. In the expan- 
sion of § 219, if is a positive integer, there is ultimately 
a term (the (n+2)nd), for and after which the coefficient 
EN SO is pote: 

eerste se 

When v is a negative integer or a fraction, there is no term 
for which the coefficient is zero. Hence the terms continue 
indefinitely. The resulting expansion has an infinite number 
of terms. 

In this case also, the expansion on the right in § 219 has 
asum, and this sum is (a+) for any rational (§ 112) value 
of n, provided the absolute value of @ is greater than the 
absolute value of x This theorem is proved in a more ad- 
vanced course in mathematics. 

Assuming the theorem, the following examples may be 
solved: 


Exampte 1. Expand (a+ vs to four terms. 


So.urion: 1. Substitute 2 for m in the formula. 


SS, (a+a)$ = ab+ eat Tey iG—D a 724 1G DG?) gi *ee4 see 


ape 


=ats2 3% e+ HOD 4 ~Fy24 Moen. a eres 
2 ee 4 = 
=ae+2a te—ha Sy2+ 4 a 393 4 ase 


EXAMPLE 2. Find the 7th term of (a—3 a hy, 


Sorution: 1. The 7th term may be found by applying the rule in 
§ 180. 
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2. Substitute (— 3 x8) for x, and (— 4) for n. 


The exponent of (—8a *) is 7 —1 or6. 

The exponent of a is —}— 6 or —1. 

The denominator of the coefficient is 1-2.8-.4.5.6. 

The numerator of the coefficient is (—+)(—4-—1)--- until there are 
six factors. 

Hence the seventh term is: 


Bais: —8 
(a *)(~ Barbe 


EXERCISE 118 
Find the first four terms of: 


1 


1, (a+ a)’, 5. ears 
9 . 
“acts 6. (a? + 20)%. 
3 
3. (L—#)*. 7. (—4 a})?, 
4.5 4a— b. : f 


. (a +a)? . 
Vind the 


9. 6th term of (a+ x)), 13. 9th term of (a—2)~*. 

10. 5th term of (a—b)*. 14. 11th term of V(m+n)%. 

11. 7th term of (1+2)-". 15. 7th term of (a-?—2b)-2 

12.. 8th term of (1 —2)8. 16. 8th term of is 

(Cae 

221. Extraction of Roots. The Binomial Theorem may some- 
times be used to find the approximate root of a number which 
is not a perfect power of the same degree as the index of the 
root. 

Exampte. Find +/25 approximately to five decimal places. 


Soxtution: 1. The nearest perfect cube to 25 is 27. 
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2. 2. V9 = V2 —2 =[ (39) 4+(—-2)]? 


= (8°)? +4(38)~§(—2)—4(3%) 8 (—2)24 5, (38) 8( 28... 
DO eae Pe ee 

8.32 9.35 81.38 

= 3 — .07407 — .00183 — .00008 .-- = 2.92402. 


Rule. — Separate the given number into two parts, the first of 
which is the nearest perfect power of the same degree as the 
required root, and expand the result by the Binomial Theorem. 


EXERCISE 119 


Find the approximate values of the following to five decimal 
places: 


1Vi1T. 2. Vbin 3. Y60. 4. Vid=- 5. Y84 6. 35m 


XXII. PERMUTATIONS AND COMBINATIONS 


222. The letters a and b may be arranged thus: abd or ba. 

The letters a, b, and ¢ may be arranged two at a time thus: 
ab, ba, ac, ca, be, and cb. 

The different orders in which things can be arranged are 
called their Permutations. 


223. General Principle. If a certain thing can be done in m 
different ways, and, afterit is done, if a second thing can be 
done in » different ways, then the two things can be done in 
order in mn different ways. 

Exampte 1. One may go from a certain city to another by two dif- 
ferent railroads, and can go from the second city to a third by any one of 
three different railroads. Hence one can go from the first to the third 
city by 2 x 3 or 6 different routes. 

(Having made the first part of the trip in one of the two ways, the 
trip can be completed in any one of three ways, making three different 
complete routes ; similarly for the second way of making the first part of 
the trip. This makes altogether the six different complete routes.) 


224. The Permutations of n Different Things Two at a Time. 
Consider the m letters a, b, c,-+-. These are to be used to fill 
two places, a first place and a second place; as ca, where c 
oceupies the first place and a the second place. 

The first place can be filled by any one of the n letters; 
hence, in » different ways. Then, having filled the first place, 
the second place can be filled by any one of the remaining 
(n —1) letters; hence, in (n —1) different ways. 

Hence, the two places can be filled in n(m—1) different 
ways, according to the principle of paragraph 223. , 

225. The Permutations of n Different Things r at a Time. 


Consider again the n letters a, b, ¢,---. These are to be used 


to fill r different places. 
. 231 
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The first place can be filled by any one of the n letters; 
hence, in n different ways. 

The second place can then be filled by any one of the re- 
maining (n —1) letters; hence, in (n —1) different ways. 

Similarly the third place can be filled in (n — 2) different 
ways. 

Finally the rth place can be filled in n —(r —1) or (n—r+1) 
different ways. 

Then, according to the general principle of paragraph 223, 
the whole number of the permutations of the m letters taken 
r at a time is: 


n(n —1)(n — 2)(n — 3) ++ (n—7r +1). 


The number of permutations of n things taken 7 at a time is 
denoted by nP». Hence, 


nb, = n(n — 1)(n — 2)(n — 8) +» M—r +1). 


Notre. The product consists of factors starting with the number n 
and decreasing by 1 each time until the number of factors is 7. 


ExampiLe. How many numbers of three figures each can be 
made by using the nine digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if no digit 
is used twice in the same number ? 

Soturion: Each arrangement of the nine digits three at a time will be 


a different number. Hence, the whole number of numbers which can be 
formed is 9P3, or 9-8-7; that is, 504. 


226. Clearly ,P, = n(n —1)(n — 2)(n — 38) «-- (n—n +1), for 
r=n. 

Hence nbn = (nN —1)(n — 2)(n— 38) «3-2-1. 

The product 1-2-3 -+-(mn—1)(n) is denoted by the symbol 
n!, and is called “ factorial n.” 

Hence the number of permutations of n different things 
taken n at a time is n factorial. 


Exampte. The permutations a, b, and ¢ taken all at a time is 3.2.1 
or 6. The permutations are abc, acb, bac, bea, cab, and cba. 
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EXERCISE 120 


1, How many permutations can be formed with 14 letters, 
taken 4 at a time? 


2. In how many different orders can the letters of the word 
triangle be written, taken altogether ? 


3. A certain play has five parts, to be taken by a company 
consisting of 12 persons. In how many different ways can 
they be assigned ? 

4. How many different numbers of 4 different figures each 
can be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 if no digit 
occurs twice in the same number ? 


5. Solve the example formed by adding to the statement of 
Example 4 the words “and if each number is to begin with 1.” 


6. How many different numbers of 6 different figures can 
be formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if each num- 
ber is to begin with 2 and is to end with 9? 


7. How many of the numbers found in Example 6 have the 
digit 5 as one of their digits ? 


8. How many even numbers of five different figures each 
can be formed from the digits 4, 5, 6, 7,8? . 


9. How many different words of 8 letters each can be 
formed from the letters of the word ploughed, if the third 
letter must be 0, the fourth uw, and the seventh e? 


10. In how many ways can a teacher arrange 6 boys in the 
6 front seats of a class room ? 


227. The Permutations of n Things taken all at a Time if the 
Things are not all Different. 

Special Case. Consider the distinguishable permutations of 
a, a, and 6, taken all at a time. They are aab, aba, baa. If 
now the two a’s are replaced by a, and a, respectively, the 
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distinguishable permutations are: ,d,), Gb, Abd, a,b, 
bad, and ba,a, From each of the original permutations, two 
new permutations are obtained. The result is the same as the 
permutations of 3 letters, all taken together. 

General Case. Let there be n letters, of which p are a’s, ¢ 
are b’s, and r are c’s, the rest being all different. Let WV be 
the number of different permutations of these letters taken 
all together. 

Suppose that, in any particular permutation of the n letters, 
the p a’s are replaced by p new letters all different, and differ- 
ing also from the remaining letters. Then by permuting these 
p letters in all possible ways, without changing the positions 
of the remaining letters, p! permutations are formed from the » 
original particular permutation. (§ 226.) 

If this is done in the case of each of the YW original permuta- 
tions, the whole number of permutations will be V x p!. 

Again, if, in any one of these V x p! permutations, the g b’s 
are replaced by gq letters all differing from each other and dif- 
fering also from all of the remaining letters, then by permut- 
ing the g 0’s in all possible ways, without changing the order 
of the remaining letters, g! permutations are formed from the 
original permutation. If this is done in the case of each of 
the Nx p! permutations, the whole number of permutations 
resulting is Vx p! x q!. 

In like manner, if, in each of the Vx p! x q! permutations 
the r c’s are replaced by 7 new letters, all different and differ- 
ing from the remaining n letters, then, by permuting them in 
all possible ways, 7! new permutations are formed from each. 
The total number of permutations is Vx p! xq! xr. 

The original n letters have now been replaced by n letters 
all different. The resulting permutations are the permutations 
of n different letters n at a time; this is n!. 

Hence Nx pT eg) ep eset 

n! 


Or, N = ——______,, 
pixghn! 
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Exampie. How many permutations can be made from the 
letters in the word Tennessee, taken all together ? 


So.ution: 1. There are 4 e’s, 2 n’s, 2's’s, and 1¢. 


2. « wa_9! _1-2-8-4-5-6-7-8-9 


= = =5-6.7-2-9 =3780. 
412121 1-2-3-4-1-.2-1.2 : i? 


EXERCISE 121 


1. In how many different orders can the letters of the word 
denomination be written ? 


2. There are 4 white billiard balls exactly alike, and 3 red 
balls, also alike. In how many different orders can they be 
arranged ? 


3. In how many different orders can the letters of the word 
independence be written ? 


4. How many different signals can be made with 7 flags, of 
which 2 are blue, 3 red, and 2 white, if all are hoisted for each 
signal ? 

5. How many different numbers of 8 digits can be formed 
from the digits 4, 4, 3, 3, 3, 2, 2,1? 


228. The Combinations of things are the different collections 
which can be formed from them without regard to the order 
in which they are placed. 

Thus, the combinations of the letters a, b, c, taken two at a time, are 
ab, be, ca; for though ab and ba are different permutations, they form 
the same combination. 

The number of combinations of n different things taken r at a time is 
usually denoted by the symbol ,C,. 


229. The number of combinations of n different things taken r 
at a time. 
The number of permutations of n different things taken r at 


a time is n(n —1)(n—2) «++ (n— 7 +1) (§ 225). 
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But, by § 226, each combination of 7 different things may 
have r! permutations, 

Hence, the number of combinations of n different things taken 
y at a time equals the number of permutations divided by 7!. 


n(n —1)(n— 2) (mn —r7 tl 
Oi ( ) = “ep (3) 
230. Multiply both terms of the fraction (3) by the product 


of the natural numbers from 1 to n—~+ inclusive; then 


pe ie Lye: A NCEA n! 
oC, r!x1-2+-(—r) riin— ry!’ 


That is, 


n 


which is another form of the result. 


231. The number of combinations of n different things taken r 
at a time equals the number of combinations taken n — rat a time. 


For, for every selection of r things out of n, we leave a selec- 
tion of n — r things. 


The theorem may also be proved by substituting n — r for r, in the 
result of § 230. 


Exampte 1. How many different combinations can be 
formed with 16 letters, taking 12 at a time? 


Soxution: By § 231, the number of combinations of 16 different things, 
taken 12 at a time, equals the number of combinations of 16 different 
things, taken 4 at a time. 

Putting n = 16, r = 4, in (8), § 229, 

16-15-14. 
Oe 6-15-14. 18 


= 1820. 
Pees eet 


Exampie 2. How many different words, each consisting of 
4 consonants and 2 vowels, can be formed from 8 consonants 
and 4 vowels ? 


The number of combinations of the 8 consonants, taken 4 at a time, 1s 


B 
aaa ; x or 70. 
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The number of combinations of the 4 vowels, taken 2 at a time, is 


Any one of the 70 sets of consonants may be associated with any one 
of the 6 sets of vowels ; hence, there are in all 70 x 6, or 420 sets, each 
containing 4 ccnsonants and 2 vowels. 

But each set of 6 letters may have 6!, or 720 different permutations 
(§ 226). 

Therefore, the whole number of different words is 

420 x 720, or 302400. 


EXERCISE 122 

1. How many combinations can be formed from 15 things, 
taken 5 at a time? 

2. How many combinations can be formed from 17 things, 
taken 11 at a time? 

3. How many different committees, of 8 persons each, can 
be selected from 14 persons ? 

4. There are 5 points in a plane, no 3 being in the same 
straight line. How many straight lines are determined by 
them ? 

5. How many different words, each having 5 consonants 
and 1 vowel, can be formed from 13 consonants and 4 vowels ? 


EXERCISE 123 
Miscellaneous Examples 

1. There are 11 points in a plane, no 3 in the same straight 
line. How many different quadrilaterals can be formed, hay- 
ing 4 of the points for vertices ? 

2. From a pack of 52 cards, how many different hands 
of 6 cards each can be dealt ? 

3. How many different numbers of 7 figures each can be 
formed from the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, if the first, 
fourth, and last digits must be odd numbers ? 
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4. Out of 10 soldiers and 15 sailors, how many different 
parties can be formed, each consisting of 3 soldiers and 3 
sailors ? 

5. Out of 3 capitals, 6 consonants, and 4 vowels, how many 
different words of 6 letters each can be formed, each beginning 
with a capital, and having 3 consonants and 2 vowels ? 


6. How many points of intersection are determined by 6 
straight lines if no 3 of the lines pass through the same point, 
and if no 2 are parallel ? 


7. How many different words of 8 letters each can be 
formed from 8 letters, if 4 of the letters cannot be separated ? 


8. In how many ways can a committee of 2 teachers and 
3 students be selected from 5 teachers and 10 students ? 


9. In how many different ways may 10 students be seated 
in 15 seats? (Leave result in factored form.) 


10. How many games will be played in a baseball league 
of 8 teams if each team plays 10 games with each of the other 
teams ? 


11. How many signals can be made with 1 red, 1 white, 
and 1 blue flag, using them either 1 at a time, 2 at a time, 
or all together, if the order in which the flags are shown con- 
stitutes a part of the signal ? 


12. In how many different ways can a captain of a baseball 
team arrange his batting list of 9 men if he wishes certain 
3 men to bat in the order 1, 4, and 7 ? 


13. How many different multiplication facts are involved 
in the multiplication table from 1x1 up to 9x9, if (for 
example) 5 x 4 and 4 x5 are considered one fact ? 


XXIII. DETERMINANTS 


232. The symbol is called a determinant. Its value 


is defined to be 3-7 —2-4, which equals 21 — 8, or 13. 


3.4 
2 


in general is called a Determinant of the Second Order 


and is defined thus: 


c 
= ad ~be 
d 


The numbers a, b, c, and d are called the elements of the de- 
terminant. 
Clearly, any difference such as *s— mn may be arranged as 


: rn 
a determinant: thus 7s — mn = 


m s| 
Exampve 1. |2 —5| 2.3 ~4(—5)=6 +20 =26 
; \4 +3 


2 6 


)XA} A 26—15=2.18—3-5= ‘ 
EXaMPLe 2 \3 18 


EXERCISE 124 
Find the values of : 


¥ 6 BL ee a OR oe ae 2m —p 
ae 2 6 9 2 6 2n , 
2 |? oer 3 —4|. eal 3a Ad]. 
p=7| | a” 7 2c ca. 
Express as determinants : 
9. mn— xy. 11. 33—14. 13. cd+ pq. 
10: 2abi—ced. 12. 6c—5bd. 14. 3mn+27rs. 


239 
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233. Determinants make it possible to solve simultaneous 
linear equations by inspection. Solving the following pair of 
equations, 

ax + by =c | 
dx+e=f J s 


ce — of oe _af—ce. 


7 b= a! Y= Ge — bd 


cond a ¢ 
NSPS eC ee 
Kea: and y=) AI" 

d e ‘a e 


Notice that the two solutions may be expressed as the quo- 
tients of determinants whose terms are the coefficients of the 
equations. 


Rule. — To solve two simultaneous linear equations having two 
unknowns by determinants : 


1. Arrange the equations in the form: { poli: Sal a 

|dx + ey =f. 
2. The value of x is a fraction: its denominator is the deter- 
a 
d 
tor is the determinant obtained by replacing the coefficients of x in 
the denominator determinant by the corresponding absolute terms, 
e 6 
f e 


3. The value of y is a fraction with the same denominator as x; 
its numerator is the determinant obtained by replacing the coeffi- 
cients of y in the denominator determinant by the absolute terms, 
Ganc 


d f 
Exampie. Solve the pair of equations: { 2u—5y=—16. 


(se+Ty=5. 


minant formed by the coefficients of x and y, 


Ohne 
; its numera- 
e 
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—16 —5 
SoLuTion: x= S : en ea ee ee eT ae 
| 2—5| 2-7—8(—5) 14416 29 
See Wz, 


9 

3 5| _ 10—3(— 16) _10+48_58_, 
2 —5| 2-7—8(-—5) 14415 29 ~~ 
: 7 


Cueck: In (1): Does 2(—3)— 5(2)=— 16? Does —6—10=—16? 
Yes. In (2): Does 3(— 3)+7(2)=5? Does—9+14=5? Yes. 


EXERCISE 125 


Solve the following equations by determinants: 


: 6a+5y= 28. 5 (eear 27=— 4, 
" (4e4+ y=14. ; ' 169—d1 r= 45, 
9 f Ta—9y=15. a SS ee 
06 y ait. \4r—5s8=—7. 
2 (8e—4y=—11. 
Mp ec =), la Bicwuplls hie 
eo 8m—15v=18. 8 (ma — ny = mn. 
; 112 m+ 6v=—11. mle + nly = min, 


234. Determinants are especially useful in solving simul- 
taneous linear equations with more than two unknowns. 


Gar nde ag 
(oe 10 
Cy Cy 


is called a determinant of the third order. Its value is defined 


to be: 
Ay DoC3 + Ag 30, + AyCah, — C,D.A3 — Dy AgC3 — A030. 
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The adjoining diagram aids in recalling this 
value. Take the product a,becz along the di- 
agonal and add to it the two products tormed 
by starting with a2 and az respectively and fol- 
lowing the arrows which point in the direction 
of this diagonal; then subtract the product 
¢1b2a3 along the other diagonal, and also sub- 
tract the two other products formed by starting 
with 6; and a; respectively and following the 
arrows which point in the direction of this 
second diagonal. 


» ae ae 
Examete. |4 7 3/=1-7-64+5-3-2+4+2(—3)-4 
2 —3°6 =—2.7-0-4-6-6—123-( 5) 
= 40 50 ok 26 — 19) 
= OT. 


EXERCISE 126 
Find the values of: 


ay GD es ade 2- 2 3 

iby PS ae Dalle Ye ay = Bh Be a ea Saale) 

By ee ak ie 35 | 5 —6 2, 
[Se+y—z2=14. 


4. Solve the equations: e+3y—z2=16. 
e+y—3z=—10. 


Sotution: A rule similar to that of § 345 applies for linear equations 
with more than two unknowns. Hence: 


Lab 
38-1 

1 —3 

5 ae al 

| 5 
1 


= 196. 4-10. — 16 50 a 1 oe 


= = = 
= OF a at ORG — 20 


—1 
—3 
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tg 14] 


(8 14 -—1{ 3 
2 16 <3} Le Si? 4 
Eid om Sl ys F90 be olen FOG 2140 
Tt = - = alle 
ral 1 te yi) ; 3° 11 E00 ‘ 
1 a | a ee 
j1 | ee ir 3 


Cuecx: The solution checks when substituted in the three equations. 


Norse. The equations must be arranged first in the form ax+by+cz=d. 
Thus the equation 2x —38z=7 would be written 22+0y—382=7. 


Solve the following equations by determinants : 


[ @+ y— #2= 24. 4ea—3y=1. 

5. ;4a+3y— 2=61. 8. }4y—32=—15. 
6%—Sy— z=11. 4z—3%=10. 

, poe yt4z2=—5. 9e+5z2=—7. 

6. {3a+5y+ 6z2=— 20. % 33e+5y=1. 
| #@+3y—82=— 27. 9y+32=2. 
‘da—5b—6c= 22. 2e+5y+32=—-7. 

(joie a 7) eee oe Oe ee eee 10. | 2y—4z2=2—32. 
{9a aE ie wh 5e+9y=5472. 


DETERMINANTS OF ANY ORDER 


235. If the numbers 1, 2, 3, 4, 5, --- m are arranged in any 
other order, each instance when a greater number precedes a 
less is called an Inversion. 

Thus, for the numbers 1, 2, 3, 4, 5, the arrangement 51482 has 7 inver- 
sions: 5 before 1, before 2, before 3, and before 4; 4 before 3, and before 


2; and 38 before 2. 
Ay, Ae Ag ** Ay 


236. The symbol 
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elements, each row consisting of n elements is a Determinant 
of the nth Order. 
Nore 1. The first number of the subscript of an element denotes the 


row in which the element lies, and the second denotes the column. Thus, 
a35, read ‘‘ a-three-five,’’ is in the third row and fifth column. 


237. Definition of the Value of a Determinant. 


1. Form all possible products of the elements of the deter- 
minant, such that each product shall have as factors one and 
only one element from each row, and one and only one from 
each column. 


2. Arrange the elements in each product so that the first 
subscripts are in the order 1, 2, 3, --- n. 


3. Make the product positive or negative according as the 
number of inversions in the second subscripts is even or odd. 


1 «G2 13 
Thus, [@21 @22 23| = @110 22033 — 11423032 — @12021033 + G12A23031 
31 32 gg| «4132132 — A13@2041. 


Nore 1. This value agrees with that found as in § 234. 


Norse 2. The elements lying in the diagonal joining the upper left 
hand element with the lower right hand element form the principal diag- 
onal. The product of these elements is always positive. 


238. Consider any term of a determinant of the fourth 
Order, AS Ay4A433%49. The number of inversions in the second 
subscripts is 4, an even number. Consider any other arrange- 
ment of these factors ; as, Gs%yQq4o,. The total number of in- 
versions among the first and the second subscripts is 8, again an 
even number. 

In general, if the number of inversions for any arrangement 
of the elements in a term of an expanded determinant ts even, the 
number of inversions remains even for any other arrangement of 
the elements in that term; similarly, if the number of inversions 
is odd, tt remains odd. 
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(a) As a consequence of this fact, the expansion of a deter- 
minant may have the elements of each product arranged so 
that the second subscripts are in the order, 1, 2, 3, -+-, n, giving 
each product the plus or minus sign according as the number 
of inversions in the first subscripts is even or odd. 


Thus, 
11422033 — G11 23432 — A12M21A33 + A12023031 + A13H21A32 — A13422A31 
may be written 
11% 292033 — A11G32023 — 2101233 + A31A12023 + A21d32013 — 31422013. 


Examination will show that the signs are correct. 


(6) A second immediate consequence is that the elements 
of each product may be arranged in any manner, provided the 
sign of each term is determined by the total number of inver- 
sions among both the first subscripts and the second subscripts 
of the term. 


PROPERTIES OF A DETERMINANT 


239. A determinant is not altered in value if its rows are 
changed to columns, and its columns to rows. 


Thus, it will be proved that 


M1 2 13 1 Ge 31 
@21 G22 Ge3|=)|12 22 M32) 
d31 «32 «33 Q13 G23 33 


Proor. The second subscripts of the first determinant are 
the same as the first subscripts of the second determinant. 
The number of rows and columns in each is the same. If 
the first determinant is expanded by the rule in § 237 and 
the second by the remark (qa) in § 238, the results are the 
same. 


Thus, the determinants are respectively : 


4122033 — 011023032 + 12023031 — A12M21033 + 13021032 — 13022031 
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and 
11022033 — 411432023 — A21012033 + G21032013 + 31912023 — 031422013. 


These are equal except for the arrangement of the elements in the 
terms. 


240. A determinant is changed in sign if any two consecu- 
tive rows, or any two consecutive columns, are interchanged. 


Thus, it will be proved that 


M1 12 13 M1 G@i2 13 
da, Ge2 G23| =— | 31 32 433° 
431 G32 G33 Qo. G22 23 


Proor. Consider any term of the first determinant; as, 
Aytnds The sign of this term in the first determinant is 
minus, as there is one inversion. 

This same term occurs in the expansion of the second de- 
terminant, as the term has one and only one element from each 
row and each column, and the rows and columns of the second 
determinant are the same, except for order, as those of the 
first determinant. In fact, this term is the product of the ele- 
ments printed in black type. 

AyoAnMss, Considered a term of the second determinant ex- 
panded according to the remark (b) of § 238, has the same 
inversions among its second subscripts (3) as when it is 
considered a term of the first determinant. Its first sub- 
scripts (43) show one inversion, namely 2 before 3, as the 
proper order of the rows in the second determinant is 132. 
Hence there is one more inversion among the subscripts in 
this case, making two, and hence the sign is plus. 

In a similar manner, it may be proved that every term of 
each of the determinants is also a term of the other determi- 
nant if the sign of the term is changed. This proves the the- 
orem stated. 


241. A determinant is changed in sign if any two rows, or 
any two columns, are interchanged. 
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Thus, it will be proved that 


1 «32 38 
G21 G22 a3 
Qi G2 aig 


Qi G2 a3 
G21 22 23 
Q31 «32, 33 


Proor. To change the first determinant into the second, 
interchange the first row and second row of the first determi- 
d Gz, Agn — Agg 
nant, getting the determinant |a@,, a. ;/, and then inter- 
3, Ag. Ag 
change the second row of this new determinant with the third 
Gy xg, gg 
row, getting |d,, 3. 433. Now interchange the first and 
Gy Ae Ag 
second rows of the last determinant, and the desired determi- 
G3, gg, 3 
Ay, Gog + o3| 18 obtained. 
es Ayn Ay 


nant 


All together three interchanges of consecutive rows have been 
made. Each causes a change in the sign of the determinant. 
The resulting determinant is the negative of the given deter- 
minant. 

A similar proof may be given for a determinant of any 
erder. 


242. Cyclical Interchange of Rows or Columns. It will be 


proved that 
ny Ong *** Any 
G1 Ayn *** A, 


Gz, Asn v+* As 
Cs, Ag: *** Ann} — (-)°»? runic wow stieen' (5 
Ant 9 ore Onn 


Ay, Ang 2 @ 
" a4 Ay, Ayn *** Ayn 


Proor. The first row has been made to occupy the position 
of the nth row. This may be accomplished by interchanging 
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the first row with the second, then with the third, and so on 
up to the vthinclusive. This makes all together (n—1) inter- 
changes of adjacent rows, and causes (n—1) changes in sign of 
the determinant. Hence the fact stated above is true. 


243. If two rows, or two columns, of a determinant are 
identical, the value of the determinant is zero. 


Proor. Let D be the value of the original determinant hay- 
ing two rows identical. 

If these two rows are interchanged, the value of the result- 
ing determinant is —D (§ 241). But the two determinants 
are actually identical, since the rows that were interchanged 
are identical. 

Hence D=—D,or2D=0. Therefore D=0. 


244. If each element of one row, or of one column, is a bi- 
nomial, the determinant can be expressed as the sum of two 
determinants. 


Thus, it will be proved that 


b1 a2 Ms 
bz G22 a3 
bs G32 Ass 


bit, Giz a3 
DetCe Ao22 Ay3 
b3t+C3 Ase Ass 


Cy G2 sg 
C2 22 93 
Cg G23 38 


+ 


Proor. Each term of the first determinant is the product 
of a binomial from column one and a monomial from each of 
the other columns. 

Consider (0,+€)dd33. This equals 0,Ay.@33-+-¢,Ay033. ~The 
result is obviously the sum of the two corresponding terms of 
the other two determinants. 

In a similar manner, it may be proved that each term of the 
first determinant is the sum of the two corresponding terms of 
the other two determinants. Hence, the first determinant is 
the sum of the other two. 


Nore. If any column, or any row, consists of the sum of n terms, 
then the determinant may be expressed as the sum of n determinants. 


es ee ey a 
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245. If all of the elements in one row, or in one column, 
are niultiplied by the same number, the determinant is multi- 
plied by that number. 


Thus, it will be proved that 


aur ay 3 a1 G2 8 
Gar deg G23} = 1 \do, Meo Aes]: 
a3ir 32 33 a1 Azz, A338 


Proor. Since each term of the expanded determinant on 
the left contains one and only one factor from the first column, 
each term must have one and only one factor vr, Hence 7 is a 
common factor of the terms of the determinant. This proves 
the theorem. 


246. If all of the elements of one column, or of one row, of a 
determinant be multiplied by the same number, and either added 
to or subtracted from the corresponding elements of another 
column, or row, the value of the determinant is not changed. 


Thus, it will be proved that 


Qyitkar 12 ds 1 M2 Gis 
d21+kde3 22 Ges| = |Ge1 deo 28 |- 
d3itkasz, dso 33 Q31 32 33 
Proor. 
Ay thy; Mh, Ns Gy, Ayn yg kay; Gh. hs 
| Aa + Kays Gon ng | =| An, Ang gg | + | Kays Aon Ong | (§ 244) 
| Ay +KA33 Azo gg As, Ago Aga | Hedlsg Ag. ga | 
My, Ay Ayg M3 Ay, Chg 
| Gy nn ag | +H] ng ay ag (§ 245) 
31 32, gg 33 zn — 3 | 
Ay, Ay Ag 
| oy Gop ag | + & - 0. (§ 243) 
Gs, Azz 133 


This clearly proves the theorem. 
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247. Minors. If the elements of the row and of the column 
of a determinant, in which any particular element lies, are 
omitted from the determinant, the resulting determinant is 
called the Complementary Minor of that particular element. 


Thus, in is the complementary minor of doe. 


For brevity, the complementary minor of a. is denoted by 
A»; in general, of a,,, by A,,- 


Nore. If the given determinant is of order n. the complementary 
minor of one of its terms is of order (n — 1). 


248. The coefficient of a,, in the expansion of 


Ay, Ayo #0 Ay, Ag2 Ang *** Con 
An Agg *** Gon | . P Azo gg *** Asn 
is Ay; 1.€. 

Ant Ang Gan Ano Ag *** Any 


Proor. The absolute value of the terms which have the 
element a,, as a factor are obtained by forming in all possible 
ways the products of a, by the other elements of the deter- 
minant, subject only to the restriction that there shall be one 
and only one element from each row except the first, and one 
and only one element from each column except the first. 
From this, it is evident that, except possibly for their signs, 
the coefficient of a,, may be obtained by forming all possible 
products of the following elements taken (n—1) at a time, 


gg Ang ++" Ay 


n 


32 zg s+ Og 


nm 
’ 


Anz Ang *** Van 
subject to the restriction that each product shall have one and 
only one element from each row and each column. 


The sign of any term of the original determinant containing 
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a, 18 determined by the inversions of the remaining factors 

of the term, if the term a,, appears as the first factor of the 

term. (§ 237.) But this sign will be exactly the sign of the 

corresponding term of the determinant A,,. Hence the coeffi- 

cient of a,, is A). 

249. Coefficient of Any Element of a Determinant The co- 

UM, Ay Ag 

efficient of a. of the determinant | a dy. @a3| is (— 1)?**.4,. 
As; G32 Ass | 


Proor. 1. By two interchanges of consecutive rows, the 
last row of the given determinant may be made the first; then 


Ay, Ay Ay 31 Aza gg : 
a 2 | 

Ay, Ang = Agg | = (— 1) Gy, Ayo yg |. (§ 240) 

| Az, Ase 33] Cp, Ang Agg 


2. By interchanging the first two columns of the last deter- 
minant, the second column may be made the first; then, 


My, Ay Ag 3 3, 33 
Ay, Aag Ag} = (—1)8 |G. Ay 4s). (§ 240) 
G33 zn gg Cs, Ag, gg : 


3. Hence the expansion of the first determinant may be ob- 
tained by considering the expansion of the second determinant 
of step 2. 


- Gig 
.. the coefficient of a, is (— 1)' eae (§ 248) 
Cg, gg 
4, But pa ae is the minor A, of the given determinant. 
An, Ag 


Note also that (— 1)? is the same as (— 1)**, 

{(— 1)8+? is used as a matter of convenience in this case}. 

Then the coefficient of dj. = (— 1)**?A». 

Note that the exponent of (— 1) is the sum of the subscripts 
of the element. 
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This fact is a special case of the general theorem: in a 
determinant of the nth order, the coefficient of a,; is (—1)'t*A;;. 

Proor. 1. By (¢—1) interchanges of adjacent rows, the 
ith row may be made the first row. 

2. Then the original determinant D = (— 1)*"'D’, where D’ 
is the new determinant obtained in step 1. (§ 240) 

3. By (j—1) interchanges of adjacent columns, the jth 
column can be made the first. 

4, Then D=(— 1)'-"*7-1D”, where D” is the new determinant 


obtained in step 3. (§ 240) 
ay; Git Aja + ¥ hee Qin 
M11 G12 *** Ain Mj; G11 Gigs * + Ay 
A dq1 = gg «.- Ae pee dos Ge1 Geo +. * a: 
That is aN ast (-— Liti-2 7 2Qn 
Ant &n2 «++ Ann * * * * 
Qnj G1 An2 °° * a, 


Nore. The *’s indicate the places formerly occupied by the ith row 
and jth column, 


5. .*. the coefficient of a,;=(—1)**7?|. 


an a2 sterol a elete a 
= (— 1)*44,,. 
Norge. (—1)i+i=(—1)i+i-2, 


250. A determinant of the fourth order may be written: 
GM, Ae. Aygy Ay 
= Ay + (- 1) 2q5 Ay + (— 1) 2 Ai 
a (— 1) auAry 
cs a i AyAyy — Ayg Ay + Ay3Ai3 — O14 Ary (§ 249) 


gy Agg Ugg gy 


Qn, Ag = ng ling 
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Notice that the elements of the first row are multiplied by 
their respective minors and that the products have alternately 
the signs + and —. 

Similar expansions may be given for determinants of any 
order. 


251. Evaluation of Determinants. The theorems proved in 
§§ 239 to 250 make it possible to shorten the process of 
evaluating a determinant, especially of order higher than the 
third. 


ok wake 20 

. 1. “6 a4 hl 
ExamptE 1. Evaluate 4A @DA De BBV 

7 MS ei oe 


Soxrution: 1. Subtracting the first row from the last, twice the first 
row from the second, and three times the first row from the third, the 
determinant becomes by § 246, 


bf gS FS et Bee G 
ee er oo 
Re by § 245. 
Bet Bh ee ye 
ae eet fighting wt tg 


2. Subtracting five times the second row from the first, adding the 
second row to the third, and subtracting the second row from the fourth, 
the last determinant becomes 


0 3 23 fel, 
il DB aa eal f OGY: 
ae ; Sere 0 A31 —0 A § 250 
215 de Fy tae Ay a1 + 0 Asi a} ( ) 
0 1 5 —1 
= 75 23 11 
=— 2 Ayn =—2 5 —7 4}. 
1 be 7 


The object of all these changes is to put the given determinant into 
such form that all but one of the elements in one column (or one row) 


are zero. 
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In the last determinant, subtract five times the first column from the 


second, and add the first column to the last. Then 


toe 88. AG 3 38 8 
—2 Buake=37) A= —29 |e 6) 1 — 182.9 
1 b=) 1 0 0 


28°«8 
=-2 cca | 0° Ase + 0+ as | 
=— 2(342 + 256) =— 1196. 


Another method of solution is illustrated in 


ee a 
ExAMPLE 2. Evaluate|y 7? y}- a 
a ae 


Soturion: 1. If # is set equal to y, two rows are identical, and 


therefore the determinant vanishes. (§ 243) 
Hence (x — y) is a factor of the determinant. (§ 94) 
2. Similarly (y—z) and z—~ are factors. 
3. « is a factor, since it is a factor of the first row. (§ 245) 


Similarly y and z are factors. 

4. .:. the determinant = cryz(x — y)(y — z)(z—«). 

The determinant is of the sixth degree in a, y, and z. (§ 18) 
The factors found give an expression of the sixth degree, provided c is 


a constant. 


5. The leading term is zy?z3. This term will appear in the product of 


step 4, if c= 1. 


.*. the determinant = xyz(x — y)(y — 2)(2—@). 


EXERCISE 127 
Evaluate the following: 


(Sano 25 23 19 Lo gl eeal 
1. |28 35 40). Che ake al ie 5. [at aP et. 
21 26 30 21 17 14 ) 
Gy lsh alge UL ae are ao a6 
73, alate als; TRS h Aci Omeoale 6. |b c b+c)}. 
ale PAL 455 lean: ca e+a 
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. 3 oS 
Ss san 
Lee ox eee: 
DO 8 ae M4 
sOss nHoBVS 
sm DD (a oo I oe 
rar) a 
ae Bh 
mk & 19 NO tH OO 
morn © moO Hoi 
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(fei 2S: 
14°19 27 6 


1740 


6 15 


24 33 41 10/ 


15. 


9 


5 16 12 


mete 10-11) 
Ee atgawr On 12 


He 


64 15 


31 47 


—3 —2 0) 


5 


3-5 9] 


myn 2 


Zcynm 
ony mi 
mny @ 


610 4 2) 


i lpad ya ie a 
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XXIV. SUPPLEMENTARY TOPICS 
CUBE ROOT 


252. Cube Root of a Polynomial. By the binomial formula 
(§ 179), (a+b)?=a?+3 a’b43 ab?+b% Any polynomial which 
may be put in this form is a perfect cube. Its cube root may 
be found by inspection. 


Exampie. Find 7/8724 36 7? + 54 r-+ 27. 
SoLurion: 1. 873+3672+5474+27=(27)3+3(21r)?-343(27) .3?+3%. 


2. «, V8 + 367? 4 4dr +27 = 27438. 
Notice that ‘‘a’’ is 27 and ‘*b”’ is 3. 


Nore. If d is negative, the form is a3 — 3 ab + 3 ab? — 68, 


EXERCISE 128 


Find by inspection the cube roots of: 


1. 8a? +120e°+4+6e+1. 4.4060 A125 al 0S 
ae el 2g ora 04807 Cat) ar oy. 
3. 27 m®+1+ 27 m4+9 mm. ' 8 4 GP Zi 


253. The cube root, exact or approximate, of a polynomial 
may be found by a division process. 

The perfect cube polynomial a?+3a°b+3 ab? +b> may be 
put in the form a+0(8a+3ab+0’). This expression sug- 
gests the 


Rule. — To find the cube root of a polynomial: 


1. Arrange the polynomial according to the powers of some 
letter (§ 4, 7). 
256 
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2. Write the cube root of the first term as the first term of the 
root. Cube the first ‘term of the root and subtract it from the 
given expression. 


3. For the trial divisor, take three times the square of the first 
term of the root. Divide the first term of the remainder (step 2) 
by the trial divisor. Write the quotient as the next term of the 
root. 


4. For the complete divisor, add to the trial divisor three times 
the product of the new term of the root by the part obtained previ- 
ously, and also the square of the new term of the root. 


5. Multiply the complete divisor by the new term of the root 
and subtract the result from the remainder (step 2). 


6. Continue in this manner until the cube root or the desired 
number of terms has been obtained: (a) for the trial divisor, take 
three times the square of the part of the root already found; 
(b) divide the first term of the last remainder by the first term 
of the trial divisor for the new term of the root; (c) form the 
complete divisor as in step 4; (d) multiply and subtract as in 
step 5. 


Examprr 1. Find V8 0° —36 aty + 54 ay? — 27 


207—By 
Soxution: 1. a= V8 a5 =2 2. 8 «8 — 36 xty + 54 wy? — 27 
2. a =82°; subtract. 8 76 


8. Trial divisor: 3 a2 = 12 24. — 36 aty + 54 xy? — 27 y3 


b=— 36 xty + 12¢4=— By. 


Complete divisor: 8 a®#=12 x4 
8 ab =— 18 ay 
b2=9 y? 


8a2?+8 ab+b2?=122%:—18 e497 


4. Multiply by —3y. Subtract. —36 aty + 54 72y2 — 27 y8 
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ExampLe 2. Find */280°—54 242013 0'—9a°—27—6 @. 


x?—22—3 
Sotution: 1. a= Vee=22 xo—6 7°43 a+ 28 23—9 2? — 64 @- 
2. a® = 2°; subtract. xo 
8. Trial divisor: 8a2=324. —6%5~+32t=—24 |—62°+52t+28 x3 
Complete divisor : 3 a?=3 x 
8ab=—6 23 
b2=4 x? 
8a? + 8ab + 6b? = 8 xt—6 23 +4 x? 
4. Multiply by —2%. Subtract. —6 £5 +12 xt—8 x3 
5. Trial divisor: 3 a2=3(@—2 2)? =3 at—12 234 12 2?| —9 2#+36 2°—9 2? 54 
b=—9a'!+3 et=— 3. 
3 ab=3(a?—-2%)(— 8) =—-92?+182 
b?=(—3)? +9 
Complete divisor : 3 24—12 23 +3 72418249 
6. Multiply by —3. Subtract. 


—9at+36 23-9 9?—54 4 


EXERCISE 129 
Find the cube roots of: 
43 cd +3 cd? + a. 
P—37rs+3rs*—s*, 
a’ +-12 a‘b + 48 a7b? + 64 3B. 
27 m? +135 m?n + 225 mn? +125 v3, 
C637 Oat 4 a9 ot 6 og — 
8 a +36 a + 66 at + 63 a + 33.072 4+9a41. 
30 9? + 27 y§ +12 y— 45 yf — 8 — 35 i +. 27 7’. 
Ja? — 36 a 44° + 21 at —9 a? —8 — 49 a2. 


ote ap we 


254. Cube Root of an Arithmetical Number. The cube root of 
1000 is 10; of 1,000,000 is 100; etc. Hence the cube root of 
a number between 1 and 1000 is between 1 and 10; the cube 


root of a number between 1000 and 1,000,000 is between 16 
and 100; ete. 


SUPPLEMENTARY TOPICS 259 


That is, the integral part of the cube root of a number of 
one, two, or three figures contains one figure; of a number of 
four, five, or six figures, contains two figures; and so on. 

Hence if the given number is divided into periods (§ 62) of 
three figures each, beginning with the units’ figure, for each 
period in the number there will be one.figure in the cube root. 


255. The first figure of the cube root of a number is found 
by inspection; the remaining figures are found in the same 
manner as the cube root of a polynomial. 

Exampte 1. Find the cube root of 157464. 

Sorution: 1, 157464 has two periods: 157 464, There are in the 


cube root two figures, a tens’ and a units’ figure. 50 + 4 
2. 125000 is the largest cube in 157000. 157 464 
a@ = V125000 = 50, Place 50 in the root. 125 000 
Subtract. 82 464 
8. Trial divisor : 8 a? = 3(50)? = 7500 
b= 324+75=4+. Place 4 in the root. 
4. Complete divisor: 8ab=8-50-4= 600 
e=2= 16 
5. Multiply by 4. 8a?+3ab + 62? = 8116 | 82 464 


Rule. — To find the cube root of an arithmetical number: 
1. Separate the number into periods (§ 62) of three figures each. 


2. Find the greatest cube number in the left hand period; write 
its cube root as the first figure of the root; subtract the cube of the 
first root figure from the left hand period, and to the result annex 
the next period. : 


3. Form the trial divisor by taking three times the square of 
the part of the root already found and annexing two zeros. 


4. Divide the remainder (step 2) by the trial divisor and annex 
the integral part of the quotient to the root already found. 


5. Form the complete divisor by adding to the trial divisor three 
times the product of the new root figure by the part of the root 
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already found, with one zero annexed, and also the square of the 
new root figure. 


6. Multiply the complete divisor by the new root figure and 
subtract the product from the remainder. 


7%. Continue in this manner until the cube root or the desired 
number of decimal places for the root has been obtained. 


Note 1. Note 1, p. 68, applies with equal force to the above rule. 
Nore 2. If any root figure is zero, annex two zeros to the trial divisor 
and annex the next period to the remainder. 


Examere 2. Find the cube root of 8144.865728. 
The solution may be arranged as follows : 
20.12 
8 144.865 728 
8 
120000 |144 865 
600 
1 
120601 | 120 601 
12120300 |24 264728 
12060 
4 
12132364 


24 264 728 


Since 1200 is not contained in 144, the second root figure is zero; we 
then annex two zeros to the trial divisor 1200, and annex to the remainder 
the next period. 


»KXERCISE 130 
Find the cube roots of the following numbers: 
1. 19683. 4. 2515456. 7. 187149.248. 
2. 148877. 5. 857.375. 8. 444.194947. 
3. 59.319. 6. 46.268279., 9. 788889.024. 
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DETACHED COEFFICIENTS 


256. Detached Coefficients. Solutions of examples in “long” 
multiplication and division may be abbreviated as in the fol- 
lowing examples. 


ExaMpre 1. Multiply 3a°+2a—4 by 3a—2. 
Soxurron : (0) 
822+0-474+2a-— 4 


Soxurion: (a) 
8a8+0-474+22" — 4 


8a —2 8a°—2 

9at+0-a23 +622 —124 9 +0 +6 —12 
—623 —0-22— 42748 — 6 —-0 — 4 48 

9at—6a? +622 —16248 9 —6 +6 —16 +8 


.”. Result=9 at—6 43 +6 2?—164+8. 


Note that in solution (0) only the coefficients are written 
in the partial and total products; that the multiplier and 
multiplicand are arranged in the same order of powers of 2; 
that 0 is supplied for the missing powers. 

Solution (6) is by “ detached coefficients.” 


Exampte 2. Divide 12 a°—25a—3 by 2a—3. 


SoLuTion: (a) 


SoLuTion : (0) 


6024+9a 41 Oe ae oe al 
2a—3/12a2+0-a2?—2a—3 2a—3|12 02+ 0—25a-—38 
12 a? — 18 @ 12 —18 
18 a2 — 254 18 — 25 
18 a?— 274 18 — 27 
2a—3 2 -8 
2a—3 2 —38 


“. Result =6a?+9a+1. 
Solution (0) is by “ detached coefficients.” 


EXERCISE 131 
Solve by detached coefficients : 
1-5. Examples 21-25 on page 12. 
6-10. Examples 16-20 on page 13. 


Note. The same device may be used to abbreviate addition and subtrac- 
tion exercises. 
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PROOFS OF THE RULES FOR THE DIVISIBILITY OF a" +i» 


257. In § 91, the rules for the divisibility of a* + b” were 
determined by inspection. These rules may be proved by 
means of the factor theorem. 


Proor or I, 1. If 6b be substituted for a in a" — bd", the 
result is 6" — 6b", or 0. Then, by § 94, a~— 6” has a—basa 
factor. ; 


Proor or I, 2. If — bd be substituted for a in a*— db", the 
result is (— b)”— 6”. When n is even, (— 0)"— b®» = b"— b" = 0. 
Then, by § 94, a"—b" has a—(—b) or a+ as a factor, when 
n is even. 


Proor or I, 3. If 6 be substituted for a in a*+ 6", the 
result is b"+0", or 2 6". This result is not zero unless 6 is 
zero. Then, by § 94, a” +b" never has a —0 as a factor. 


Proor or I,4. If —b be substituted for a in a*+ 6", the 
result is (—b)"+ 6". When v is odd, (—b)"+b"= —b"+b"=0. 
Then, by § 94,a"+ "has a—(—b)ora+b as a factor, when 
n is odd, 


258. The Highest Common Factor of Polynomials which can- 
not be Readily Factored. The rule in arithmetic for finding 
the H. C. F. of two numbers is: 


1. Divide the greater number by the less. 
2. If there is a remainder, divide the divisor by it. Continue 
thus to make the remainder the divisor and the preceding divisor 


the dividend, until there is no remainder. 


3. The last divisor is the H. C. F. required. 
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Exampie. Find the H.C. F. of 169 and 546. 


169)546(3 
507 
39)169(4 
156 
13)39(3 
39 


.. the H.C. F. of 169 and 546 is 13. 


A similar process serves for polynomials. 
Let A and B be two polynomials, the degree (§ 18) of A 
being equal to or greater than that of B. 


B) A(p 
Suppose that B is contained in A p times, Le B 
with a remainder C; that C is contained in ) fe 
B q times, with a remainder D; and that D a OG 
is contained in C exactly r times. ) A 
re 
0 
Then D is a common factor of A and B. 
Proof. Since dividend = divisor x quotient + remainder : 
A=pB+ C. Q) B=qC+D. (2) CmrD: 
Substitute the value of Cin (2) ; then, 
B=qrD+D=D(qr+1). (38) 
Substitute the values of B and C in (1); then, 
A=pDqr+1)+rD=Dpart+p tr). (4) 


From (3) and (4), D is a common factor of A and B, 
Further, every common factor of A and B is a factor of D. 
Proof. Let F be any common factor of A and B; and let 
A=mF and B= nF. 
Then: from (1) C=A-—pB=mF— pnF, (5) 
from (2) D=B- QC. (6). 
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Substituting in (6) the values of B and C, 
D=nF —q(mF — pnF)= F(n— qm + gpn). (7) 


Hence F is a factor of D. 


Then, since every common factor of A and B is a factor of 
D, and since D itself is acommon factor of A and B, it follows 
that D is the highest common factor of A and B. 

In applying the process to polynomials the following notes 
should be observed. 


Note 1. Each division should be continued until the remainder is of a 
lower degree than that of the divisor. 


Note 2. If the terms of one expression have a common factor which is 
not a common factor of the terms of the other expression, the factor may be 
removed, for it evidently cannot form part of the common factor of the two 
expressions. In like manner, any remainder may be divided by a factor 
which is not a factor of the preceding divisor. 


Norte 3. If the given expressions have a common factor which may be 
seen by inspection, remove it and find the H. C. F. of the resulting expres- 
sions. The result multiplied by the common factor that has been removed is 
the H.C. F. of the given expressions. 


Note 4. If the first term of the dividend, or of any remainder, is not 
divisible by the first term of the divisor, it may be made so by multiplying 
the dividend by any number which is not a factor of the divisor. 


Exampete 1. Find the H.C. F. of 
602 — 25 0°4+-14a@ and 6az?+1lar—10a. 


Soturrion: 1. Remove « from the first expression and a@ from the 
second. (See Note 2.) Then continue as below. 


6 a2 — 25a + 14|6 2? + 11% —10|1 
6a2— 254 +14 


Divide by 12. (Note 2.) 12|86 7 — 24 
Ba— 2|607—-25%+414)20—7 
6a2— 4a 


—21x%+14 
-. 8%—2isthe H.C. F. —21%+4+14 
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Exampre 2. Find the H.C.F. of 2m?—3 m?—8m-—8, 
and 3m‘ —T m— 5 m? —m—6. 


Sorution: Since 3 m4 does not contain 2 m3, multiply the second ex 
pression by 2. (See Note 4.) 
3 mt — 7 m3 — 5m? — m—6 
2 
2m? — 3m? — 8m — 3)6 mt — 14 m3 — 10 m? — 2m— 12 [3m 
6mt— 9m — 24m?—I9m 

— 5m? + 14m? + 7m — 12 
—2 

10 m®? — 28 m? — 14m + 24 [5 
10 m3 — 15 m2 — 40 m — 15 


— 13|— 18 m? + 26m + 389 


m—2m—3 


Mm? — 2m — 3\2m? —3 m2 —8m—3 |2m—1 
2m? — 4m? —6m 
m—2m—3, 
m2—2m—3 


. m?—2m—3 is the H.C. F. 


Notice that — 5m of the first remainder does not contain 2 m3, and 
that the remainder is therefore multiplied by —2. Notice also that the 
divisor — 13 is removed from the second remainder, thus making the first 
term of the new divisor positive. 


EXERCISE 132 


Find the H.C.F. of: 

. @+5e—24 and 2+42?—2627+15. 

. 8a? —4e—4 and 3 a4 —7 224+ 62?—924 2. 
2m'+5m—2m?+3m and 6mn—Tmnt+5mn—2n. 
ay — 6 ay —27y and ay —22°y —8ay+21y. - 

A oy —15 ay? +9? and 8 at — 18 a’y + 25 ay? — 12 ay’. 
8nF4+8n?—9n+2 and 6n'+ 23 n?+2n?—138n+4+ 2. 


Pe Po wp 
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7 6a8+5a°—6a'—3 +2? and 9at+18 a? +5 a?—8a—4. 
8. 364—130°+306°+4) and 96°+12 6? —8b—5. 

9. 12 a2—5 a’a—11 av’?+6 2? and 15 a? +11 a’a— 8 av’— 4 2%. 
10. 20-30? 4+2e—8 and 3a°—Ta’?+4e—4. 


259. The L.C.M. of Two Polynomials which cannot be readily 
Factored. Let A and B be two polynomials; let # be their 
H.C.F. and Mtheir L.C.M. Let d=aF and B= OF. 

Since F' is the highest common factor of aF and 0F, a and 
b cannot have any common factors. Hence, the L.C.M. of aF 
and bF is abF. 

That is, M = abF =a(bF)=aB; 
or M = abF =6(aF)= dA. 


Rule. — To find the L.C.M. of two polynomials: 


Divide one of the polynomials by their H.C.F. and multiply 
the quotient by the other polynomial. 


EXERCISE 133 
Find the L.C.M. of: 


1. 8a?—184a+4 and 3¢?+14a—5. 

6a? + 25 ab + 24 b? and 12a?+ 16ab—3 6% 
12 m? — 21 m — 45 and 4m? — 11 m?—6m +9. 
2a? —5a?—18a—9 and 3a'—140?—a-+6. 
6a? —7 oe 4+ ba— 2 and 444 — 5 2-1 4g — 3. 


As Os 


INDETERMINATE FORMS 


260. The fraction ato becomes . for o=3; — be- 
ec— 

comes >. Neither has any meaning, for division by zero is 

not allowed (§ 1, a). Results like these, however, must be 


interpreted at times. The following paragraphs show how to 
give the interpretation. 


261. A constant is a number which always has the same 
value in a particular mathematical discussion. 
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A variable is a number which assumes different values in a 
particular mathematical discussion. 


Thus n may assume the values .1, .01, .001, ---, etc. 


A limit of a variable is a constant the difference between 
which and the variable may be made to become and remain 
less than any assigned positive number, however small. 


Thus, the variable n above is evidently approaching the value 0; or, 
the limit of n is zero. 

The symbol = is read ‘‘approaches the limit.’”> Thus, n= 0 means 
‘“ 7 approaches the limit zero.”” 


262. If a number becomes and remains greater than any 
positive number which may be assigned, it is said to become 
infinitely large or to approach infinity as limit. 

The symbol o is called “ infinity.” 


Thus, if n represents any positive integer (assuming therefore the 
values 1, 2, 3, ---, etc.), it approaches infinity as limit ; ze, limit of n=, 
orn =o. 


Notz. © is not a symbol for some definite value. It is a symbol for the 
limit of a number which ‘‘ becomes and remains larger than any assigned 
positive number.” 

i =a apes Limit 72 — 6 j « 

Evidently asn =, alson?=o, “1M n? = o is read “the 
limit of n? as n approaches oo is infinity.” 

a 


263. Interpretation of 0 


To determine the meaning of x 


replace Es by 1 and consider limit Len 0. 
P 0 x x 
If x becomes .1, .01, .001, «+, etc., - becomes 10, 100, 1000, ---, etc. 


F mes A , oe, aa Ub 
Evidently, then, a5 increases indefinitely. That is, ee =00; -Lhen; 


to the otherwise meaningless form ; , give the value oo, 
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In general, i where a is constant, is given the value o 
with the meaning: 


If the numerator of a fraction remains constant, while the de- 
nominator = 0, the value of the fraction = o. 


5 Aare) F imit /« +5 
Thus, 2° for «= 8 is 5 oro; i.e. = (et g)=° 


264. Interpretation of °. To determine the meaning of af 
ry ay 
lace £ by 4 and consider limit 1 as # = 
Bopece by = and ces 


If x becomes 10, 100, 1000, «+, ete., + becomes .1, .01, .001, ++, ete 
x 


Evidently ue i 0. Then, to the otherwise meaningless form - assign 
x roe 


the value 0. 


a : ‘ . Z 
In general, —, where a is constant, is given the value 0, with 
we) 
the meaning: 


If the numerator of a fraction remains constant, while the de- 
nominator = 0, the value of the fraction = 0. 


Thus, the value of = for n= is = or 0. 
n? ro) 


265. Consider lies 


Since « — 3 = 0 for a = 3, the fraction may not be reduced to 
lower terms by dividing numerator and denominator by a — 3. 
However, for # not equal to 3, the numerator and denominator 
may be divided by x — 3, giving the simpler form # + 3. Con- 


sider now limit (+43), limit (¢43)—3+4+3=6. Then for 


wv = the value 6. 


For «= 3, the fraction becomes . 


xv = 3, assign to 
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In general, if any expression involving one variable assumes 
an indeterminate form when the variable is assigned some par- 
ticular value, reduce the expression to its simplest form, find the 
limit of the result as the variable approaches that particular 
value, and assign the limit as the value of the expression for the 
particular value of the variable. 


a 2, for x= 5, has the value 2. 


EXAMPLE 2. 


x? — 
Zz“ 


For x not equal to 5, = =xe+65. Eni («#+5)=10. 


ie 
Hence for z = 5, give to oe the value 10. 
Ho) _— 


; D, — ‘ 
EXAMPLE 3. Find the value of 2a? +2e—5 as —= 00. 
etd 
2-2 5 
pega 5s Nap de® 
Honany fnite value org, 
a+1 1 1 
+— 
2 
2 
limit “T272 Beadle Fang 
wee if 1+0 ery 
hess 


p20 +20 —5 2. = & ig 2, 


Hence the value o 
a2 +1 


Direct substitution here gives the value < . This is another indeter- 


minate form. 


266. The form 3. The form arises in the first two exam- 
ples of § 265. In one case this form is given the value 6, and in 
the other itis given the value 10. In general, the value of ; is 


determined by the limiting process. 
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EXERCISE 134 


Find the values of the following as «= 0: 
3 oe 1 22 Cag 


.-? .-* Bp 4. ———_~ - 5. ~-e 
: a xe 1 x(x + 5) x (x% +1) 
i ‘ 
Find the values of the following as «=o: 
6. 2. Te, ae are! ge 
x x 2? 
Find the values of the following: 
limit(/_@*—4 _\, limit (#*— # — 6). 
th eat ea, i a x — 3x 
mit (Y? +5). timit/L, 5 _). 
wo. iat ; ig ns Pateay 
limit (Y +5), limit (@+2¢—7\. 
12, tin (12) 1, tn (#428: 


17. The equations y=2«+3 and y=2a+5 have no com- 
mon solution according to § 50. Consider y=2a%+3 and 
y=ax+5. Solve them as simultaneous equations, and find 
the values of wand y asa=2. 


18. Solve 2%4+3y=6 and 4x+4+by=7 as simultaneous 
equations, and find the values of # and y as b= 6. 


267. Horner’s Synthetic Division. Synthetic division in the 
ease when the divisor is a binomial is considered in § 93. A 
similar process of division may be employed in other cases of 
division of a polynomial by a polynomial. 

Consider : 8a2—2e 44 

2e2+ae—3/6xt— 23-32 +4+10%—12 
6 xf + 3 23 — 9 x? 
—422462774 102 
—4e—22?4 62 
8a27+ 4x”—12 
8a2+ 4x” —12 
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When performing the subtractions, the signs of the terms 
subtracted are changed and the results are added to the minu- 
ends. If +2 and —3 of the divisor are changed in advance 
to —wxand +3, the various partial products may be added to 
the respective remainders. Following this suggestion and pro- 
ceeding in a manner entirely similar to that in § 93, the solu- 
tion may be arranged as follows: 


2 x2/60t— 8 —822410x—12 


—2 —822°+927— 62 
+3 +202?— 4%+4 12 
3x2—27 +4 | 0 + 0 


Steps of the process. 


1, Change the signs of all terms of the divisor excepting the first term. 

2. Divide 6+ by 22%, getting 3%, the first term of the quotient. 
Multiply —x+3 by 32, getting — 32° + 9 x@?, which are written in their 
proper columns. 

3. Add the second column, and divide the result by 2 x, getting —2 a, 
the second term of the quotient. , Place this second term of the quotient 
at the foot of the second column below the line. 

4. Multiply —x%+3 by — 2, getting 22?— 6, which are written in 
their proper columns. 

5. Add the third column and divide the result by 2?, getting 4, the 
third term of the quotient. Place this third term at the foot of the third 
column. below the line. 

6. Multiply —x+3 by 4, getting —4”-+ 12, which are written in 
their proper columns. Add the remaining columns and thus find the re- 
mainder. In this example, the remainder is zero. 

The quotient is 322—2xz+44. This is observed to agree with that 
found previously. / 


EXAMPLE 2. Divide 12 a3 — 11 ay —9y' by 32?—2ay+4y* 


SoLurTIon : 


8a? |1223—1llay+ Oay?— Dy 


+2 xy +8 — 16 
4% — lyll—18 -—65 


Quotient: 4a—y. Remainder: — 18 zy? — 5y?. 
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EXERCISE 135 

Divide the following by synthetic division: 

1. 1203-7 a?— 234-3 by 42°—5a—3. 

2. Jat—4a?4 30 a— 25 by 8.0?+2a—5. 

3. 2at— a+ 8a—25 by 2a?7—34a+4+5. 

4. 4m?+1416 m' by 2m+4m’?+1. 

5. 60° —13 at — 20 a8 + 55 o? —14e—19 by 2a?—-T2+6. 

6. 8a°—4aty — 8 aye —18 ayi'+ 21 y° by 40°—2 ay + 6 ay? 
—7Ty. 
7. 8370?+50+a°—T0a by 2@+5+a'—6a. 


LOGARITHMS OTHER THAN COMMON LOGARITHMS 


268. Change of Base. By definition, if m= b*, then c= log, m. 
b is the base of the system of logarithms. 

For computation, common logarithms (§ 154) are most con- 
venient. Logarithms to any other base can be computed by the 
log, m 

og, b 

Proor: 1. Let m = a? and also m = bv. 

Then x = log, m and y = log, m. (By definition.) 

2. From step 1, a7 = by. Taking the logarithms to the base a of both 
members of this equation, 


THEOREM log, m= 


x log, a= y log, b. 
(Since log, a = 1.) 


Bae y = Cloke a _ ae 
log,b logab 

4. Substituting for and y their values, log, m = reek. 

08a 


Exampce. Find log; 20. 


Sonurion : log, 20 = 10s10 20 _ 1.8010 _ 4 geio. 
logio5  .6990 


EXERCISE 136 
Find the values of the following: 
1. log,13. 3. log, 2:9. 5. log,,.838. 7. log, 81. 
2. log, .9. 4. log.076. 6. log,, 5.2. 8. loges (5). 
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9. Prove that log, b = a 
log, a@ 
Suecxrstion : Change log, > from the logarithm of b to base a, to the 
logarithm of b to base b. 


10. Prove that logio: 10 = i. 


269. Natural Logarithms. For reasons which are developed 
in a more advanced course in mathematics, a system of loga- 
rithms to the base e, where e = 2.718218 ---, is called the Natural 
System of Logarithms, or Napierian Logarithms. 


EXPONENTIAL EQUATIONS 


270. An Exponential Equation is an equation of the form 
a= 08 

To solve an equation of this form, take the logarithms of 
both members; the result will be an equation which can be 
solved by ordinary algebraic methods. 

ExamMpLE1. Given 317= 23; find the value of a. 

Soturion: 1. Taking the logarithms to base 10 of both members, 

log (817) = log 23, 

whence x log 31 = log 28. (§ 168) 


_ log 28 _ 1.3617 __ gy 99, 


2. = = 
log 81 1.4914 


ExAMPpLe 2. Given .2°=3; find the value of a. 
Sotution: 1. Taking the logarithms of both members, 
x log .2 = log 3. 


ee UE ee AM oe & 6825. 
log .2 9.8010—10 — .6990 


2. Appr rie 


EXERCISE 137 


Solve the equations : 
16 oout =o. 17; 3. .01587 = .008295. Sede be. 


3 
2. 416%*= 6.72. 4, 5.3367 = .744. 6. mia? =n. 
7 a 02041, 8. .8* 3 = 4096. 


XXV. MATHEMATICAL INDUCTION 


271. Mathematical Induction is an interesting and useful 
method of proof employed in demonstrating the correctness of 
certain general formule. This method will be illustrated in 
the proof that 

14+38+45+4-.-+4+(2n—-1)=7n. 

Proor: 1. When n = 2, 1+ 3 does equal 27. 

2. Assume that the formula is true when n = k; i.e. assume that 

1434+5+..-(2k—1)=k. 

8. It can now be proved that the formula must be true when n = & + 1. 
Add 2 (k + 1) — 1 to both members of the equation of step 2; then 

148 YO es te ELD ST) Hee ee 1) — 4! 

The right member k? + 2(k+1) —-1=#2+2k+1=(k+1)?. 

In other words, the sum of the first (4 + 1) terms is (k + 1)?. 

4. Steps 2 and 3 prove that if the formula is true for any number of 
terms, then it is also true for the sequence consisting of one more term. 
In step 1, it is pointed out that the formula is true when » = 2; hence it 
is also true when n = 3; and hence also when n =4; and hence when 
n=5; andsoon. This proves that the formula is true for any value of n. 

The process may be expressed in the following 

Rule for a proof by mathematical induction : 

1. Prove the formula or fact to be true for n = 1 or 2. 

2. Prove that if the law is true for any particular value of n, like 
n= k, then it must also be true forn =k +1. 

3. As a consequence of steps 1 and 2, the law must be true for 
n= 83; hence for n= 4; hence for n= 5; and so on. 

EXAMPLE 2. Prove that 


il 1 1 1 n 
to—+e+e = 
Ibo, VEOSY ~ Gyod! Naa n+1 
1 1 2 2 
P: sieleeaV Ven =2 |e S 
ROOF en n ance £6 oo equa 241 for each ea 


1 eo he eae 
iu sao eae 
274 


MATHEMATICAL INDUCTION 275 


1 ee: 1 kk 
2. Assume that eee eS 
Reg ed kay b+ 1 (a) 


and try to prove that 


u 1 1 1 k+1 
— + +. =e 
-2 2-3. 3.4 See LD aE DEED k+1+41 () 
if ; ; 
d ——__—__— to both bers of tl d 
ex es o both members of the equation (@); then 
1 1 1 1 
{a3 ae rete "Ref HE DELD 
k+1 (kK+1)(K+2) 
But k w Ve. BR oe ee ttl. 
k+l (#+1)(A+2) (44+1)(4A4+2) £42 
1 1 1 k+1 k+1 
Os = . = 10) : 
1.273 ped a PEELD DGS) bo ee 


This completes the proof of the correctness of equation (b). 


3. Knowing now that the formula is true when m = 2, and also that, if 
it is true for any value of n, it is also true for the next greater value of n 
(step 2), therefore the formula is true when n= 8; hence when n= 4; 
and so on for all values of n. 


EXERCISE 138 


Prove by mathematical induction the correctness of the fol- 
lowing formule: 


t 14243 4--+n=5(n+1). 


fae Hero a ga Tt) 
(| pAb) RES: n 
Es SEES oot SE eet at 1 
te gp tT 
4 feeeumero bra Wey) (n +1)(n + 2) 
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6. a+(a+d)+(a+2d)+---+[a+(n—1)d] 
=5l2a+@—-1d]} 


16 PEPE + twa e (nt en+)). 


vant be 
— 4 


9. Prove that 2 — y” is divisible by «— y. 


8. 124 2°4+39+---+n 


Succerstion: For the second part of the process (Rule, step 2), notice 
that wt) — ykt+l = a(ak — y*) + yk(@ — yy). Prove now that 2*+1 — y*+1 is 
divisible by x — y by showing that the expression #(x* — y*) + y*(# — y) is 
divisible by « — y. Then complete the proof. 

10. The binomial formula (8 180) may be proved by mathe- 
matical induction. 


Succxrstion: 1. Verify the formula for (a + b)2. 
2. Assume the formula for n =k; i.e. assume that: 


(a+b)¥=ak+kakb+ EOD iy a EEK DER? gia ro fa 


Prove that the formula is true for n =k +1; i.e. prove that 


(a+b)*t1=aht1+ (k41)a%b+ Cee) ak-1b2 


(k+1) -k- (k—1)a*203 
“3 1-268 a 


(This last may be done by multiplying both members of equation (m) 
by (a+ 6) and then simplifying the expression obtained on the right.) 
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272. When two numbers are so related that to each value of 
the one there corresponds one (or more) values of the other, 
the second is said to be a Function of the first. 

Thus a polynomial like #3 —4a22—2a+8 is a function of x, for to 
each value of # there corresponds a definite value of the polynomial. 

The symbol “ f(a)” is used to denote a function of x It is 
read “f of x” or “ffunction of x.” wis the Argument of the 
function. 

If a is a definite value of the argument, then f(a) denotes the 
value of the function when z is replaced by a. 

Thus, suppose that f@Q=“—sa-- 6. 

Then, fQ)=2—3-245=4-645=38; 
also f(—2) = (— 2)? — 8(— 2) 5 =44-645=15, 


EXERCISE 139 

1. If f(z7) =a +5x—10, determine f(2) and f(8). 

2. If f(x) =a'+ 2 a?—8a—7, determine f(4). 

3. Determine the values of 2 —6a*+a— 5 corresponding 
to «=—1 and to x=—2. 

4. Let f(y) = ~oy+y—1  petermine f(A) and f(2). 

yt 

5. Let f)=ig?+at. Determine f(8) if g=32.16 and 
@ = 100. 

6. If f(R) =.26 R+ .15, find f(3). 


7. If f(P) = P+3(.05)P, find (1000). 


8. If f(d)=17d’, determine f(d) when d=10. 
277 
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273. If a function is a rational and integral (§ 12) poly- 
nomial whose argument is 2, the values of the function f for 
given values of « may be determined by means of the Remainder 
Theorem (§ 92), which may be stated thus: 

if f(w), a rational and integral function of x, is divided by 
x — a, the remainder is f(a). 

Hence if f(a) is desired, divide f(@) by «—a; the remainder 
is the desired result. The remainder is found most readily by 
synthetic division (§ 93). 

Exampie. (a) Let f(z) =2—32+410. Find f(2). 


SoLution: 1. Divide f() by «—2 by the synthetic method. 


e+0e—-82+10 « R=s(2)=12. 
BS tee Pe aa 
WEE Diva Hee 12 


a+2 


(b) Similarly find f(—4). Divide by x—(—4); ie. by 
e+. 


x—4\22+ 002-824 10 =e 2) Ss. 
—4 a i +12 
Ve SERS: 


274. Methods of Abbreviating the Computation of Values of a 
Function by Synthetic Division. 

(a) The powers of a in the dividend are unnecessary. Great 
care must be taken, however, to insert zeros as the coefficients 
of any terms which may be missing. 

(b) In § 273, when finding f (2), the divisor finally used was 
«-+ 2; when finding f (— 4), the divisor used wasw—i. Since 
the a itself is not used, simply write down the value of the 
argument. Thus, to find f (3) when f(w)=2a°+a—5: 


St) 


Z2+0-+ 1— 6 Remember that 2, 6, and 19 are the 
+6+18 +57 coefficients of the quotient and that 52 


24+6+419]4+52=/(8) _ is the remainder. 
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(c) If all the signs in the quotient and the remainder are plus 
for any particular value of the argument, they will remain plus 
for any greater value of the argument. Thus, in part (0), f(x) 
will be positive for any value of & greater than 3. 

(@) Suppose that f(#@) = 2 a8— 3 a —7 and that the values of 
the function for various values of the argument are desired. 
The following compact arrangement may be used. 


(d) 


For « = 0, each term is zero except 
the absolute term; hence f (0) is the 
(By inspection. ) 7! absolute term. 

For f (1), the sum of the coefficients 
is f (1), since each power of ~« is 1. 

For f (2), f (8), etc., the computa- 
tion is exactly as in part (b), except 
that the coefficients 2, — 3, 0, and — 7 
are written just once. In computing 
f(8), the figures relating to (0), 
(1), and f(2) are ignored. Thus 
6+(—3)=+3; +9+0=+4 9; + 27 
+ (—7)=4 20. 


(By inspection.) 


(d.) If, in the computation of f(2), (3), etc., in (qd), the 
dotted lines and the figures immediately above them are omitted, 
the following form results. This form will be wsed in the text. 


(See Note.) 
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In using this form, the figures above the dotted lines in (d) 
are used in mental computation. Thus for f(—2): 


The first coefficient of the quotient is 2. 

2(—2)=— 4; (—4)+ (—3)=—7. —7 is written down. (q.v.) 

—7(—2)=4 14; 144+0=14. 14 is written down. 

14(— 2) =— 28; (— 28)4+(—7)=— 35. — 385isthe value of f(x). It 
is written down under f (x). 


Nore. This form was worked out in conference with my colleague, 
Professor Arnold Dresden. 


EXERCISE 140 


Find by synthetic division : 
1. f(2) when f(a) =a + 2 —a?+a—1. 
2. f(—3) when f(x) = a* + 25 x — 10. 
3. f(—4) when f (@) = a +a°—a’+a—1. 
4. f(5) when f(a) =3 2? —10 2 —19 x— 30. 
5. f(—4) when f(a) = 2 a*+ 9a —11 2+ 23. 
6. If f@)=a+a°?—22+ 5, find f(@) for x=1, 2, 3,and 4, 
(§ 274, d.) 
7. Tf fy) =3 m+ m’— 20, find f(y) for y = 2,3, 5, and — 2, 
8. If f(z) = 2242-16, find f(—1), f(— 2), and f(— 8). 
9. If fO=—2+10, find S(O), f(2), and f(— 2). 
10. If f(W)= W*—2 W*— 12, find f(W) for W=4, —1, 


andos 


275. Graph of a Function of x. Ifthe values of the argument 
« be taken as the abscisse, and the corresponding values of the 
function be taken as the ordinates of points, the locus of the 
points so determined is the graph of the function. 


Examprte. Let f(7)=2?—12a%+3. Draw its graph. 
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Sorurion: 1. Let y=f(«). Then determine values of f(x) as in 


§ 274 d. 
2h Y: 
if 
a 
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EXERCISE 141 

Draw the graphs of the following functions. Retain the 

graphs as they will be used in future examples. 
1. f(x) =a? —42° —17 w+ 60. 

. f(a) = 2 a — a? —18 2449. 
. f@)=e8—20—52+6. 
SF (@) = «* —17 2? + 16. 
SF (w) = 0 —15 2? 4+10x+4 24. 
f(@)=et—2e—40°+4+82(+40). 
. f@=H=e8+4+40°?4+4e43. 
. S(@e)=e8 +a —112— 15. 
9. Examine the graphs of the cubic functions of z All 


should appear to be modifications of a certain typical graph. 
Sketch free hand the typical graph of the cubic function. 

10. Sketch free hand the typical graph of the fourth degree 
function of a. 

11. Draw the graph of 2 —3a*—112°+4 272° +102 — 24. 


276. The problem converse to that considered in § 275 is of 
special interest; namely, find the values of the argument for 
which the function has a given value. All such problems can 
be reduced to the form: 

For what value of x is f(x)= 0 ? 

The values of 2 which satisfy the equation are called the 
roots of the equation. 


277. The general rational and integral equation. of the n’th 
degree involving only one unknown is 
aye” + ae"! + aga? +.-+a, e+a,=0. (1) 
The a’s are assumed to be real integers and a is assumed to 
be positive. This equation will be called the a-form of the 
general equation. 


Re ea 


OVP ye 
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If both members of (1) are divided by a, the resulting equa- 

tion is of the form 
xv" + pw" + pg" + +» +p, +p, = 0. (2 

The p’s are either real integers or fractions. This equation 
will be called the p-form of the general equation. 

If no one of the a’s or p’s is zero, that is, if all of the powers 
of x from the first to the n’th are present, the equation is called 
a complete equation; otherwise it is called an incomplete 
equation. 

The coefficient a, (or p,) is called the Absolute Term. 

The polynomial forming the left member of an equation 
being considered will be denoted by f(x), so that for brevity 
J(x)=0 may be used to represent the equation. 


278. Fundamental Assumption. It is assumed that every 
equation of the p-form has at least one root, real or complex. 
This fact is proved in a later course in mathematics. 


279. Tueorem 1. If risa root of f (x)=0, then (x—7r) isa 
factor of the polynomial f(x). 

Proor: 1. f(r)=0, since r is a root of f(a) = 0. 

2. If f(x) is divided by (x — 7), the remainder is f(r). (By the Re- 
mainder Theorem, § 92.) 

3. .. the remainder is zero, and hence (# — 1’) is a factor of f(2). 


280. THrorem 2. (Converse to Theorem 1.) If (x—7r) is 
a factor of f(x), then r is a root of f(x)=0. 

Proor: 1. Since (z — r) is a factor of f(a), then the remainder when 
F(a) is divided by (a — 1) is zero. 

2. But the remainder is f(r), by the Remainder Theorem. 

3. .. f(r) = 0, and hence r is a root of f(#) = 0. 

Examee. Prove that 1 is a root of 2 2°—3 a?—114+6=0. 

So.urion: 1. Find f(4) by synthetic division. (See § 274, 0.) 


4|2—3-11 46 
+1— 1-6 “. ¢ is a root of the equation. 


lg-2—12|/ 0=/¢) 
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EXERCISE 142 ® 
Prove that: 


1. 5 is a root of « — 2 a? —19 «+ 20—0. 

2. —2 isa root of at—32?4+4x2+4+4=0. 

3. —4 is not a root of a¢— a? +7 «—12=0. 

4. =-5 18 4 root Of 2a + oa — 2a 2) — 0. 

5. is a root of 3a*— 82a? 413a°—-9x+2=0. 

6 is not a root of 1623+ 8 a? —232—3=0. 

U is a root of 125 2°—8=0. 

8. —1is a root of 8a*+62?—152°—1627—3=0. 


eto loo 


281. Number of Roots of an Equation. 


Exampie. Suppose that it is known that 2 is a root of the 
equation 2#—32?—8xe+12=0. Find all of the roots. 
Sotution: 1. Divide the polynomial f(«) by x — 2synthetically. (§ 93) 
% + 2)2 03 —38a2—8a-+ 12 
+4 42 —12 
2 +1 -6//4+ 0 
ws (%— 2)(222 + ¢@—6)=0, 
2. The roots of this equation are the roots of the two equations 
a—2=0 and 22?+2—6=0. 
3. The root of e—2=0is%=2, 
4. The roots of 242+ «—6=0 are the roots of (2«—38)(#+2)=0; 
namely, « = $ and x =— 2. 
Hence the given equation has three roots. 
This is a particular example of the fact proved in the following theorem. 


Hence « — 2 is a factor; the other factor 
is the quotient 222+ «—6. 


282. TuroreM 3. A rational and integral equation of the n’th 
degree has n and only 7 roots. 
Proor: 1. Let the equation be 
x” + pra"! + poeM—2 + oe + Dart + Pn = 0. (1) 
2. By § 278, equation (1) has at least one root. Let 7 be this root. 


Then the polynomial of the left member has the factor « — 7 (§ 279) and 
the equation may be written 


(@ — ry) (@P-3 + quar? + qour-8 4 + + dno + Qn-1) = 0. (2) 


VIE NORE NAY Se Dear ate Se Fee ee 
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3. The roots of (2) are the roots of the equations 


e-rTryy= 0, r (3) 
and 
grt a quar 2 + goun—3 + 2+ + Qn—2% + -Gn-1 = 0. (4) 


4. Equation (4) must have at least one root, 7». Then the left mem- 
ber has the factor 2 — rz, and the equation may be written 


(% — 7p) (a2 + syar-3 4 sogn—4 4... + 8, 3% + Sn—2) =i); (5) 


5. The roots of (5) are the roots of the equations 


x%—%=0, (6) 

and 
er? + 814" 4 Soym—4 4... + Sp_ot + Sno = 0. GP 
6. After (n — 1) steps, (n — 1) roots 7, 72, 7°35 +++, Mm-1 Will have been 


found and there will remain an equation of the first degree, x —r, = 0, 
from which « =1r,. 


7. Hence the given equation has the n roots 11, ra, 73, +++, 7, and the 
equation may be written in the form 
(@ — 1) (%@— 2) (% — 13) +++ (V— Tn) = 9. (8) 


(6) Prove that the equation has only n roots. 


1. Let «=k, any value different from each of the 7’s. 
2. Substitute & for x in the polynomial 


S(€) =(" — 11)(" — 72) (@— 13) +++ (& — Tp). 


f(b) = (ke — 11) (le — 12) (le — 85) += (k — tn). (9) 

8. Since & is not equal to any one of the v’s, no one of the factors in 
the expression (9) can be zero, and hence the expression f(x) is not zero. 

4, Therefore & is not a root of f(#)= 0. 

That is, no value of x different from each of the r’s can be a root of 
the equation. 

Note 1. The numbers 7, 72, 73, etc., may be real or complex. (Page 
98.) ; 

Note 2. Two or more 7’s may be equal. Such a root is called a 
multiple root. 

Thus, the equation (x + 1) (x — 2)(« —2)=0 has the double root 2. 

There may be more than one multiple root of an equation. 


Then 


283. Graphical Solution of Equations. The real roots of an 
equation may be determined, at least approximately, by a graph- 
ical method. (Recall § 75.) 
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Exampe. Solve the equation 2? —42°—2a2+8=0. 


Soturton: 1. Determine values of f(a) for values of (x). (See 
§ 274, d.) 


2. The graph. 
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3. f(«%)= 0 at the points where the graph crosses the v-axis; namely, at 
A, B, and C. Hence the roots are: — 1.42, 1.42, and 4. 


VI OWENS Fee 
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EXERCISE 143 
i. From the graph in § 275, determine the approximate roots 
of the equation a? —12%4+3=0. 
2. From the graph which you constructed for Example 1, 
Exercise 141, determine the approximate roots of the equation 
ey — 40" — 17 e+ 60 = 0: 


3-5. From the graphs which you constructed for Examples 
2-4, Exercise 141, determine the approximate roots of the equa- 
tions you get when you set the functions of those examples 
equal to zero. 


Determine graphically the approximate roots of : 


6. @—32?—27+4—0. 9. # —1027?+16=0. 
ae — Aa (ee 1 0: 10 ea 10 Oy 
8. e@+ae?—6ba=—6. ll, w—e—8e2-8—0. 


12. From the graph for the illustrative example of this 
paragraph, determine the values of x for which 


ee Oil Oe 
13. From the graph for the illustrative example for para- 
eraph 275, determine the roots of #? —12%+3= 10. 
14. From the graph for Example 6 of this Exercise, deter- 
mine the roots of the equation 2? —3a°—a+4=2. 


15. From the graph of Example 9 of this Exercise, deter- 
mine the roots of the equation wt — 102? + 16= 3. 


284. Remarks about the Graph for a Cubic Equation. KExami- 
nation of the graphs of the cubic functions of # in Exercises 
141 and 143 will show that all are modifications of the adjoin. 
ing curve. For a particular function, the graph may have a 
slightly different shape and may occupy a different part of the 
plane of the axes. 
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As a consequence of the nature of the graph of a cubic func- 
tion, it is obvious that every cubic equation must have at least 
one real root, for the graph 
necessarily crosses the #-axis 
at least once. 

When the equation has three 
Ti ‘Y5 s| real roots, the graph crosses the 
x e w-axis three times. 

The graph may be located as 
in the adjoining Fig. 2. This 
graph would result if the ty-p- 
ical graph above were to move 
upward until the two roots 7; and 7, coincide. 7 is then a 
double root. 

The graph may be located as in the adjoining Fig. 3. This 
graph would result if the typical curve of the second figure 


y 
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were to move upward. In this case, there is only one real 
root. The other two are imaginary. 


Norr. A similar discussion of the possibilities may be made for the 
fourth degree and other equations with great profit. 


a 


THEORY OF EQUATIONS 289 


NUMERICAL SOLUTION OF HIGHER EQUATIONS 


285. It is desirable to be able to solve an equation numeri- 
cally when possible. 

Numerical solutions of equations of higher degree are 
accomplished through the use of certain general theorems 
about equations which will be introduced as they are required. 


286. THrorem 4. A complete equation can be transformed 
into another whose roots are m times those of the first by multi- 
plying the second coefficient of the given equation by m, the next 
coefficient by m’, the next by m’, and so on. 


Exampie. Transform 2°+7 #—6=0 into an equation whose 
roots are 4 times those of the given equation. 
Sorution: 1. The given equation is: #3 +722+0%—6=0. 
2. .. the required equation is 
44-7924 42.04 - 43.6=0, or 23 + 28 a? — 384 = 0. 
Proor oF THE THEOREM: 1. Let the given equation be 
a ya! + peg 2 + 0 + Dnt + Pn = 0. Q) 


: : 8 
2. Let r be any root of this equation, and let s=mr. Hence r= — 
m 


must satisfy the equation (1). Therefore, 


n n—1 n—2 8 ‘ 
(2) oh Pi (e te p2 ey a CON ae Pn-1 She Pr = 0. (2) 
m ™m mm m é 
3. Multiplying both members of (2) by m”, 


8” + mp s"—-1 + mpos”—? + --» + m-1p,_18s + mp, = 0. (8) 
4. This shows that s satisfies the equation 
ar + mpyar—) + m2poar—2 + --» + mp, 1% + mp, = 0. (4) 


5. But sis mr. Hence for each root of (1), there is a number m times 
it which satisfies (4). Further, these are the only roots of (4), as (4) can 
have only 7 roots. 


287. THrorem 5. A complete equation can be transformed 
into another whose roots are the negatives of those of the given equa- 
tion by changing the signs of the alternate terms beginning with the 


second. 
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Exampie. Transform the equation 2°+72?—6=0 into 
another whose roots are the negatives of those of the given 
equation. 


Sorution: 1. The given equation is <2 + 727+0-c%—6=0. 
2. Hence the required equation is #3 —7a2+6=0. 


Nore. Try to make the transformation without writing out step 1, al- 
lowing for any terms of the given equation which may be missing. 


Proor oF THE THEOREM: 1, Let m in Theorem 4 be —1. This 
makes the resulting equation ~ 


x” +(— 1)piar—1 + (= 1)% pou"? + (— 1)3p3a"-8 + --- etc. = 0, 
or TP — DTA’, Deg? — Pete Bi Psa = 0. 


EXERCISE 144 


Transform each of the following equations into another whose 
roots shall be those of the given equation multiplied by the ad- 
joining number in parentheses : 
w—5a—Tx+11=0. (2) 
a+6a—2ea—5=0. (—2) 
2e—5x+7=0. (3) 
Gat—3e+82?—16=0. (4) 
we—8=0. (3) 


a 


Transform each of the following equations into another whose 
roots shall be the negatives of those of the given equation: 
6. @8—2e?+3e24+5=0. 
T.20 4120 0° 2 0 — ore! 
So a — Lig 0, 
9. 2 —5a?+ 16=—0. 
VOR eA Osea 2a =e el (8 
11. Transform 108 a — 36 2?—3%+1=0 into an equation 


whose coefficients shall all be integers, that of the first term 
being unity. 


Ve a 2D 
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Sorution: 1. Divide both members of the given equation by 108. 

Then ce —to?~ 24+ 54, =0. (1) 

2. Transform (1) into an equation whose roots are 6 times those of 
(1). The resulting equation is : 

2 —6.42?—6.da+4 6. 4, =0, or 2 —2e2?-a24+2=0. 

Remark. The multiplier 6 in step 2 is selected by inspection so that 
the fractional coefficients become integral after the transformed equation 
is formed, 

Transform each of the following equations into another whose 
coetticients shall be integers, that of the first term being unity: 


12> $e i12¢ 4 o¢—S8—0. 16, 240° + 56a? —5 =0. 


io — oe —o — 0) Wee 4 a ie 
aeons le— () 18. 81la?—1082?+5a—3=0. 
15. 32¢°—1=0. 19. 400°7—4¢?+8ae—1=0. 


20. at43a°- 72-7 =0. 


288. Descartes’ Rule of Signs. 

(a) If two successive terms of an equation in the general 
form have the same sign, a Permanence of Sign occurs; if two 
successive terms have opposite signs, a Variation of Sign occurs. 

Thus, in the equation «®° — 3a — #3 + 5a +41 = 0, there are two vari- 
ations of sign and two permanences of sign. 

(b) Descartes’ Rules. 1. The number of positive roots of an 
equation cannot exceed the number of variations of sign. 

2. The number of negative roots of an equation cannot exceed 
the number of variations of sign in the equation whose roots are 
the negatives of the roots of the given equation. 


In the following equation, the polynomial has three varia- 
tions : g—2ae+toar+t2e—5=0. (1) 


If the polynomial on the left be multiplied by a — 2, and 
the resulting product be set equal to zero, there results the 


egnnon x —Aat 4+ 5a°—9e+410=0. (2) 
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The equation (2) has the positive root 2 as well as all of the 
roots of (1). The left member of (2) has four variations of 
sign, one more than the number in equation (1). 

In general, no matter how many variations of sign a given 
equation may have, if a new equation is formed which has one 
more positive root, then the new equation also has one more 
variation of sign. From this it is evident that 


The number of positive roots is not more than the number of 
variations of sign. 


As for rule 2, let f(~)=0 be any equation, and let f(— x)=0 
represent the equation whose roots are the negatives of those 
of the first equation. If f(w)=0 has any negative roots, these 
become positive roots of f(—x)=0. By the first rule, the 
number of positive roots of f(— «)= 0 cannot exceed the num- 
ber of variations in f(— x)=0; hence immediately, the num- 
ber of negative roots of f(«)=0 cannot exceed the number of 
variations in f(— x)= 0. 


Exampie. Find the maximum number of positive and of 
negative roots of the equation a —3a°4+ 22—av7+1=0. 


Sotution: 1. In the given equation, there are four variations, hence 
there are not more than four positive roots. 


2. The transformed equation (formed by changing the signs of the 
alternate terms of the complete equation beginning with the second) is 
eo — 303 —2e2?-—w—1=0. 


In this equation there is one variation, and hence the given equation 
cannot have more than one negative root. 


EXERCISE 145 


1-15. Decide upon the maximum number of positive and of 
negative roots of the equations of Exercise 144. 


289. THrorem 6. An equation in the p-form (§ 277), where 
the p’s are integers, cannot have as a root a rational fraction in its 
lowest terms. 


Oe 2 eh eee ee 


Tee eee en 
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Exameie. The equation a — 3a*+a—20=0 cannot have 
any real roots except integers. 


Proor oF THE THEOREM: 1, If possible, let - a rational fraction in 


its lowest terms, be a root of the equation x" + pyxr-1 + pown-2 4 ... 


+ Priv + p, =0; t.e. suppose that 


a\ qa\n-1 a\n-2 a 
g z g eile medey ee n= 0. 1 
(5) +n(5) +p,(¢) ssa (2) +p (1) 
2. Multiplying both members of (1) by 67-1 and transposing, 
- =— (par? + pra b + +. + p, 4b + p,b*-1). (2) 


3. is in its lowest terms, and hence @ and b do not have a common 


factor. Therefore a and b cannot have a common factor and re is in 
its lowest terms. 

4. In equation (2), then, a rational fraction in its lowest terms would 
have to equal an integral expression, and this is impossible. 


5. Hence it is impossible for a fraction like . to be a root of the given 


equation. 


290. THroREM 7. The absolute term of an equation in the 
p-form (§ 277) is the product of all the roots with their signs 
changed. 


Exampie. In the equation 2—32?+2a%—20=0, the 
product of all the- roots with their signs changed must be 
—20. Since, by Theorem 6, the equation cannot have frac- 
tional roots, the only real roots are integers which are divisors 
of —20; namely, +1, +2, +4, +5, +10, + 20. 

ProoF oF THE THEOREM: 1. Let 71, 12, 73, ++: 7, be the roots of the 
equation 


am + perl + porn? + woe + Pn—1® + Pn = 0. (1) 
2. Then the equation (1) may be written 
(a — 11) (@— 1r2)(@ — 13) + (@— 7,) = 0. (2) 


3. If the first two factors are multiplied together, the term of the prod- 
uct free from x is (— 71)(-- 72). If the first three factors of the product 
of the left member of (2) be multiplied together, the term of the product 
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free from x is (— 71)(— 72)(— 73). In general, if all of the factors are 
multiplied together, the term of the product free from x is (— r,)(— 72) 
(— 13) +++ (—T,). This is the term which is denoted by p,. 


4. Hence p, = (— 71) (— 2) (— 13) ++ (— 7n)- 


291. Determination of Rational Roots of p-form Equations. 
Examete 1. Find the rational roots of 


e— kat — 5a + 20a +4e—16=0. 


Soturion: 1. By Descartes’ Rule (§ 288) there are not more than 
three positive roots nor more than two negative roots. 

2. The only possible roots are divisors of 16; namely, +1, + 2, + 4, 
+8, +16. These must be tested by synthetic division, using Theorem 2, 
§ 280. 

8. Islaroot? Yes, for f(1)=0, by inspection. 


Dividing synthetically: 1;1-4—5+4+20+ 4-16 
(See § 274, 6.) + 3 a Bet 124256 
1—38—8+412+416 |) 0=f(1) (1) 


The quotient is *—3a3— 8224 12%+416. Setting this equal to 
zero, the depressed equation is 


fo(@) = et — 38 a3 — 82? 4 124416 =0. (2) 


4. By inspection 1 is not a root of (2). Is 2 a root of (2) ? 


‘2/1—3— 8412416 
+2— 2-20-16 . 2 is a root of fo(x) = 0. 
i1—i—i10— 8} 0=,@) 


The depressed equation is f3 (x) = #3 — a? — 10%—8=0. (8) 
5. Is4a root of (8)? 4;1—1—10—8 
411248 .. 4is a root of 
14+3+4 2 || O=f3(4) J3(“) =0. 


6. The depressed equation is 24+ 32+2=0. 
(© +1) + 2)=0, or x =—1, and — 2. 
7. Hence the five roots are 1, 2, 4, — 1, and — 2. 


Nore. The solution may be abbreviated as in the following example. 


FE Ae eae 


are a 
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Examreie 2. Find the rational roots of a!— 4522+ 402 
+ 84 = 0. 


Sortution: 1. The possible roots are divisors of 84. 
2. By Descartes’ Rule, there are not more than two positive roots nor 
more than two negative roots. 
3. By inspection 1 cannot be a root, as f(1) is not zero. 
By inspection — 1 is a root, as f(— 1)=0. 
Remove the root — 1 by division : 
—11+0 — 45 + 40 + 84 
eta” 1510 lee 
Is 2 a root ? 2 dic cata lh OSfa( a) 


2+ 2—84 -. 2 18a root of 
ji-1—42 | 0 = fo(2) fo(x) = 0. 


4. The depressed equation f3(%) = 2? +a—42=0. 
. (© +7)(« —6)=0, org =—7 and x =6. 

5. .*. the four roots are — 1, 2, — 7, and 6. 

Nore. Usually it is possible to determine f (1) and f(— 1) by inspec- 
tion. Remember the fact mentioned in § 274, c. 

Rule. — To determine the rational roots of a p-form equation with 
integral coefficients: 

1. Determine by Descartes’ Rule the maximum number of posi- 
tive and of negative roots. 

2. Test by synthetic division the integral divisors of p,, begin- 
ning with the lowest, using Theorem 2, § 280. 

3. When a root is found, continue testing, using the depressed 
equation resulting from step 2. 

4. Continue until all of the rational roots are determined. 


EXERCISE 146 
Solve the following equations for their rational roots. If a 
depressed equation is a quadratic equation, complete the solu- 
tion by finding the roots of the quadratic in the customary 
manner. 
1. @,—822°+192—12=0. 3. 2— 31a¢—30=0. 
2. 8+5e—6a—24=0. 4, 2 —Ta?—14474+48=0. 
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5. y—4y—17y74+60=0. 8. #4+2—7 ?—8t+12=0. 
(BGS MG BEI GR 9. ¢t—7f—l(rtrso—0: 
7. @43e—2427428=0. 10. s!+6s+s?—24s—20=0. 

11. #+110°4 41 2? + 617+30=0. 

12. af —8a8 +170? + 2e—24=0. 

13. yt+y—31y7+7T1y—42=0. 

14, 2—-112+4352—132z—60=0. 

15. #—76+415?—t—24=0. 

16. ot +2 0% — 13 a — 38 x —24=0. 

V7, 2-697 a — 24-16 — 0. 

18. af+7a2+9e—27e2—54=0. 

19. w— 41 o§ +12 a? + 292 2 + 240 = 0. 

20. 2° —74 a3 — 24 a? + 937 a —840=0. . 


292. Determination of Rational Roots of Equations in the a- 
form. 


Exampte. Find the roots of 22° + 52? — 48 2—90= 0. 


Soxtution: 1. Transform the given equation into one whose coeffi- 
cients are integers, that of the first term being unity. (See Example 11, 
Exercise 144, page 290.) 


Divide both members of the given equation by 2. 
. + 3a2— 484 —45=0. (1) 
Transform (1) into an equation whose roots are double the roots of (1). 
The desired equation is : 
w42-.307— 4.4389 —8.45=0, or 22+ 522— 862—360=0. (2) 
2. Equation (2) has not more than 1 positive root, and not more thau 
2 negative roots. (By Descartes’ Rule.) 
The roots are integers which are divisors of 360. 


Is 9 a root? 911+ 5— 86 — 860 
+ 9-+ 126 + 360 .. 9 is a root. 


1+14+ 40 ll 0 (See § 280.) 
The depressed equation is x? + 14” +4 40 = 0. 
“. (© +4)(@+10)=0, or s=—4 and « =— 10, 


x 


~\O" BE Peoeee 


wie o 
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3. The roots of (2) are 9, —4, and —10. These are double the roots 
of the given equation. (See step 1.) 
Hence the roots of the given equation are $, — 2, and — 5. 


Rule. — To determine the rational roots of an equation: 

i. If the equation is in the a-form (§ 277), transform it into 
an equation with integral coefficients, that of the first term being 
unity. (See Example 11, Exercise 144, page 290.) 

2. Determine by Descartes’ Rule the maximum number of posi- 
tive and of negative roots. (See § 288.) 

3. The rational roots are integers (§ 289) which are divisors of 
the absolute term (§ 290). Test the possible roots by synthetic 
division. 

4. Often a solution following this process leads to a quadratic 
equation which may be solved in the customary manner. 


EXERCISE 147 


Solve the following equations for their rational roots, ob- 
taining other roots when possible: 


1. 22 4+- a? —232+20=0. 


2. 3a 4+2e—8a—2=0. 

3. 2a —38a°—17x4+30=0. 

AA Ie or lot — 60; 
Bo 4a — 1242 27 2 — 19 = 0- 
6. 4y*— 317+ 21y+18=0. 

TO — heat = Or 0. 

8. 1624-82 — 2382+ 6=0. 

9. 9m4—16m?—3m™+4=0. 
10. 2e4'— 323—162?—3242=0. 
11. 844+68—15/°—16t—3=0. 
12. 2¢+32?—2¢74+21=0. 
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IRRATIONAL ROOTS 


293. THeorem 8. If a and b are two real numbers which are 
not roots of the equation f(x)=0, and if f(a) and f(b) have oppo- 
site signs, then the equation f(x)=0 must have an odd number of 
real roots between x =a and x= Db. 


Examprel. Let f(x)=2*+82—5=0. 

Then f(— 2)= 16 — 16 -5=— 5; 
and f(+ b= 14+8—5=4. 

Then, since f(— 2) and f(1) have opposite signs, the equation must 
have an odd number of roots be- 
tween —2 and +1. 

If CA represents f(— 2) and 
BD f(1), it is obvious from the 
graph that any continuous curve 
must cross the z-axis an odd num- 
ber of times in passing from A to 
B. Since areal root corresponds to 
each point of intersection with the 
x-axis, then the facts in this case 
agree with the statement in the theorem. 


This theorem is employed to locate the irrational roots of an 
equation as in the following example: 

EXAMPLE 2. Locate the roots of 22 +2?—6a2—7=0. 

Soturion: 1. By Des- 
cartes’ Rule, the equation 
does not have more than 
one positive root nor more 
than two negative roots. 

2. Determine values of 
f(x) as for drawing the 
graph of f(a). 

“. & pos. root between 
2and 3. (§ 293.) 

*. a neg. root between 
— land — 2. 

*. a neg. root between 
—2and — 3. 


i a al Nc le al 
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5. The location of the roots becomes apparent when the graph of the 
function is drawn. 


EXERCISE 148 


Locate the roots of the following equations: 


1. @—5e+3=—0. 5. 8+ 82?—9a—12=—0. 
2. e@—b5ia+24-+6=0. 6. a&—15e°+3e+14=0. 
3. 420-2 —-1=0. 7. a4+6a3—42a—44=0. 
4. ¢—82? -15=0. - 82 a —O ae ot 13a —7 =—0: 


Prove that the equation: 


9. e@—2?+22—1=0 has at least one real root between 
andi; 


10. 24+ 3%—5=0 has one root between 1 and 2. 


11. 2 — 22 —30?+ a2—2=—0 has one root between — 1 and 
— 2, and at least one between 2 and 3. 


12. #'—4¢+62?+a—1=0 has one root between 0 and 
—1 and at least one between 0 and 1. 
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294. Turorem 9. To derive an equation whose roots shall be 
those of a given equation f(x) = 0 decreased by m: 


1. For the last term, take the remainder when f(x) is divided 
by x—m. 

2. For the coefficient of the next to the last term, take the re- 
mainder when the quotient of step 1 is divided by x — m. 

3. Continue in this manner until all the coefficients have been 
obtained. Perform the divisions synthetically. 


Exampir. Transform the equation #—7Tx+6=0 into 
another whose roots shall be those of the given equation 
decreased by 2. 


SoLurion: 1. Divide f(x) by x — 2, synthetically. (§ 93.) 


a+ 2)03 + 027—-T7Tx+6 


Hence the required equation is 


ates SE aN 3 6 42 5a—0. 
ore rere ee eS 


+2 
1+ 6=q 

Nore 1. Notice that, if x of the divisor is omitted, + 2 remains, and 
this is the number by which the roots are being decreased. This abbrevi- 
ates the computation a little. 

Nort 2. The coefficients 1 + 2 — 8 in the third line of the computa- 
tion are the coefficients of the quotient. This quotient is then divided by 
« — 2 in the fourth and fifth lines. 


PROOF OF THE THEOREM: 1. Let 
0 pie) peter? hos Ep, ge Ep 0: (1) 
2. Lety=x—m, ort«=y-+m. Substitute in(1). Then 
CY + m)"+ pr(y +m)" + poly tm)" + + + PraYtm)+ pr =0. (2) 


3. If in (2) the powers of (y+ m) are expanded by the Binomial 
Theorem and like powers of y are collected, there will result an equation 
of the form 


y" + gay) + gay? + o> + On + On = 0 (3) 
whose roots are those of (1) diminished by m. 
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4, Since the left member of (8) arose from substituting y + m for x in 
(1), clearly if « — m is substituted for y in (3), the equation (1) will again 
appear. In other words 
Se) = (H—m)" +41 (%—m) "+ Go(e—m)"-24 -- +q,1(4—M)+Gn, (4) 

5. Divide both members of (4) by «—m. On the left, there is 
S(«)+(@—m). On the right the quotient is 

(@— my" + qi(@—m)"2 + qa(e— mM) Hq) 
and the remainder is q,. 

That is, g, is the remainder when f(x) is divided by «—m, proving 
step 1 of the rule. 

6. If the expression (5) is divided by (*— m), the remainder is ¢,_1, 
thus proving step 2 of the rule, etc. 


Nore 1. To transform an equation into another whose roots shall be 
those of the given equation increased by m, make the divisor x + m in- 
stead of a— m. For increasing the roots by m is equivalent to decreasing 
them by — m, and«—(— m) isx+m. 

Notr 2. Graphical Interpretation of the Transformation. 

In the adjoining figure, the graphs marked /f\(%) and f2(x%) are the 
graphs corresponding to the two equations : 

Ai@=HaLB— Tx + 6= 0, 


and io(@) =e84+607+5x=0. 
or ber Pile 
TN z 
2 Wok i 4) 
i as) =: 
may 
Xi |=45 | 3 | 2 | — I 2. 3 


I 
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Notice that the graph of the transformed equation is of exactly the same 
shape as that of the given equation and that it is 2 units to the left of the 
graph of the given equation. 

In general, if an equation is transformed into another whose roots are 
@ units less, then the graph of the transformed equation is @ units to the 
left of the graph of the given equation. 


EXERCISE 149 


1. Transform 2 + 7x —18 =0 into an equation whose 
roots shall be 3 less than those of the given equation. Check 
the solution by solving both the original and the final e yuation 
and comparing the corresponding roots. 


2. Transform 2 + 5a%—24=0 into an equation whose 
roots shall be 2 more than those of the given equation. Check 
the solution as in Example 1. 

3. Transform 2?+22?—Ta—72=0 into an equation 
whose roots shall be less by 4. Check by drawing the graph 
of the original and of the final equation. 


4. Transform 2 —5a?+4a2—23=0 into an equation 
whose roots shall be less by 5. 

5. Transform at — a — 2a°+ 7 « — 81 = 0 intoan equation 
whose roots shall be greater by 3. 

6. Transform at+3a—52+4+2=0 into an equation 
whose roots shall be less by 6. 

7. Transform a+92—3a+5=0 into an equation 
whose roots shall be greater by 3. 


8. Transform a? — x? — 4 =0 into anequation whose roots 
shall be less by 4. 


9. Transform a#*—8a'—5xe2+1=0 into an equation 
whose roots shall be less by 2. 


10. Transform «+ 52 —9a?—28=0 into an equation 
whose roots shall be greater by 1. 
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295. Horner’s Method of Approximating Irrational Roots. 
Example: Solve the equation a°—3a?—2e%4+5=0. (1) 


SOLUTION: 


(a) 


By inspection 


By inspection : 
Yaseen .. there is a root be- 


tween land 2, (§ 293.) 


—1 —4 


0 .. there is a root be- 


tween 3 and 4. 


.. there is a root be- 
tween — 1 and — 2. 


(>) To approximate the root between 3 and 4. 


1, Diminish the roots of (1) by 3. 


8}/1 —3 —2 +5 
+3 +0 —6 
1 +0 —2ll-l=q 
3 9 
1 +3/14+7=@q 
sue 
Iy/+6=q (See § 294.) 
The transformed equation is 
fi@=¢8+6e2+ 7e—-1=0. (2) 


This equation has a root between 0 and 1. (Read Note 1.) 
2. Locate the root between 0 and 1. 


Cel tO ora a 
(Read Note 2.) 
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Apparently there is a root between .l and .2. To make certain com- 
pute fp (.1) and fp (.2). 


1/1+6 +7 —1 
1+ .61 4+ .761 
14+6.1+4+7.61I1— .289 = fo (.1). 


CAGE agar Sees 
+ 241.24 41.648 
14+6.248.24ll4+ .648 =fo(.2). 


.'. there is a root of (2) between .1 and .2. 
Hence the root of (1) is between 3.1 and 3.2. (Read Note 3.) 


3. Diminish the roots of (2) by .1. 


Aj1 46 +7 +1 
ieee (6h 168 

1 +6.1 4+7.61Il— .239 = qs 
+) .he + 262 

1 +6.2l1+ 8.23 = qe 

+ .1 

1+6.3=q. 


The transformed equation is 

Ss (@) = 23 + 6.8 2? + 8.23 « — .289 = 0. (3) 
This equation has a root between 0 and .1. 
4. Locate the root between 0 and .1. 


8,23 2 — 239 =0; x = SO = 02 


(Read Note 2.) 


Apparently there is a root between .02 and .03. 
Hence the root of (1) is between 3.12 and 3.13. (Read Note 4.) 
5. Diminish the roots of (3) by .02. 


02 [te 4-68 5 $8285 a= 5930 
+ .02 + .1264 +.167128 

1 46.382 + 8.8564 || — .071872 = qs 
+ .02 +. .1268 

1 +6.84 || + 8.4832 = qe 
+ .02 

1) +636=q 


Se eS 


—_—— 
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The transformed equation is 
Fa(%) = 2 + 6.36 x? + 8.4832 x — .071872 = 0. (4) 


This equation has a root between 0 and .01. 
6. Locate this root. 


8.48382 x — .071872 = 0. 
= 071872 =-008%. 
8.4832 


This suggests that there is a root of (4) between .008 and .009. 

The root of (1) is therefore 3.128+. 

(c) In exactly a similar manner the root between 1 and 2 may be 
approximated. : 

(d) To approximate the root between —1 and — 2, first form the 
equation whose roots are the negatives of those of the given equation. 
The resulting equation will then have a positive root between 1 and 2. 
This root may be approximated as in the part (0) above, and, after it is 
obtained, its sign may be changed, —thus giving the corresponding root 
of the given equation. 


Nore 1. In the adjoining graph, the graphs of f; and f2 are marked 
accordingly. The transformation moves the graph of fj over to the left 
3 units (§ 294, Note 2) and obviously there is now a root between 0 and 1. 


T | y 
10 iE r 
T im (ath 
Li ie 
if 
Cee i 
‘| (j-15| ~4 | 13 — { o 3 4_ 
ie 
alk M rt NBs | 
5: 
REECE HEE 
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Note 2. This is a rough means of locating the root. Neglect all 
powers of « above the first and solve the resulting linear equation. In 
the case of the first transformed equation, it is advisable to make certain 
as in the illustrative solution that the root lies between the tenth indi- 
cated and the next tenth. It may be necessary in some cases to compute 
the values of fo(x) for several tenths; i.e. for .1, .2, .8, etc. until § 293 
can be applied. 

Nore 3. The root of (1) corresponding to the root of (2) just located 
is 3 more than the root of (2) ; hence it is 3 + .1, or 3.1+. 

Notre 4. While it is usually necessary in the first transformed equa- 
tion to test the root figure determined by solving the linear equation, for 
the other transformed equations it need not be tested ordinarily. As a 
further check, the root figure must be such that when the roots of the 
equation are diminished by it, the last two terms of the next transformed 
equation must have opposite signs. 

For example, there is a root of w3—4a?—9x%+5=0 between 0 
and 1. Solving —9x%+4+5=0,x%=3 
-= .5 is suggested as the first decimal 
figure of the root. Diminishing the 
roots by .5, the last two coefficients of 
the transformed equation are — .375 
and — 12.25. Since these are of the 
same sign .5 is too great for the first decimal figure of the root, and .4 
must be tried. 

Rule. — To determine the approximate value of a positive irrational 
root of an equation: 

1. Locate the root between two successive positive integers (§ 293). 

2. Transform the given equation into another whose roots are less 
than those of the given equation by the smaller of the two integers 
determined in step 1. This equation has a root between 0 and 1. 

3. Solve the linear equation formed when all terms above the first 
degree of the transformed equation resulting in step 2 are omitted. 
The root obtained will suggest the two successive tenths between 
which the root being approximated is located. Write the lesser tenth 
as the first decimal figure of the root. 

4. Transform the equation of step 2 into-another whose roots are 
less by the smaller of the tenths indicated in step 3. (See § 294, and 
§ 295, notes 2 and 4.) 


Pl Maids oe +6 
5— 1.75. — 5.875 
1— 8.5 — 10.75] —. 8 =@% 
b= LS 
1—$\|— 122.25 =o, 


— ee 
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5. Continue thus until the desired degree of approximation is 
reached. 


EXERCISE 150 


Find the root between 1 and 2 of a —3 22-—2a2+45=0. 
Find the root between 5 and 6 of a3+2 22?—23 «—70=0. 
Find a positive root of 2+ 62?+10a—1=0. 

Find a negative root of a? — 3a? —32+4+18=0. 

Find a negative root of a —a?— 252+ 81=0. 

Find a positive root of at — 10a2?—4x%+8=0. 

Find a negative root of at + 643 +12 a?—1lla—41=0. 


ee 


Find the real roots of: 


8. ¢— 2 —r+1=—0. 1s — et 0: 

9. e—38e—1=0. 13. 2t—2+a— 2=—0. 

10. #430" +4e+5=0. 14 ee ol — 0 
Me 2— 22-3. — 0. 15. eto? —7Tx—52=0. 


296. Relation between the Roots and the Coefficients. 
By § 282, if the roots of 


a" + pwr + pwr” + + + p, 1% +p, = 0 (1) 
ATE 11, Tr, 73) ***) T,, the equation may be written 
(w— 1) (w@—1)(@— 7) + (@—7,)=0. (2) 


3y actual multiplication : 
(w@ — 1) (@ — 1) = @ +(— 7, — 1) @ + (— 141) (— 19)5 
(a — 1) (@ — 12) (@ — 73) 
= 4 (= ry 1 — 13)? + (Myre t Ty's t 1o1'3)@ + (— 11) (— 1) (— 75). 
If all of the factors of the left member of (2) are multiplied 
together, the result can be put in the form of (1) where: 
p, = the sum of all the roots with their signs changed ; 
p» = the sum of all the products of the roots with their signs 
changed, taken two at a time; 
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p3 = the sum of all the products of the roots with their signs 
changed, taken three at a time; 


p, = the product of all the roots with their signs changed. 


Nore 1. The equation must be in the ‘‘ p-form”’ (§ 277) before these 
relations exist. 

Note 2. To find p;, change the sign of each of the roots, and add the 
results. 


EXERCISE 151 
In each of the following equations, determine the sum of 
the roots and the product of the roots : 
1. 2a*—13 2? — 91 2? + 39024 216 =0. 
2. da®+- Sat 29 a —1092—68—0. 
3. 48 —Tv+21=0. 


4. Two roots of # + 2? —222—40 are —4and 5. What is 
the third root ? 


5. Three roots of at+5a3+52?—5x—6=0 are —1, l, 
and —2. What is the other? 

6. One root of z—3a?—10a2+ 24=0 is 4. What are the 
other two? 


7. Two roots of e!3—#—16e?+42%148=0 are 4 and 2. 
What are the other two? 


297. The complex numbers a+ bi and a — bi are called Con- 
jugate complex numbers. 


298. Complex Roots. THrorrem 10. If a complex number is 


a root of an equation with real coefficients, its conjugate is also a 
root. : 


Proor: 1. Let «+ pywr-1 + poam-2 4». +p, 4 + p, =0 (1) 
have the root a + bi. 
2. Consider the product {« —(a + bi)}{« —(a — bi)}. 


ay apy 


—— 
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3. Divide the polynomial f(a) by this product. Let @ represent the 
quotient and Rx + S the remainder. Then 
F(a) = w—(a + di)}{e—(a— B/)}- QERe+8=0. (2) 
Substituting (@ + bz) for x in (2), 
{(@ + bi) —(a + bi)}i(a + bi) -—(a — Di)}- Q4+ KR(a4+ bi) + S=O, 


or 0-27b-Q+ Ra+S+ Rib =0, 

or Ra+S+ Rib=0. (3) 
4. =. he 4S =0; (4) and Rib = 0. (5) (See Note.) 
5. Hrom’ (6),-2, ='0: ee LOM (4) eS =O! 
6. .*. substituting in (2), 


I(x) = {x —(a + bi)} {x —(a — ib)}- Q. 
7. From step 7, « —(a — ib) is a factor of f(x), and hence a—ibisa 
root of f(#) =0. 
Nore. Step 4 is practically a result of the definition of the meaning 
of the equality e+di=0. In order that ¢ + di may equal zero, c must 
equal zero and also d must equal zero. ; 


299. As a consequence of Theorem 10, every equation of 
odd degree must have at least one real root, for the complex 
roots enter in pairs. 


XXVII. UNDETERMINED COEFFICIENTS 


300. THrorem 1. If two polynomials F(x) and f(x) are equal 
for more than n values of x, then the coefficients of like powers of x 
must be equal. 

Proor: 1. Let F(«) = Ay + Ait + Agx? + --- + A,2", 

T(x) = dy + aye + dou? + + + a2", 
and let F(x) = f(x) for more than n values of x. (4) 

2. From (1), 

(A, — @,)@* + (An—1 — Gn—1) 2°) + +> + (A1— G1) % + (Ao — ao) = 9, (2) 
for more than n values of «x. 
8. If any coefficient of (2) is not zero, (2) is an equation of degree n 


(or lower) having more than n roots, and this is impossible (§ 282). 
.*. every coefficient of (2) must be zero ; that is 


Ar =a4n5 Piles = Gn-15°** Ao = do. 


PARTIAL FRACTIONS 


301. If the denominator of a fraction can be resolved into 
factors, each of the first degree in 2, and the numerator is of a 
lower degree than the denominator, the Theorem of Undeter- 
mined Coefficients enables us to express the given fraction as 
the sum of two or more partial fractions, whose denominators 
are factors of the given denominator, and whose numerators 
are independent of a. 


302. Case I. No factors of the denominator equal. 
19¢%+1 


Exa ie A t 
XAMPLE eparate Cea 


into partial frac- 


tions. 

19241. ppd et B 
(8a—1)(242) 82-1 5242’ 
where A and B are numbers independent of z. 

310 


SoLuTion: 1. Assume 


(1) 


eo 
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2. Clearing of fractions, 19% 4+1= A(5e%+2)+ Ba —1), 
Sion, 9x%+1=(64A+3 B)x4+2A—B. (2) 


4. The second member of (1) must express the value of the given 
fraction for every value of x except a = 3 and — 3. 

5. Hence, equation (2) is satisfied by every value of x; and by § 300, 
the coefiicients of like powers of x in the two members are equal. 


That is, 54+3B=19, 
and 2A=— B= I. 


6. Solving these equations, 4 = 2 and B =8. 


19%+1 ae: ' Sye 
(83a—1)(6x%+2) 82-1 52742 


~ 


7. Substituting in (1), 


The result may be verified by finding the sum of the partial 
fractions. 


EXxamp.e 2. Separate ee Tt partial fractions. 
22—2— 2 

Sorution: 1. The factors of 24 — x2 — aw are wv, 1 — ax, and2+42. 

2. Assume then x +4 _A +. B + ¢ 


22-28 2 1—-x 2+u 
3. Clearing of fractions, we have 
e+4= A(1—2#)(2+2)+ Br(2+")+ Cxl1—az). 


4. This equation, being satisfied by every value of x, is satisfied when 
x=0. Putting x = 0, then 4 =2 A, or A =2. 
5. Again, the equation is satisfied when # = 1. 


Putting; = 1, then. 6 = 3B, or B =2. 


6. The equation is also satisfied when « = — 2. 
Putting « =— 2, then 2=— 6 C, or C=~5. 
5 ad 
x+4 2 3 oY 5 1 


1. Then, 53g =a 2 'i-a'2+e 2'3—2) 38@+2) 


Nore. To find the value of A, in Example 2, we give x such a value 
as will make the coefficients of B and C equal to zero ; and then proceed 
in a similar manner to find the values of B and C. 
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EXERCISE 152 


Separate each of the following into partial fractions: 


18¢@+3. 3, wT, _ _ae—190? 
4 —9 2252 +4 ax—5 a? 
2 — ; 7 88a+5 3 46— 52 ; 
' Bat — 6a 6a? +5a—6 8—182—5 2? 
7 e+100%—T7 J —13¢+ 272418 
" (2a —1) (122 —2—6) ' (@— 2a) (a? —9) 


303. Case II. When all the factors of the denominator ave 
equal. 
e112 26 


Let it be required to separate (@—3) 


into partial 


fractions. 
Substituting y + 3 for x, the fraction becomes 


(FPS Gs) 726 2 Sb eee ey 
y° y 5 ERP 
Replacing y by x — 3, the result takes the form 
1 5 2 
aoa eas 


This shows that the given fraction can be expressed as 
the sum of three partial fractions, whose numerators are inde- 
pendent of x, and whose denominators are the powers of «—3 
beginning with the first and ending with the third. 

Similar considerations hold with respect to any example 
under Case II; the number of partial fractions in any case 
being the same as the number of equal factors in the denomi- 
nator of the given fraction. 


6e+5 
(8a+ 5) 


Sotution: 1. In accordance with the principle stated in § 303, as- 
sume the given fraction equal to the sum of two partial fractions, whose 


Exampir. Separate into partial fractions. 
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denominators are the powers of 3x +5 beginning with the first and end- 
ing with the second. 
Thus, Seo 54 A B ’ 
“(8a+5? 8x2%4+5 (8%+45)? 
2. Clearing of fractions, 6% +5= A(3”%+5)4+ B. 


Or, 64+5=3Ar+5A-+ B. 
3. Equating the coefficients of like powers of « 
SAL 165 
56A+ B=5. 
4. Solving these equations, A=2and B=—5. 
5. Whence, Ee Aas. 


(8245)? 824+5 (8"+45)2 


EXERCISE 153 


Separate each of the following into partial fractions: 


14¢—30__ 9 a?—15 2-1. 100?4+3a—1 
4a?—12249 RSet = (Gere 
9 P+4a—1, 8a?—19_ oo — Sota 
* (a+ 5) " Qa—3y Gea): 
+ 4er+Te+2. . I8a#—21a+4a 
(% + 2)! (3a —2)" 


304. Case III. When some of the factors of the denomi- 


nators are equal. 
?—4e+3 


e(a +1)? 
SoLuTION: it The method in Case III is a combination of those of 
Cases I and II. 


EXAMPLE. Separate into partial fractions. 


4043 _ A B Cea 
e@+l)* -~*% «+1 @+1) 
8. Clearing of fractions, c?7-47%+4+8= A(%+1)?+ Br(x+1)4+ Ce. 
=(A+ B)2?+@A+ B+ C)e+A. 
4. Equating the coefficients of like powers of a, 
A+ B=1. 
2A4+B+C=-4. 
Avs 


2. Assume 
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5. Solving these equations, A=3, B=— 2, and C=— 8. 
w—4r44+3_ 8 2 8 
a(n)? &% wel G41)’ 
Nore. It is impracticable to give an illustrative example for every 
possible case ; but no difficulty will be found in assuming the proper 
partial fractions if attention is given to the following general rule. 


6. Whence, Ans. 


A fraction of the form =S should be assumed 
éaual 40 (©+a)(@+b)---(e@+m)r--- 
A B E F K 
Ree cA ia a Tp he pet cea eeh ee Sy 
pie oe x+m (x+m)? ere 


Single factors like «+a and x + 6 have single partial fractions cor- 
responding, arranged as in Case I; and repeated factors like (# + m)r 
have r partial fractions corresponding, arranged as in Case II. 


EXERCISE 154 


Separate the following into partial fractions : 


3 — 2+27 A cate Vpegl A deer a 
x(x + 3)? , w(a +1)? 
a 38 +7 +24¢—1bd. re —48 +29 — 362-9 
a3(a — 4) x(a —1)(a@ — 3)? 
14 —S3e—4 6 T7T—130—42 j 
(8 @ + 2)(2 x — 3)? (8 a — 2x —3)(2a%+4+1) 


305. If the degree of the numerator is equal to, or greater 
than, that of the denominator, the preceding methods are 
inapplicable. 

In such a case, divide the numerator by the denominator 
until a remainder is obtained which is of a lower degree than 
the denominator. 


Exampie. Separate into an integral expression 


WG iy TL 
7 — a2 


and partial fractions. 
SoLution 1: Dividing #3 —322—1 by 2? —~«, the quotient is x — 2, 
and the remainder — 2#—1; then 


ey? — % 


(1) 
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are 

2. Now separate a into partial fractions by the method of 

% 
Case I; the result is pace ee 
ze a—1l 
29 ptt 
3. Substituting in (1), ae ake alt Ta Det Lee aN: 
2 = 9: Pe dpi 


EXERCISE 155 


Separate each of the following into an integral expression 
and two or more partial fractions : 


1. 12% —17 +7. 3. oe —4oet+ 2+ Te— 4 
(@— 2)(8 +1) a(a — 1) 
> 28 + 142°4+ 3024 25— 4. Pe — OE Oot 
(@+3)8 x(a + 1)? 
5. 2a —8a°+2a'—5a8+12e—2+4 
a (a — 4) 


306. If the denominator of a fraction can be resolved into 
factors partly of the first and partly of the second, or all of the 
second degree, in x, and the numerator is of a lower degree 
than the denominator, the Theorem of Undetermined Coeffi- 
cients makes it possible to express the given fraction as the 
sum of two or more partial fractions, whose denominators are 
factors of the given denominator, and whose numerators are 
independent of # in the ease of fractions corresponding to fac- 
tors of the first degree, and of the form Aw + B in the case of 
fractions corresponding to factors of the second degree. 


ExAmpLE. Separate = i into partial fractions. 
Cy 


Soxtution: 1. The factors of the denominator are « Se 1 and 2?—2+1. 
be 2. Be+C_. (1) 
a+1loe4+1 e#-—-x“x41 

3. Clearing of fractions, 1= A(a?—a%+1)+(Be+ C)(# +41), 
or, 1=(A+4 B)x?+(—-A+B+ O)e+A4 C. 


2. Assume 
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4. Equating the coefficients of like powers of x, 


A+ B=0; 
AC Te 
5. Solving these equations, A=5, B =-i, and C== 
: = tee Ans 


6. Substituting in (1), = = ; 
e+1 38(¢+1) 3(¢—2“#£+1) 


EXERCISE 156 


Separate each of the following into partial fractions: 


1 5a +1 ry 3 —5aer+ae—3 
+1 Lio 6 
e+16¢—12._ 12+413¢—22 
(3+ 1)(@—2#2+3) to Wir = Du] 
20°+1102—7 2e+20? +10 


" (2a—5)(a? +2) at te 


XXVIII. SERIES 


307. A Sequence of terms consists of a number of terms of 
which one is the first, another is the second, another is the 
third, and so on. 

A Finite Sequence is one having a finite (a limited) number 
of terms. 

An Infinite Sequence is one having an infinite (an indefinitely 
large) number of terms. 


308. If the terms a, a, a3, --- form an infinite sequence, then 
dy + a, + a+ a; +++ is called an Infinite Series. 
Ay + aye + anu? + av* --- is called an infinite power series. 


309. Consider the series 14+ «+ 2?+ 23 + a! ..-. 
Denote the sum of the first n terms by S,,. 


1k a 


Then S,=14+e+e+ Jee +o" = 


($ 177) 


aie. 


I. Suppose that «=a, where 2, is less than 1 in absolute 
value (§ 2). 


Then ee eae 
1— ey 
Since 2 is numerically less than 1, then lim x)" = 0. (§ 262) 
Bis Un See ; - , a finite value. (Compare with § 178.) 
a==00 — 1 


That is, as increases indefinitely, the sum of the first m terms of the 
series approaches a definite finite limit, provided ~ is less than 1 in abso- 
lute value. 

1 
1-3 
317 


Se. 
For example if 7; = 5? lim Sw =P, 


no 
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II. Suppose that 2 =a, where #, is greater than 1 in ab- 
solute value. 


Then as 7 increases indefinitely x2” becomes indefinitely large ; conse- 
1 — rr 

pe 
as n increases indefinitely, the sum of the first n terms of the series in- 
creases indefinitely when x is greater than 1 in absolute value. 


quently the fraction must become indefinitely large. Therefore 


III. When x = 1, the given series becomes gees SE ao: 


Then S,—n. Now as n increases indefinitely, obviously S,, also in- 
creases indefinitely. 


IV. Suppose that w=—1. The given series becomes 
1—1+4+1-1-.--.. 


Then §, = 1 or 0, according as n is an odd or an even number. Now 
as n increases indefinitely, S,,, while it is always finite, does not approach 
a definite limit. 


From these four cases, it is apparent that, for a given series, 
whether or no S, approaches a definite finite limit depends 
upon the value of # being considered. 

It is also apparent that whether or no'S, approaches a finite 
limit depends upon the series itself. 


310. An infinite series is Convergent when the sum of the 
first m terms approaches a definite finite limit as » increases 
indefinitely. 


Thus, in § 509, the series is convergent for all values of 2 which are 
numerically less than 1. 


An infinite series is Divergent when the sum of the first n 
terms either does not approach a definite finite limit or ap- 
proaches an infinitely large limit. 


Thus, in § 509, the given series is divergent in: 
Case II, since the limit is infinity ; 
Case ITI, since the limit is infinity ; 
Case IV, since there is no fixed limit. 


eee ay *. 
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311. An infinite series of the form a@+a,e+ aa%+ -.- is 
convergent for the valueax=0; for the sum of the first n terms 
is dj and remains a as n increases indefinitely. The sum of 
the series for «= 0 is ay. 


312. When a series is convergent, the limit approached by 
S, is called the sum of the series. Thus, in Case I, the sum 


of the series is 


— 2, 


313. The power series 14+ a+ 2°+4 --- arises as the quotient 


when is expanded by division; that is, when 1 is divided 


by 1—2. Hence we may write 


But, this is an equality only for those values of # for which 
the series on the right is convergent. 


Thus, when « = 5: the series is convergent, and 


itive 
psa equal 1 + aah a+ ep 


2 


= 


But when « = 2, the series is divergent, and clearly does not 


1—2 
equall+2+444--.-. 
1 


ae =—1; but1+2+44+4 ... increases indefinitely. 


314. In general, power series in a are considered only for 
those values of x for which they are convergent. For such 
values of a, two or more power series may be added or multi- 
plied. These and other theorems relating to power series are 
based upon considerations beyond the scope of this text; hence 
the facts will be assumed. In particular, the following theo- 
rem will be stated without any proof of its correctness : 


320 ALGEBRA 


THEOREM OF UNDETERMINED COEFFICIENTS FOR POWER 
Series: If A, + A,x4+ A,X? + + =a, t+ ax+ax*+ --- for 
all values for which the two series are convergent, then the coeffi- — 
cients of like powers of x are equal. 


EXPANSION OF FRACTIONS INTO SERIES 


2—3 27 — a 


315. Examete 1. Expand ‘in ascending 


1—22+4+32 
power of z. 
Sorution: 1. Assume 
2-30) — 2 A+ But Crt + Do? + Ext ps (1) 


1—22+322 
where A, B, C, D, EL, etc., are quantities independent of x. 
2. Clearing of fractions, and collecting the terms in the second mem- 
ber involving like powers of 2, 


2—82—028=At Blast Cla®+ le Eat +--+, (2) 
2S OU OB) ae OF eee 
+3A| +8B;} 480C] (See Note 1.) 


8. The second member of (1) expresses the value of the fraction for 
every value of « which makes the series convergent (§ 314). 

Hence, equation (2) is satisfied when x# has any value which makes 
both members convergent ; and by the Theorem of Undetermined Coeffi- 
cients, the coefficients of like powers of « in the series are equal. 

4, Then, babi, 

B—2A=0; whence, B=2A —4. 
C—2B+3A=—8; whence, C=2B—8A—3=-1. 
D—2C+8B=—1; whence, D=2 C—3B—1=- 16. 
H—2D—3C=0; whence, H=2D—30C =— 27; ete. 

5. Substituting these values in (1), we have 

2—382?— 2 
1—224+ 322 

The result may be verified by division. 

Nore 1. A vertical line, called a bar, is often used in place of 
parentheses. 

Thus, + B|x is equivalent to (B— 2 A)zx. 

—2A 


=2 +4x%—2?— 1523 —27¢t+ ..-, Ans. 
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Nore 2. The result expresses the value of the given fraction only for 
such values of « as make the series convergent (§ 314). 

Nore 38. Determine by actual division what power of « will occur in 
the first term of the expansion, and then assume the fraction equal to a 
series commencing with this power of x, the exponents of x in the suc- 
ceeding terms increasing by unity as before. 


EXAMPLE 2. Expand in ascending powers of 2. 


a LG. 
3.0? — 
Sorution: 1. Dividing 1 by 322, the quotient is “. Then assume 
—— = Ar? 4+ Bet + C+ De + Ee ++ (1) 
SA 
2. Clearing of fractions, 
1=8A4+S5Bl\x+3C/22+4+3D 
— Al — Bl) - @ 
3. Equating coefficients of like powers of a, 
83A=1,3 B—-A=0,38C—B=0,3D-— C=0,3H— D=0; ete. 


e4+3Hilot4+... 
— D 


1 1 1 al 1 
4. S56) Ji =—,D= — = —, etc. 
Whence, A 3? ai C on! ar 5437 oe 
5. Substituting in (1), we have 
1 Si ger ee eee figs 


+ +. 


38a02— 93 38 - 9 tort et 243 


EXERCISE 157 


Expand each of the following to four terms in ascending 
powers of a: 


t+ Be. 6 224+32°—2 a tlt aerate 20%, 
1+2 Te oa " g— 5 at—2Qae 
4 3-28. 7. i j 12. 84+5¢—243 
1—42 3 0? — 5.2 a? — 3 2° + at 
= 27 a ee 12. 13. wo? — 4 + 2a 
1-32 2—32%+42 2—8 a — 2 
4s 4a — 2 Ay LL 4e oe 14. Wi VAY : 
2+32° ; 14+22—2? 3—2a+2' 
4 Le O ge) CSOT OM ey o=-4e 
1—2¢-—2 1—42+ 52? 20-2 — 3 a4 
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EXPANSION OF RADICALS INTO SERIES 


316. Exampie 1. Expand V1 — 2 in ascending powers of «. 


Soturron: 1. Assume V1 —a2= A+ Be+ Ox? + Dx? + Ext + ---. 
2. Squaring both members, then, by the rule of § 86, Ex. 28, 


1 —¢.= A? t+ Bx las t- C2) a4 4 ee 
+2AB] +2AC| +2AD| +2AE 
+2BC; +2BD 
3. Equating the coefficients of like powers of «, 
Aa =~ whence, A 1; 
2 AB =—1; whence, B=— eee 
2A 2 
B4+2A0=0; whenee, C=— 7 =—<. 
2AD+2BC=0; Wheto Dis 2 eae 3h 
A 16 
C242 BD 5 
2-2 AR- 2 BD = 0; I ,H=—-- =— ; etc. 
C242 AR + ; whence ak aes 


4, Substituting these values in (1), we have 


pase es Ge Or 
Dee 8 AG. S128 


The series expresses the value of V1— 2 only for such values of « as 
make the series convergent. 
EXERCISE 158 


Expand each of the following to four terms in ascending 
powers of a: 


ie Wes 3. V1—4a4 2 


bs: V1+6a. 
2 WI ese 4. V1l4+a—22 


6 ViEeeae 
REVERSION OF SERIES 


317. To revert a given series y = a+ ba” + ca" + .-- is to 


express x in the form of a series proceeding in , ascending 
powers of y. 


“mn 
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EXAMPLE. Revert the series y=2 e+ 0°—22°—3a'+4 .-.., 
SoLuTion: 1. Assume «= Ay + By?+ Cy3+ Dyt+ .-. (Gb) 
2. Substituting in this the given value of y, and performing the opera- 
tions indicated, 
e= A(2Qx+a2?-—243 —3axt+ ...) 
+ BY4e?+at+ 40-8444 ..-) 
+ C(823 + 12at+ ---)4+ D6 at + ..-)4-- 


3. Thats, @=274p-— “A 4? — 24) ¢837A ict 4. 
+4B +42B — 7B 
+8C +12C 
+ 16D 
4. Equating the coefficients of like powers of «, 
2 Ace 


—2A+4B+8C=0. 
—8A—7B+12C0+4+16D=0; etc. 


5. Solving these equations, 


is Ga D=— Li , ete. 
8 16 128 


Hie = B=— 
2 
6, Substituting in (1), « == ye 


If the even powers of # are missing in the given series, the 
operation may be abridged by assuming @ equal to a series con- 
taining only the odd powers of ¥. 


EXERCISE 159 


Revert each of the following to four terms: 
lL yo=u—wtoar—aty 


gq? a at 
bh, i) EN OE 
ane De Ti 


8. y= ot2e4+3 e+ 4 a4 - 
4. y=u—30°+50—T a+, 


a ee eee 
5. Y= % — — 
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Ee eae 
CUS at aot o: 
T y=utPt+2a?+ 5a + ow, 
5 7 
8. yee Se 
an. 2 f 


SUMMATION OF SERIES 


318. A series of the form a+a,v+a. + --- where every 
7 + 1 consecutive coefficient satisfies an equation of the form 
a, ate Pie a1 + PoAn—2 =" a + P,d,_,=9 (1) 
where the p’s are constants, is called a Recurring Series of the 
rth Order, and (1) is called its Scale of Relation. 
Thus, in 1+2%432?4428+5at4.-..- 
8—2.2+1=0;4—2-342=0; 5—2-445=0. 
In general, the coefficients of any three consecutive terms are such that 
the third, minus twice the second, plus the first equal zero ; that is, 
dn — 2 Any + Any = 9. (2) 
The series is a recurring series of the second order and (2) is its scale 
of relation. 


319. An infinite geometric series is a recurring series of the 
first order. 


Thus, in the series 1+ 4+ 2?+23+4..., the coefficients of any two 
terms are so related that the second minus the first equals zero; that is, 
Qn — Gn-1 =9. Hence the scale of relation is a, — a@,_1 = 0. 


320. To jind the scale of relation of a recurring series. 

To determine the order of a series, assume that it is of the 
first order, and that a,+p,a,_;=0 is its scale of relation. 
Then test the coefficients of pairs of consecutive terms. 


Thus, 256 + 128 « + 64 2? + 3243 4 ...is a recurring series of the first 
order. For assume that the coefficients satisfy the equation 
An + Pidrn-1 = 0. 


128 + pi - 256 = 0 if p, = 4; 64+ p,-128=0 if py =4; etc. The scale 
of relation is a, + 4a,1=0. 
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If trial indicates that the series is not one of the first order, 
assume that it is one of the second order. Assume that the 
scale of relation is @, + p,4,_1+2.d,-2=0, and try out the 
coefficients. 

Thus, consider the series 1+ 2%—4234+ 4a! —12¢5.... Assume that 
its scale is a, + Pidn-1+P2dn-2 =0. Try to determine the p’s by sub- 
stituting coefficients : 

G1 er — = ao Os “O0+2p,;+1-p.=0. (1) 
@=2; a=0; a3 =>—4. »«. —440-p1 +2p2.=—0. (2) 

Solving equations (1) and (2) for p; and po, p; = 1 and py = — 2. 

Hence the scale of relation appears to be a, + Gn_-1 — 2 dn_2 = 0. 

Test the coefficients a2, a3, and ay. ag=—4. 

Does 4+(—4)—2-0=0? Yes. Hence de, a3, and ay satisfy the 
scale of relation. 

Test a5, a4, and a3. ds =— 12. 

Does — 12+ 4—2(—4)=0? Yes. Hence they satisfy the scale of 
relation. 

This justifies the conclusion that the series is of the second order and 
that its scale of relation is a, + Qn_1 — 2 dn-2 = 0. 


EXERCISE 160 

Determine what is the order of each of the following recur- 
ring series, and what is its scale of relation: 
14+2¢44074+82'4+-..., 
1+2e¢—2¢+32 —4a'+ .. 
243a¢+a?— 208 —S3at+ -. 
S38 a— v—9e —2dat+ -. 
38—2y—Ty—12y7 —-17y'— +. 
2—e4+ 2+604+2a'—152a°--.. 


SSO ie Se) et es 


321. To find the sum of a recurring series when its scale of 
relation is known. 


Sonution: 1. Assume ao + a1 + aox? + --- a recurring series of the 
second order; let § represent its sum, and let a, + Pidn-1 + P2dn-2:= 0 
be its scale of relation. 
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2 Sy = do + aye + doe? +--+ 4,2". (1) 
we pit Sy = Prot + yaya? +++ + Pydy—1Z" + Pidnu™*}, 
and pox? Si, = Poot? + ++ + Podn—2t” + Potn 12") + pod, 2™*?. 


8. If these equations are added, the coefficient of «? is a2 + pidi+ pedo. 
But this must be zero for the coefficients satisfy the scale of relation. 
Similarly the coefficient of a = a, + P1@n-1 + P2dn-2= 90. Also all of 
the intervening coefficients equal zero. Hence 
Sn(1 + pit + pox?) = do + (a1 + pido) & + (Prda + P2dn—1) "41 + poane”*?. 
ke Sees Dido) & + (Didnt P2dn—1) L"t1+ Pod xt? (2) 
> 1 + pix + pox? : 
which is a formula for the sum of the iirst n terms of a recurring series 
of the second order. 


5. If x is so taken that the given series is convergent, it is a fact (al- 
though we have not proved it) that #+! and «”+* each approach the limit 
zero as n increases indefinitely. Consequently, if m is made to increase 
indefinitely, 

iS do + (ay + Pido)% (3) 
1 + pix + pox? 


which is the formula for the sum of a convergent recurring series of the 
second order. 


If p,=0, the series is of the first order, and therefore 
a, + py =0. Hence § =——“— is the formula for the sum 
1+ pyo 

of a convergent recurring series of the first order. 


The formula for the sum of a convergent recurring series of 
the third order is 


EROS +(G, + Pry) B+ (Gy + Pr + Pott) x? 
1 + pie + pow? + ps? 


(4) 


322. A recurring series is formed by the expansion in an in- 
finite series of a fraction, called the generating fraction. The 
operation of summation reproduces the original fraction. 


Exampue. Find the sum of the series 
1+ 9a — 15 a? - 57 a2 — 1159 2... 


SoLutrion; 1. Assume the series to be of the second order. 
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2. Substituting @=1, a1 =9, ad =— 15, a3 = 57 in the equation 


Qn + Pidn—1 + P2dn-2 = 0, 
— 154+ 9p.1+ pe=0 A ~ 
Si thsi 9 ns 0. whence p; = 2 and p. =— 3. 
3. To test whether a, +2 a,_1 —34@,_2 = 0 is the actual scale of rela- 
tion, consider a, = — 159. 
Does — 159 + 2(57)— 3(— 15) = 0? Does — 1594+ 114+4+45=0? Yes. 
Therefore a, + 2 a@,-1 — 3 d,_2 = 0 is the scale of relation. 


4, The sum of the series is. § = 40 +(4 + Prdo)e, (§ 321) 
1 + pit + pox? 
Dee Og coal lhe 


1422-32? 1422-322 
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Find the sum of the following : 

ty toe -- 19 27 - 65 2? 4- 211 ot + -.«. 
2—a +59 — To? + 17 xt —.-.--. 
1—4a—22?— 10 2?—142'—..- 
2b e110 c— 6dr 42257 at — =>, 
34+52—52°—115 4 — 845 ¢t— ... 
5+82+4+ 5627+ 1762°+ 800a44 .... 
14+-3¢—2—52°—T et—aitil aft «oe, 
Po 2 a? — 8 8 oo S12 oe O27 oe 


oI HT Pp ww 


THE DIFFERENTIAL METHOD 


323. If the first term of any sequence be subtracted from 
the second, the second from the third, and so on, a sequence is 
formed which is called the jirst order of differences of the given 
sequence. 

The first order of differences of this new sequence is called 
the second order of differences of the given sequence; and so on. 


328 ' ALGEBRA 


Thus, in the sequence 
1, 2.850) 205, (645, £1255 216.) een, 


the successive orders of differences are as follows: 


1st order, (hy BU ily WO, Ee 
2d _ order, 12,- 18, 24, 30, 
3d_ order, AP Gs Ce Goce 
4th order, Ope 0; 


324. The Differential Method is a method for finding any 
term, or the sum of any number of terms of a sequence, by 
means of its successive orders of differences. 


325. To find any term of the sequence 
Gy, Any gy Ay 9 Any Antay 


Soxurion: 1. The successive orders of differences are as follows: 
Ist order: @2— @, @3 — G2, G4 — G3, +++) Ang — Any °° 
2d order: a3—2d2+ @1, @4 —2a3 + da, -:- 
3d order: a4—3a3 +3 a2 — MH, -:-, ete. 


2. Denoting the jirst terms of the Ist, 2d, 3d, ---, orders of differences 
by dh, de, ds, --- respectively, 
dq =d2—%3; OY @ =q+ a. 
pee ewe or 
= d2+ 2a2.— eee te eS 
a =a, —8a3+8a2.—a; or 
a= — 3802+ 843 Hayes Peale ee, 


3. Notice that, in the values of a2, a3, and a4, the numerical coefficients 
of the terms are the coefficients of the terms in the expansion by the 
Binomial Theorem of a+ to the first, second, and third powers re- 
spectively. 

4. If this law is assumed for the term a,, then 


a,=01+ (1-1) + SADE?) a4 @=DO=Da-® qt is ee 


This law may be proved true by the process of Mathemati- 
cal Induction. 

Exampur. Find the 12th term of the sequence 1, 8, 27, 64, 
125, -. 
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SoLuTion: 1. The successive orders of differences are : 
Tstyordens 1.110731 -Ol, 0 ae ay Tc 


Qd order: 12, 18, 24,---;  . de ¢ 12. 
3d order: 6, 6, ---; em se Gs 
4th order: 0, 0, ---; ae, Gat 0) 
2. Substituting in the formula (1) of § 325, 
mi ee O 11.10-9 11-10-9-8 
5s ees Lees ed Piet fs eee eR ig I) Ue ec Lj ie esi NLL 
s Ts Oe Lean 


=1+477 + 660 + 990 = 1728. 


326. To find the sum of the first n terms of the sequence 


yy Ag, zy Myy +r. (1) 
Soturion: 1. Let §, denote the sum of the first n terms of (1). 
2. .. S, is the (n + 1)st term of the sequence 
0, @1, @1 + Ge, M1 + Az + 3, °°, (2) 
for S,=@+do+ +: +a. 


3. S,, may be determined by computing the (n + 1)st term of the se- 
quence (2) by the formula (1) of § 325. 

For the sequence (2), the first order of differences is the sequence (1) ; 
the second order of differences of (2) is the first order of differences of 
(1) ; the third order of (2) is the second order of (1). 

4. Let di, do, d3, --- represent the first terms of the successive orders 
of differences of (1)- 

*. a1, di, de, dg will represent the first terms of the successive orders 
of differences of (2). 

5. Let a1, d/1, dz, --- represent the first terms of (2) and of its suc- 
cessive orders of differences. 

Then, a1 =0; di =a; @e2=d; d'3 =a; etc.; 


; 223i | —2 
also @nsi= S,=aitn- dit aa ) alg + oe = 30H ) a 


. S, =0+nar+ n(n = 1) adi + n(n — eG al Gx sch (3) 
1.2 1-2-3 
ExamMpyie 1. Find the sum of the first twelve terms of the 
sequence 1, 8, 27, 64, 125, ---. 
Sovution: 1. w= 125.0) = ls dp=7; do — 12" dg = 6% a, = 0. 
‘(See Example, § 525.) 
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2 ronian 12 11-210 12-11 -10-9 
a Cea | Ome ‘ .12 + —_—_ —__—. .6 
2. 3% Sig = 12 ae ieee Pate 4+ Faataca 


= 12 + 462 + 2640 + 2970 = 6084. 
Exampie 2. If shot be piled in the shape of a pyramid 
with a triangular base, each side of which exhibits 9 shot, find 
the number of shot in the pile. 


Sorurion: 1. Beginning at the top, the number of shot in the succes- 
sive courses are 1, 3, 6, 10, 15, etc. 

2. Find the sum of 9 terms of this sequence: a; = 1; n=9. 

The successive orders of differences are : 


Ist orders 2,3; 4, 5,---. .*. dp-=2. 
20 order: A aly -ce: &. de 1. 
3d order: 0, 0, -++. i. d= 10) 
; 9.8 9.8.7 3 - 
°. S9=9-1+ —— -2 leo) 2 + 84 = 165. 
3 - Vide tao emotes 


EXERCISE 162 


1. Find the first term of the sixth order of differences of 
the sequence 1, 3, 8, 20, 48, 112, 256, --.. 

2. Find the eleventh term and also the sum of the first 
eleven terms of the sequence 1, 8, 21, 40, 65, ---. 

3. Find the ninth term and also the sum of the first nine 
terms of the sequence 7, 14, 19, 22, 23, ---. 

4. Find the thirteenth term and also the sum of the first 
thirteen terms of the sequence 4, 14, 30, 52, 80, -.. 

5. Find the sum of the first positive integers. 

6. If shot be piled in the shape of a pyramid with a square 
base, each side of which exhibits 15 shot, find the number in 
the pile. 

7. Find the 12th term, and the sum of the first twelve 
terms, of the series 8, 16, 0, — 64, — 200, — 432, -... 

8. Find the sum of the first ten terms of the series 1, 16, 
81, 256, 625, 1296, 2401, --.. 
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9. How many shot are contained in a pile of six courses 
whose base is a rectangle, if the number of shot in the upper 
course is 15? 

10. Find the xth term, and the sum of the first n terms, of 
the series 1, 5, 12, 22, 35, «--. 

11. Find the eighth term, and the sum of the first eight 
terms, of the series 30, 144, 420, 960, 1890, 3360, -.-. 

12. Find the sum of the squares of the numbers 1, 2, «--, n. 

13. Find the sum of the cubes of the numbers 1, 2, ---, n. 

14. If shot be piled in the shape of a pyramid with a tri- 
angular base, each side of which exhibits » shot, find the num- 
ber contained in the pile. 

15. How many shot are contained in a truncated pile of 
nm courses whose bases are squares, if the number of shot in 
each side of the upper base is m ? 

16. How many shot are contained in a truncated pile of 
seven courses whose bases are rectangles, if the numbers of 
shot in the length and breadth of the upper course are 10 and 
6, respectively ? 


MISCELLANEOUS EXAMPLES 
A. The Four Fundamental Operations 


1. Add 3(a—b)?—9, 4(a—b)?—5(a—b), and —7T(a—b)? 
+ 8(a—b). 

2. Simplify 6 mn +5 —([—7 mn — 3] — §—5 mn —11}). 

3. Simplify 7¢—(5e—[—12a+6#—11)). 

4. Subtract (2a—3b)y? from (5a—4))y’. 

5. Subtract (p+q)e from ma. 
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6. Multiply a*?b2, bte", and c*a”?. 
7. Multiply 7 wy” — 8 ay? by — 3 xty”. 
8. Multiply a+%y — a’yt by a?-1 4 yt), 
9. Multiply 4 a”**? — 3 atb” by a™**b — 2 abr. 
10. Multiply a” + 6"—c? by a™—b" +4 c?. 
11. Simplify (a+ 20b)?—2(a42 b)(2a+b)+(2a+ 6) 
12. Simplify (e+y+z2'—3y+z)(2+2)(e+y). 
13. Divide a”*1b"*? by — ab?. . 
14. Divide x?taynt? — aattyt by axty. 
15. Divide a’b%c* — a’b%2c% — abe by — a3?brc*. 
16. Divide at? + 8 a3" by a2*! — 2 a2 + 4 gent 
17. Divide x + amy" + y8 by a — amy + y, 
18. Divide a*+(a—b—c)a?+(— ab + be — ac) « + abc by 2 
+ (a — b)x — ab. 
19. Divide 
a(a — b)a? + (— ab +b? + be)x —e(b + ¢) by (a—b)ate. 
20. Divide #—(8a+2b—4c)a’?+(6 ab—8 be +12 ca)a — 


24 abe by x— 2 b. 


Set B. Fractions. 


Simplify the following: 


at + 2a°—8x—16 4 (22 +50¢— 2) — 25 


" ft —2a8+8a—16 (3a? —4a—3)P—16 


1 1 i ul 


ee Dae 12 7a 


2a Sy 98 aoa 5. — 
'ie—og toma yp e+e+1 
3. w’—5xe—84 | x47 Y yz 2—2 


= 6. = . 
VAG 48) Bin x? —(y—z)? (a—2z)—y? 


SUPPLEMENTARY TOPICS 


as te 2 2 She Raa ne 
2n-1 2n—1 8281 Sn =—1 


a + 1 5 +24, 
at+3 a—3 @-—9 e+d9 


3a 38a Ea? 4 12a! 


a+b a—b d+? at+ bt 
10. 3 im 1 a—2 2a+4 
2qa—1) 2@+1) a@+1 ad 
11. i 1 ak 


ens SA Lhe feos 
oe, es Se 


Seer re ey 
y— xy “vy 
2e+y x+2y 
13 e—2er—4e+8 | e+9e+14, P—-4a+4 
PL 3e—WMe—s8l \vt+6e+9 v—Q 


6a2—a—2 8§@?—18a—5 AO —9 4 
4@7—16a4+15 12¢@—5a-—2 4¢+8a-+3 
v+1\2 fx—1\? 

== 
aga tar) 
ES aay oe ie 
eal xe +1) 


Set C. Linear Equations. (One Unknown.) 


14, 


15. 


oO 


ea pi ry 
1. Solve the equation Bese ey, 
2a—38 w+4 
Divide each numerator by its corresponding denominator ; then 
2 a+4 2 e+4 
Ml 1-— 2508 - ai) 
eogesae +4 i 2e-38 +4 


Complete the solution. 


035 
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Solve the following equations : 


et+1 w+2 ¢+5 2+6. 
GF Ae eG - pp aey 


2. 


ee ee ee 
+3 @—T 2+9 2-2 


4 e+3 ,¢7+4 ,e44+2_ 
ange ek 3 


3 Z = i fa Rie, 
et+9 w+4 24+3 «+18 


204-3 26— Oo 36 


6. — — =—()s 
24—5 Ded Ae 9 

7 2a+5_ 3a°+24a+19_ 4 

- pdt Hy eae Vi ? 

8. v— 2a 5b eet 5 


e—2e—3 ¢+3e4+1 


Tee! ee AO. La , 
7 1 OOM Ge eo att 


10. G2 (es se ee es ae 
Ay eta xv” — a? 


1, 2% +o a -ele—)) 


a we b? b 


12. Ges eb pe Nee 
2—a #e—b w-—Ce 


13. A dees) aed cheest.o ES soe 
x—b x— a 


14. (a+ b)@—a+b)—(a—b)a+e—B=2a(e+a—b). 
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15. @+p+q)(@—pt+g+P=@—p)(@+9). 


iia las hope eee oh 4p a 
Se—2e 6¢+6 To2—8ea, Be—3e 


4 al 3 4 : 
a—4n e2-+n @4+4n @2+3n 


ibe 


a= 2. 


18. 


= OO ea a = 2, Oe 
C= 200—o ¢ we - qn Ja? 


aN cn t= a=) 
aa Cone. £2 aby oe 


20. a+(e—a)?+(@—b)?=38a(a— a) (#—b). 


Set D. Linear Equations. (Two or More Unknowns.) 


Solve the following pairs of equations: 


: 7 5 of eae 
ah UTS. uk Se+5_ 6H—f. 
: 1 ag Poe ye 
A See eg by (oe a2 yt 5) _ 44, 
5 11 3 
9 +5 __ 34 B(wm—4y)_ A(w@—9) _46, 
keoe te 6 2 
Qe—-3y 4a46y_ 1 $63 Yao. 
ae ra aay ea Fr a 
Sat2y Ty-32_ 39 — aiee 
gece he C10 ~ eles 


7, (22-ly—4)-@—5)2y+5)= 121. 
; 4¢a—3y=— 29. 
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s, [re-D-He-39) =9-8. 
l p—g)+eptg=18. 
6Ga+5y su—4y _ 


g, 
. fe 5 =ae+yt+ 
: Ba-4y 3 
Satay 13 
Beit sh LO ee eae 
5 8 
10. 
w—4y+6 1 


$x = Feeds. 4 


Solve the following for w and y: 


11, {[%(a—b)a + abla + b)y= a? + 2ab—b% 
‘ \ ax + by = 
12. f mx + y)+ n(x —y)= 


n(a + y)— We —y)=m—n. 
(a +.b)x+(a—b)y = 2(a? + B%). 
13. b a8 a 
ee, Pe ees 
(a+ b)x+(a— by =2 a?—20% 
14. Yy, ce ae Gh 


15 be + ay = 2. 
' lab(a+b)a— adbla— by =a +B. 


YOO Y— 8" 

16. ttat+b «46 17. ( ay — bu=a? + 3 
a otee Db. {(a+b)e-+(a—b)y=2a2—2 b2, 
¥ 


18. { (a+ b)e+(a—bdb)y=2a. 
(a? — b?)e + (a? — by = 2 oF 4.2 Be 
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Set E. Theory of Exponents. 
Square the following by the rule of § 10, d: 


1. 3a3 +4 bd, 2. 5 mnt — 8 m?n-4. 

3. Square ab? — 2 a? — a8. 

4, Expand (4 yore 72-4 ay Ee 72) by the rule of 
§ 10, a. 


Find the value of: 


25 a-* — 49 m? 


5. —_—_—_—_——_, by the rule of § 15, b. 
5a3—7 mi? 
9: 
6. TIO Ba , by the rule of g§ 15, f. 
2a +3 ie 
g 2 
ieee g, at, es SOs 
2s — gs ae +p 
9. (3 at — 4 y 8). 10. (a~*b? + 2 a*b-)*, 
Find the square roots of the following: 
7 =e 
11. 16 a~*mi. 12. 49 abyz4. 1 
4 b8n-* 


14. 92? 6et425—Set416 0%. 

15. 4a%420a%4+21 0% 100% +1. 

16. atv — 6 atd2 4.5072 412 a? +4074, 
Find the cube roots of the following: 


17. Savy. 18. —64a-bic#, 19. 


20. 27 wi + 5d ady§ + 36 wey 3 + 8 yy 
21. at —6 26421 at —440 7463 5 8 — 5408 497 of 
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Simplify the following, expressing all the results with posi 
tive exponents : 
Wijaq PW ye 
22. [-/(aty-*) + 2/(a hy) Ft. 23. - ue = gn 
V DPV c Vas 
24 A OF ete) | a (ar~*)-*). 


pte q 3 Fi 
25. (a q « aP-2)¢, 31 a+b We a? eee 
m+n\ 2m /-)2m\ m—n at +b} a-—b 
a HG 
26, a : 1 1 et a4, 
arn] Na 32 a+b? a 2452. 
L e <i, at 
mtl n=] n-1 ab atv 
27. (4% --- etl) 3m 3m 
gen = 1 yen 1 
2) reba 1 So ee sitll R . 
28. (am + ete og is ed ae ke 
ee | 
at Sloe e+! atte? 
> p— 34. x ge 
29. [2/(wPt2)]# a wtp Te + 
1 1 1 freer 2 
A at+yh ety gs, H2OS  _Tatdt +608 
at — ys wie at—2b* at+atot—6bi 


Set F. Quadratic Equations. 
Solve the following equations: 
1. (@+1)(@+ 3) =12 + (a +7) V2. 
2. Vbaet—3a—41=3 2-7. 


3. V8P— 35 r+ 55 r— bi =2r—3B. 
Snes eee 
\/ ee 
5, 28(8m+10) _ Neel pe 
8 m3 — 27 m (2 m — 3) 


6. 2864 Aa SS panm es 
vd t4 
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7 sheets. ek ah Mts 
2?—2s+3 #—3s4+2 
(See Example i, Set C.) 


7. 


mak 9 m2 m+3 _¢9 


Hea | 7) i 8S) 


Solve the following equations for a. 
9. 2 — m nx + mn2x = min’. 
10. &@—4arx—102=— 40a. 
ie rate pee Ce 
Va+o2 
12. (a+2)°+ (b—2)'=(a+b)* 


13. 2? —(m—p) 2+ (m—n)(n —p) =0. 


14. (a+ b)a?4+(8a+bd)e=— 2a, 
x aed Oe 
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15. 
a+b av a? —b? 
16. eri. a 17 2e+1 2n+1 
x a — ob 


18. @e(1+2)— Pe —2)?=0. 


19. Vma+V(m—n)x+ mn =2m. 


1 ail al’ 1 
0 —— —— = (0). 
¢ fy ae Sr esr 


Vee Weeds 


INDEX 


A, the symbol, 35. 

Abscissa, 46. 

Absolute value, 2. 

Antecedent, 206. 

Arithmetic, means, 189; progression, 
187. 

Ascending powers, 6. 

Axis, horizontal, 46; vertical, 46. 


Base, 3 

Binomial, 6 ; square of a, 14; theorem, 
202. 

Braces, 7. 

Brackets, 7 


Cancellation, in an equation, 37. 

Changing signs, in an equation, 37; 
in a fraction, 24. 

Characteristic, 172. 

Clearing of fractions, 38. 

Coefficient, 6; detached, 261; 
ical, 7. 

Combinations, 235. 

Common, difference, 187 ; logarithm, 
vals 

Complex number, 98. 

Conditional equation, 33. 

Consequent, 206. 

Coordinates, 46. 

Cube root, 256. 


nhumer- 


D, the symbol, 35. 

Degree, of a monomial, 22; 
equation, 49. 

Descending powers, 6. 

Determinant, 239; of second order, 
239; of nth order, 244. 

Discriminant, 138. 

Division, synthetic, 110, 272. 


of an 


Elimination, by addition or sub- 
traction, 53; by substitution, 53. 


Ellipse, 119. 

Equation, 33; cancelling terms in an, 
37; changing signs in an, 37; 
complete quadratic, 78; condi- 
tional, 33; degree of, 49; graph- 
ical solution of an, 80; homoge 
neous, 126; identical, 33: indeter- 
minate, 48; linear, 49; irrational, 
166; members of an, 33; pure 
quadratic, 74; rational, 126; solv- 
ing an, 33; transpositionin an, 37. 

Equations, equivalent, 36 ; formation 
of, 137; inconsistent, 51; inde- 
pendent, 51; simultaneous, 51, 
124; system of, 124. 

Equivalent systems, 127. 

Evolution, 4, 142. 

Exponent, 3; fractional, 144; nega- 
tive, 145; zero, 144. 

Exponents, law of division of, 12 
law of multiplication of, 10; laws 
of, 140. 

Expression, 6. 

Extremes, 207. 


Factor, 1 ; common, 6; highest com- 
mon, 22, 262; to, 17; theorem, 112. 

Factors, prime, 17. 

Fourth proportional, 208. 

Fractions, 24; clearing 
equivalent, 25. 

Fundamental operations, 3. 


of, 38; 


Geometric, mean, 197; progression, 
195. 

Graph of an equation with two varia- 
bles, 117. 

Graphical representation, 46. 
Graphical -solution of an equation 
with one variable, 80. 
Grouping, symbols of, 7; 

by, 105. 


factoring 
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INDEX 


Homogeneous equations, 126. 
Horizontal axis, 46. 
Hyperbola, 120. 


Identity, 33. 

Imaginary number, 96. 

Imaginary numbers, addition and 
subtraction of, 97; multiplication 
of, 163; division of, 164. 

Imaginary roots in a quadratic equa- 
tion, 96 ; meaning of, on graphs, 99. 

Imaginary unit, 96. 

Inconsistent equations, 51. 

Independent equations, 51. 

Indeterminate equations, 48; forms, 
266. 

Index, 142. 

Infinite geometric progression, 199. 

Infinity, 267. 

Inversion, 243. 

Involution, 141. 

Irrational, equation, 
138. 


166; number, 


Left member of an equation, 33. 

Like terms, 7. 

Linear equation, 49. 

Logarithm, 170; common, 171. 

Lowest common multiple, 22. 

M, the symbol, 35. 

Mantissa, 172. 

Means, 207. 

Members of an equation, 33. 

Monomial, 6. 

Monomials, addition of, 7; division 
of, 12; multiplication of, 10. 


Negative exponent, 145. 

Negative numbers, 2; addition of, 
2: division of, 3; multiplication 
of, 3; subtraction of, 3. 

Number, complex, 98; imaginary, 
96, 138; irrational, 138; negative, 
2; positive, 2; prime, 17; rational, 
Q: real, 96, 138. 


Numerical coefficient, 7. 


Order, of determinant, 244; of rad- 
ical, 150. 


341 


Ordinate, 46. 
Origin, 46. 


Parabola, 117. 

Parentheses, 7; inclosing terms in, 
8; removing, 8. 

Perfect square trinomial, 17. 

Periods, 67. 

Permutations, 231. 

Polynomial, 6; arranging a, 6. 

Polynomials, addition of, 7; division 
of, 12; multiplication of, 10; 
square root of, 64; subtraction 
of, 7; factoring of, 103. 

Power, 3. 

Powers, ascending, 6; descending, 6. 

Prime number, 17. 

Progression, arithmetic, 
metric, 195. 

Proportion, 207; by alternation, 210; 
by composition, 210; by division, 
210; by composition and division, 
210; by inversion, 211. 

Proportional, fourth, 208; 
208; third, 208. 

Pure quadratic, 74. 


187; geo- 


mean, 


Quadratic equation, 74; solution of, 
by completing the square, 83; 
by factoring, 78; by formula, 87; 
complete, 78; graph of, 80; imag- 
inary roots of a, 96; pure, 74; 
theory of, 135. 

Quadratic surd, 71. 


Radical, 150; 
150. 

Radicals, similar, 154. 

Radicand, 4, 142. 

Ratio, 206; of a geometric progres- 
sion, 195. 

Rational and integral, 17. 

Rational number, 2. 

Rationalizing the denominator, 161. 

Remainder theorem, 109. 

Root, cube, 256; square, of a frac- 
tion, 71; of an equation, 33; 
principal, 142. 


index of, 4; order of, 
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Roots, imaginary, of a quadratic, 


96, 138. 


S, the symbol, 35. 

Signs, change of, in an equation, 
37; law of, in addition, 2; in 
division, 3; in multiplication, 
3; in subtraction, 3; in a fraction, 
24. 

Similar terms, 7. 

Simultaneous equations, 51, 124. 

Square roots, approximate, 69; by 
division, 64; by inspection, 63; 
of a number, 66; of a polynomial, 
64; of a trinomial, 17. 

Surd, conjugate, 160; quadratic, 71; 
addition of, 72, 154. 

Symbols of grouping, 7. 


INDEX 


Synthetic division, 110, 272. 
System of equations, 124. 


Table of square roots, 70; of logae 
rithms, 174. 

Term, 6; degree of, 49. 

Terms, dissimilar, 7; like, 7; ‘similar, 
7; unlike, 7. 

Theorem, binomial, 202; factor, 112; 
remainder, 109. 

Transposition, 37. 


Unit, imaginary, 96. 
Unlike terms, 7. 


Variables, 48. 
Vertical axis, 46. 
Vinculum, 7. 


ANSWERS TO WELLS AND HART’S SECOND 
COURSE IN ALGEBRA. 


EXERCISE 1. Pages 4-6. 


ee aS a Oe ees a Oe ee ee ee A ea? 
Pa etes P88 eo BAe Lm: A1I7., 0; 108. 


rr. @. 600. 6. 260. ¢. 6000; d. 118}. ¢ 19. 7) 204. ° g: 10. 
h. 2518. 74. 218. 7. 1005). 


EXERCISE 2. Pages 8-10. 


Ene Dyids On Os Cane, Cp (ui a). b. 5. CEE ASN, PIG, 
d. 5 ab’? ; 5a(e@—y). 

3. (a) mn(« + y). 6. 21a8—4a?—-17. 

4. lla—2y—4z. 7. 8(a4+6)+ 2(c—d). 

5. 6227+ ay—T y?. 8 1l@+y)—18(y+z2)—16(z2+2). 


9g (2a+38b—46)a. 
io. (5m+t)w?+(2n—r)acy +(p+ q)y? 


i. 4y—142. 21. lba4—11y. 
12. 153+ 21 n2?—38n+4. 22. 7a+4. 
13. —13822-—4 mz + 9 m?. 23. —%. 
14. 12(a+6b)— 15(c—d). 24. 9a?—a. 
15. 2(e¢+y)?—5(a@+ y)+ 12. 25. —3m-—17. 
16. —3e?+a—5. 26. 30. 
17. 11 m§+ 10m?+4+ 138m-—6. 27. a—(4b6?—12b+49). 
18. 5a%9—2ay — by? a8. 4x2 —(y? + 2 yz + 2). 
19. £+Y. 29. a&—(— 0? + 2— @?). 
20. 443+ 10a2- 8%—165. o. nt—(8n?—-6n 
. 38 M(B = OT) 


waft 
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EXERCISE 3. Pages 11-12. 


1. — 56 ab. 8. —3a3y + 6 xy? — 12 xy?. 

2. 60 a®d4ct. 9. @—3 0b +3 ab? — B. 

3. 27(a+ b)é5. to. c+ cd — cd* — d. 

4. — 26(" — y). ir. et$— 2 x7y? + yt. 

5. — 60 atbt — 42 ab’, 12. 2a4*— 184? + 48a — 32. 

6. —12a°d? + 8 abt + 16 a3b®, =. 13. @® — 3b? — ab + BP. 

7. —2m?+2m?+ 6m. 14. a?+2 ab—4 ac+b?—4 bc+4c2 
15. a — 9x2y + 27 xy? — 27 3. 
16. at — 8 a3b + 247d? — 32 ab? + 16 Dt. 
17. ep 

a xy y? 

18. 4m?—2mn+4n?. 22. 6a2—Ta2?+10a—4. 

19. $}x2?—tay+ hy’. 23. 30 m? —7 m* — 39 m + 20. 

20. 2n3 —n+ 14. 24. x? — 64 y%. 

21. 8m? + 27 n°. 25. 1073 — 21 r2s + 21 rs? — 18 83. 

EXERCISE 4. Page 13. 

1. —62%. 6. 8m*t— 11 n°. 

2. 9 a®ds. 7. 9a2— 10 aod. 

3. 38(a— 6). 8. liz— 138 7%. 

4. —8(x«+y)4. g. 3a+4+7. 

5. 5at—S8a?+ 8, io. 5a —8. 
11. a+2ab 4+ 402. 
12. e8— ay + vy? — y8; remainder, 2 y4. 
13. *¢—322y + 9y2; remainder, — 54 y3. 
14. 8lnt—27n84+9n?-—38n+4+1. 

15. 83@—4a+1. 18. v2 + ay + y%. 

16. e+y+2. 1g. n?—5n—2; remainder, 4. 

17. 22+ 384¢— 5. 20. 542—2a+4+ 7. 


EXERCISE 5. Pages 15-16. 


I. a. 22-81, b. m?—64. c. kt—144. dd. 422-9. e. 16 72-49 52. 
J. 9m*—25n?. g. 84. h. 896. 7. 891. 7. 1684, 
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2. a. 246249. b. m* + 22 m? + 121. c. 422 + 20% + 25. 
d. 1622 — 24wz+9w% e. 64m? —48 mr+9r2 f. 72-12 cr + 36c?. 
g. st— 16s? + 64. h. 97%—42¢+4 49. t. 26 xy? — 20 way + 4 w, 


2 2 
j. 49 p? — 28pq+4Q?. Be nee +. 1. A trinomial. 


"9B 8bd' a 

3. a. x2+11%+4 30. db. r2+ 137 4- 22. c. y? + 10 py + 24 p?. 
d. z2—132+4+40. e. w7—-10ws+21s?. f. g®@—2ab—150?. g. 
—4kt—60k. hi @+7Tac—44c?. ¢. P—4rs— 458% jf. ct —9 08d 
—s6@. k. xy?— dbayz— 842% 1. m°+8 mr — 38377. m. Minus. 

4. @ 207472443. 6. 60?4+5¢441. Cc. 57417246. d. 422 
—8a2+3. e. 3227-10 ay +8 y?. J. 52? — 13 xy + 6 y?. g. 3a 
+5ab—20% h. 80°—4cd—15d%. 7. 3m?4+2mn—8n2. 7. 212 
+ 22cd—8 a. k. 6r* — 11 7?s — 10 82, 1. 22 p? — 27 pg — 9 q?. 
m. 6 xy? + 11 xy — 35. n. 20 m?n? + 24 mnt — 9 t. o. 80 + rst 
—427r%s?, p. 8624+ 9a2y — 10 y?. 


5. 25m? — 20 mn + 4 n?. 26. 182 st — s?—1. 

6. v2 + 14 2y + 33 y?, 27. 2° + 6 22 — 72. 

7. 22 +10 ay — 24 y?. 28. 25 x — 25 xy? — 6 y4, 
8. 2474+ 11%4 12, 29. 2502-1}. 

9g. «*— 16 y?. 30, 1622 — 24 ay3 + 9 5, 
to. 4 c2d? — 28 cd + 49. 31. 3y2— 8y — 35. 

ir. 9 ty? — 24 xyz + 16 22. 32. 10—1lay — 6 ay?. 
12. 2m?+ 3m — 20. 33. «ty? —7 xyz — 78 22. 
13. 6p*— 11 p? — 35. 34. xy? + cy — 20. 

14. 7+ 47°s — 21 8?. 35- a& —4a3 — 77. 

1. w@+ia-—i 36. 214? 4+ 11% — 40. 
16. 4m? — 25 p?. 37. l—r— 72 172, 

17. v—$u+H. 38. 6c — cd? — ab. 

18. a+$%2+43. 39. 25 m* — 30 mp + 9p. 
19. 9at— 16 b% 40. 108 a?—9a+H. 

20. y2—6y — 40. 41. 60—82— 382 22, 

21. w+iu— 2. 42. 22 + 15 xy? — 16 y?. 
22. 83— 14s— 24s8?. 43. y? — 5 xy — 6 at. 

23. 6 — 29 tw? + 28 wt. 44. 16 r2— 16 rst — 5 8°22, 
24. fy m? — ey. 45. 36 mo — 4 m3 + t. 


25. 602+ 7rt — 357°. 46. 541142 — 23 2. 
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47. 30 a4 — 49 xy + 20 y?. 49. 274% — 30 xy — 8 y?. 
48. 712 — yi2, 50. 48 c? — 16 cd — 15a?. 


EXERCISE 6. Pages 19-22. 


1. a. a(2%—6y+7z2). b. 3mn(6m—5n). ©. 4r(r?—2r—1). 
d. Tn(n®—1). e. (a —5a*-—2a+4+3). ft. (m+ n)(a— 2). 
g. (a—5)(x#?— 8). h. (5a—3b)(e@—y). i. (&4 — 3) (m? — 2). 
j. (a—b+ce-—d)x*. 

2. a. (1 +6)(~—6). b. (2mM+9)(2m—9). c. (84+4+2y)(Bx—2y). 
d. (6m?+1)(5m2—1). ee. (at+y?)(@t—y®). ff. ($227+42%) G2?—4 24). 
g. (14+8mn)(1—8mn). h. (6%+11y)(6ae—11y). i. (1 + 9abc) 
(1—9abe). j. (15+ y*)(15 — y4). - 

3. a. x24 164% + 64. b. m? — 24m +4 144. c. a&—6ab+ 962. 
d. 442+ 20a +4 25. e. 9m?2n? — 12mn + 4. J. 2+82%+4 16. 
g. yt —12y?24 36. h. m¢—14m?2+49. 7. d?—3d4+ 3. j. 9227+6e+1. 

4. a (2x —5)?. b. (Be + d)?. c. Not a perfect square. 
d. (10 ay — 1)?. e. (7 —3)?. Sf. (m8 — 2)2. g. (#y—7)?. 
h. Not a perfect square. i. (6a@—115)?. j. (23 — be?)2, 

5. a. (€+4)(¢+5). b. (m— 8)(m—7). c. (r? — 5) (7? — 6). 
ad. (%&—3)("%+ 9). e. (xy — 7) (xy + 5). J. (a? + 11) (a? — 10). 
g. (@+10y)\(a+2y). h. (ab—20c)(ab+8c). 7%. (x?—3)(a?+14). 
j. ((+7)(¢ —4). k. (w—9v) (w+ 5v). 1. (a8 — 11b)(a? + 5d). 
m. («+ 15y)(e—y). n (l+7a)A—2a). o. (1—12%)(1432). 
p. A-17n)1+4n). 

6. a. (8r—2)(2r—1). b. (8u+2)(@+42). c. (Ba—2)(2e+41). 
d. (8¢+1)(c¢+4 4). e. (6%+5)(@—2). ff. Wy—42)(2y +32). 
g. (4w—T7Tv)(2w+3v). h. (58—2t)(7s+3t). t%. (9e+4y)(e—2y). 
j. 20 +1)(w— 8). k. (8 —5a)(2432). 1. (6—6y)(1+3y). 
m. (8%—38n)(3%—n). mn. (Tx — 2)(4%+41). 

7. a (@ —2) (+2444). b. (c— 4d) (ce? + 4cd + 16 a2). 
c. (a?— m)(at+ma*+m?). d. (2a—1)(4a?+2a4+1). & (w—2) 
(9 w? + 6 w + 4). J. (6r? — 6 a) (2574 + 80 ar? + 86 a?). 

8. a. (y+ 2a)(y?—2ay+4a*). db. (m?+5n)(mt—5 men + 25 n?). 
ce. (a+3)(@—fa+h). ad (28+ d)(ct$—cdt+ da). € (822+4+5y%) 
(9 xt — 15 ay + 25y8).  f. (4m +40) (16 m2 — mn +472). 

9g. (8%—8y?)(8a+4 8y?). 12, 2(8k+41)(8k—41). 

1o. 2a(8a%—5y+2). 13: (y® + 9) (y@ — 3). 

Ir. (&+7)(” — 5). 14. (cd+11)(cd —6). 
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15. (25 ay + })(25ay — 4). 24. (e— 10y) (e+ Ty). 

16. 3cd(y+2)(y—5). 25. m(«+11)(x—4). 

17. a(2%4 5y?)(Qa¢— 5y?). 26. «(* —12)(%+9). 

18. 3(y+ 2)(y>—2y+ 4). 27. (xt+y*) (22+ y*)(e+y)(e—y). 
rg. (4% —15)(a@— 8). 28. (2? —8y)(a?+3y). 

20. (8% —1)(24+4 8). 29. (4n—1)2n+5). 

ar. (82+ 1)($2-1). 30. (4%—7)(#+4+1). 

22. 5ay(2e+y)(%—y). 31. (8% +8)(8”—4). 

23. (mn + 10)(mn—8). 32. (a+ 5b)?. 

33- (a? + y?) (at — ay? + y*) (a + y) (a? — xy +9?) (ey) (2? + ry + y?). 
34. (8%+4+2a)(24%+4+ a). 45. (6a—1)(44a+5). 

35. (6%—6m)(5x%+ m). 46. (1—12zy)(1+92y). 

36. 3(x? + 2) (a? — 2). 47- (© —4m)(x%— 10m). 

37. (8m—7t)?. 48. 20(1+7a)(1—2a). 

38. (5% —2)(2a%—7). 49. (c+38d)(?—8ced+9@). 
39. (8"+4+2)(44+1). 50. 3zy(%+3y)(%—3y). 
40. (6%—5)(6x%+7). 51. 37 (n> — 20)(n> + 4). 

41. («© —2y) (a? + 2ay + 4y?). 52. (6x? — 11y?) (62? + 11y%). 
42. 2a(m+5)(m—5). 53. mn(m* + m2n3 — n5). 

43- (9-—7x)(8+72). 54. 5(ay +7)?. 

44. (8lxa—8y)(*+y). 55. (4m—3n)(5m+6n). 
56. (1+2a)1—2a4+4e@)1—2a)(14+2a+4 4a). 

57. ty (a +4y)(%— 4y). 59. (—1)(4a—32)?. 

58. a?(at— 5a? + 2a?— 3). 60. (5ax — 2)(4ax — 3). 


EXERCISE 7. Page 28. 


Pee biG. Buss! 0, 4. B.C. F. = 5 a4 

L.C.M. = 90. L.C. M. = 106 a4. 
20 Hh. CoB w= Oia? 5. H.C. F. = (r+s)(r—s). 

Cr Ma = 120 ay?- L.C.M. = 8r(7r+s)?2(r—s)2. 
Ey SORE aii). 6. H.C.E. =a 20: 

L. C. M. = 28 m8n?. L.C. M. =(a@+2 b)?(a—2b). 

7. H.C.F. = 5ay(« +8). 
L. C.M. = 10 #y2(« + 8). 
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8.01... C.. ba —a 1, 

L.C.M. = (a+ 3)(a—1)(@+a+1). 
§: HC R= 7—s. 

L, C. M. =(—1) (@ + 3)(x — 8)(@ +2). 
To. H.C, Es = 27-6. 

L. C.M. = (a + 6) (4 — 4) (% —7). 
rr. .H.C.F. = 24 — 6b. 

L.C.M. = (2a@—6)(a+35b)(4a?+ 2ab + 6). 
12, HC, B= 2 — 4. 

L.C.M. = 6(@—y)(«@+3y) (2? + xy + y?). 
13. H.C. FE. =2a— d: 

L.C.M. =(2a—d)(8a+4d)(8a+24). 
145) HCE =a 13, 

L.C. M. =(x—3y)?(4+8y)(x2+2y). 
15.. H. €. F., none. 

L.C.M. =2a2a+b)(a+5b)?. 


EXERCISE 8. Pages 26-27. 


—2 x — 2 2—n“% x—2 
2H —%. 122. 24—T7, T—2e 
j= Gator fb ee 
C= 01 OSG U0, 0a 
Roe TEER Gan Se 
Gg—5" SO ei OR Dae 5-62 
(@—3)(@+4)’ ~ (@—8)(@+4)’ ~ (B—2)(@+4)’ (B—2)4ta) 
8 abc e+5 Ty+3 
a 10. —- 13. ——- 6. —S 
1K 5 Be Soe : day 
3 D0 a? — ab + b? 
eee Ie : Tac eee ee asin 
42 = o+4 + a—3b as 
5n a+4b a+4 ha. | 
Base : = IB: : 8. 5 ———- 
: 12 pabied, 5 See I eae 
: ele Sees 22. 22+ ey + y?- 
38%—1 
~ 5 5a+2 
Te—-1lt+ 23. 8a4+2+ 
Ba +2 2 a+2a—3 
7 
; Gh re Oe 25. w¥o3 Tr03 1a" 


ee SC ee See ee Oa oa 
‘ 


15. 


16. 
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35a@b. 9b2c, 4 cq 27 Ton, 40m? , 86 m2n 
30.’ 30’ 30 * 30 m8n2’ 30 mn?" 30 min? 
2ab—4b?. 6a2?—38ab 
6a” 6 a 
12 a8 2(a +3 
3a(a —3)(a48)’ Sa(a—38)(a+8) 
a0. 5(m + 2) ‘ 3m(m—2) 


(m — 2)2(m +2)’ (m— 2)2(m + 2) 


26. 


28. 


29. 


- 3a(a— 4) ’ 2(a2 —8a+9) ‘ 
(a—4)(a+3)(@—8a+4+9)’ (a—4)(a+38)(@-—3a4 9) 
ae 6(m—n) , 9mn__, _4mn? 


6(m —n)2’ 6(m— n)?’ 6(m— n)2- 
2(@—2)(@2@—38)_ , 4(@+2)(@2?—38), 6(a—2)(x +2). 
(% + 2)(% — 2) (x? — 8)’ LL. €.D. : L.C.D. 
(a+3b)? . (a—3b)?, (@+4b)(a—4b) , 
(a—3b)(a+38b)(a—4b)’ L.C.D. ’ TCs; 
4x2—9 . W—-4 2% — 25 
for aie— 2) (22-8) D.C. Dp.’ 1. C.De 


33- 


34- 


35+ 


EXERCISE 9. Pages 28-29. 


2A GL 5 12a. ee Lie ake 
30 “@—9 " g@+4—12 
12 xy 12% 
— 6. arr 10. Gee: 
1242-4 yz—9ay | 7. 2 ; ve. lt a 
6 xyz (4a—1)?2(4x%+1) x + 93 
m2 + 4 8. (a) 0% Ss 
m2 — 4 CL a(2a—1)38 
So 17 8a 
m+ 2 (10 + a)(6 — a)(2 4+ @) 
Z. 46 = 18; 3 e 
" (a +2b)2(2b—a) n+4 
z. . Tom 0: 
(2%+38)(@+1)(2%+4 1) 
2.98 
0. 20. 


e+32+9° 
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EXERCISE 10. Pages 30-32. 


(a+5)(2a+3) | 1 n+l 
Teale : Ta : r2(n—2) 
ry 8 am? a 5aG+2) Fe. 2a+5- 
b4 2x%+5 a—3 
A 7 be P 3m(2m-+ 3). “a Wee 
"4? * (m—1)(2m—1) a(a+3b) 
re 7(n +6) | 8. 2(@ + 1) ee x , 
4(n +7) 3(@ —1) (@—y)(@—Ty) 
a (2n+))m+4+2). a (8a—5b)(2a—3b) 
; 2n (8a4+5b)(8a—26) 
16. 2a+ 2. ai. ze t16 cc 15 | 26. 1+ x 
2a+2 e+5 a5 
17. Se : PP ted ok 27. Gk Si 
4a+2a+1 — 8y—4% x?(@ +1) 
Wee ZY, 23. ak. 28. fa+9. 
w+ 2y 38a+2 4—a 
a?4+6 m?—2m+4 2(7 — a) 
19, ———. 24. ——___—__. 29. ——~—__—-_.. 
= a(a — 3) * m > 2+ 24a4+7 a? 
20. }. 25. oo = - 30. ©—y. 
EXERCISE 11. Pages 35-36. 
x. lis the only root. Ona: ry —4. 
2. 4 is the only root. 7. 2s T2208. 
3. 1, and 2 are roots. 8. 2. EQowes 
4. — 5 is the only root. g. —2. 145 di. 
5. 1, and 4 are roots. 1o. 21. 15. —4. 
EXERCISE 12. Pages 38-39. 

Te Los 5. —}. g. 2. eh ee 
Qos 6. —4. 10. — 4. 14. No root. 
—2 7. —3. Ir, — §. 15. abe. 

4. 8. — 3. 12-5 — 2. 16. 3m. 


ANSWERS 9 


17. —2n 18. No root. 19. @ 20. = Pe 
a+b 
EXERCISE 18. Pages 40-41. 
Foon, 18 @. «+2, anda+4, 
2. 2 + 8, b. © +1, and x +3. 
3. 5n+3, 19. (90—a)°; (180 — a)°®. 
4. 10-2; y —5. 20. (184—22)°. 
“an — 5; 7b = 21. Base, a+ 38; altitude, 4a +4 6, 
6. 15—2n. 22. B’s, b— 8; A’s, 20-8. 
7. 18—5; 20—a. 23. 757. 24. 210d cents. 
5 AD A A 
8 —2; —. 2 a. tes Ons br; 
100°’ 100 eg ee 
4 Pr- De. Dil 
9. 100 26. a. S mi. an hour; 0. * mi. an hour. 
5tM, M(100+5¢) 20 20 40 
10. ——;3 . : 5) % 
100 100 27. @ Bas hrzrG- Pac Dre C a6 hr, 
11. 3% —(%—6). 28. a(2a—8) sq. ft. 
12, 18 —s. C 3° 
rear 45); 29. a. 10 part; 0b. . part. 
14. c+ 15, if 
30. —-- 
15. y—4. 3a 
16. 85— «a. 31. 100a@+10b+ 6. 
17. m+1, and m+ 2. 32. 100c+ 1004+ a4. 
33- One half of the product of a and b. 
34. Twice the sum of « and y increased by three times the difference 


between y and x. 
35. The sum of the squares of « and y diminished by twice the product 
of x and y. 
36. Two thirds of the product of m multiplied by the sum of m and n. 
37. The sum of the squares of a and 6. 
38. The cube of the sum of the cubes of a and b. 
39. The sum of the squares of x and y divided by the product of the 
squares of # and y. 
4o. Thirty-two more than nine fifths of C. 


_ 
= 


Lol 


4 
c 


Il. 
12. 


T° 


14. 
15. 
16. 
7s 
18. 
1g. 
20. 


21. 


te GS Ga Ga oy Ree 


ANSWERS 


EXERCISE 14. Pages 42-45. 


f: 
11, and 44. 

32, and 22. 

Base, 105 ft.; altitude, 60 ft. 
11, 

168, and 29. 

Width, 40 ft. ; length,120 ft. 
85°. 

Cae Disa Omen. 
Passenger, 21 mi. an hour; 
freight, 15 mi. an hour. 
12 mi. an hour. 
3 mi. an hour. 


60 mi. at 20 mi. an hour; 
70 mi. at 10 mi. an hour. 

$ 1000. 

15 mi. an hour. 

15516, 17. 

15 inches. 

254 days. 

2,8, days. 

3 dollars, 6 half dollars, and 
9 dimes. 


am and Cia 
l+m 1+m 


oa 3n—3m, b 3) 
" " 38n—4m "5 
23. a. Altitude, °— 22 f,; 
base, ee ft. 
4 
b. Altitude, 10 ft. ; base, 15 ft. 
24. a. Width, i Ss 
ms +r 
length m(t— rs) | 
- 7 ms +r 
b. Width, 3; length, 12. 
25. a mnd — mc and 22 mnd - 
: n— ™m n— im 
b. 6d—2c, and 8c— 6d. 
6 abcd 
” bed + acd + abd + abe’ 
27. aes quarters, and 
pl BS dimes. 
7 
28. 43,5 min. after 8 o’clock. 
29. 27,8, min. after 2 o’clock. 
305 Queue tc, 


EXERCISE 15. Pages 47-48. 


3. a. Fourth quadrant. 
4. Plus. Minus. 
S35 G.2 200 1D. Os O-4i lbs 


5. Minus. 
gn Ge Lilitt: 


b. Third quadrant. 


Plus. 6. 
b. 16.5-ft. 


EXERCISE 16. Pages 48-49. 


1. a. Is a solution. 
3. The graph is a parabola. 


b. Isnotasolution.  . 


Is a solution. 


4. The graph is a straight line. 


ANSWERS 7 


EXERCISE 17. Page 50. 


5. d. The graph remains unchanged. e. The solutions remain un- 
changed. 5 
EXERCISE 18. Page 52. 
Doe = Oey 5. No common solution. 
Dees Bs a mm 6. The equations are dependent. 
36 2 =O pS — 2 7. ©=—2; y=—-2.5, 
PA Ne GEE ere 8. x= 22; y=— 3h. 
EXERCISE 19. Pages 54-56. 
Le =o5y = —'s- 9: f= 0, Y=— 2) 18. r=—4, s=— }. 
22 Lye ee. TOs 2 13, 0 = 4, 19. e=—4, y=— 3. 
32 oS ty Se. It. 7=—4,3S— ll... 20, 1 =—5,¢0==—6. 
PROTOS ES GO SES 5 WS 8 Ue ee (on ate ar. ¢=2,y=-— 38. 
Re ee ae of Se: 13h — Se, 22, d=—6,s=—Z. 
6. Dependentequa- 14. c=1,y=-—7. 23. CS — 3, 122 
tions. 15.0005, Vi oO: Dave Oi, i 183 
Te b=— 2 = — +t. 16. @= 1, 0= 11. 25. n= 384,44 
8. No solution. ys C=— 0, t = 4, 23 23 
26.90 ¢ -- 0. y =D. ee ge 
d—b a—c a b 
27. £>= an? F , 
ad — be ad — be 2620 i Os 
30. L=M—Nn,Y=M—N. 
EXERCISE 20. Page 57. 
Teen Oe A iain Ree eget 
PI YO Ve SA mts Ne pe 5. CS OS ian see, 
S a b Cc 
= 6. f=— 2° 2= 0 St Sf Se 
A aie id : hee ws aoe ab 
- 2 te 2 -. 2 
DE ea Bee @+b—c’ bea 
2ac 2ab 
8. Boe y= ea 
2+ c— a @-—b+c e+ b?—C¢ 
9. @=—45 7 =— 5; 2=65 v=— 3 
lot o> Y= 4s 2 — ONO 


12 


34 


. a. Distance, ——— mi. ; 
m+n 


ANSWERS 


EXERCISE 21. 


=A OS yras Bb, 16 yr.; C; 1S yr. 
. Length, 12 rd.; width, 6 rd. 

. First, 40°; second, 60°; third, 80°. 
. First, 40 mi. an hour; second, 35 mi. an hour. 


b. A, 35 yr.; B, 15 yr. 


27. a, $; 6, 43. 
When d=2, W=8}. 


Pages 58-62. 


. 51, 28. 5. 25, 8. 
15. 3. 98. 6. $4000, $6000. 
. 10°, 70°, 40°. 7. A, 54 yr.; B, 45 yr. 


sii se 


g. 200°, 160°. 
1o. 38. 


12. 12, 18, 24. 


. Current, 1 mi. an hour; crew, 4 mi. an hour. 
. First train, 20 mi. an hour; second, 30 mi. an hour. 
. Hind wheel, 125 in. ; fore wheel, 70 in. 


. $9000 in 4% bonds ; $5250 in 6% bonds. 
. Wine, 374 gal. ; water, 100 gal. 
. a, 51.8; d, — 2.2. 


- a, 4A; d, 


25. AC, 100°; DB, 20°. 
When d = 3, t¢=1. 


ES. oo: 


. 5 nickels, 4 dimes, 3 quarters. 21. 684. 
ney © nr + ms — mn(r +s) yr.; B, r+s—mnr— ns yr. 
n—m n— mM 


Length, na— me +acd+ abe. width, md — ut ae _~ bed 
ad — bc 


; ad — be 


2mnr_. 


current, 


. In city, 45 mi. ; outside city, 100 mi. 
. Automobile, 75 mi. an hour; train, 35 mi. an hour. 
. A, 15 da. ; B, 30 da. 


rim — n) 


b. Distance, 24 mi.; current, 2 mi. an hour. 


A, 10 da. ; B, 8 da.; C, 12 da. 


EXERCISE 22. 


Pages 638-64. 


5 a2. 4 x3 
+oda Poke ; S 
+ 6 mas. y 

Pe 3 abe 
+ 7 cds. “7 mn? 


mi. an hour. 


ANSWERS 13 

8. Evennumber. Plus. 13. +(12a3—y). 17. +26 ay. 

g. See § 15, ¢. 14. +(7c? —34d?). 18 +33 a?. 
rr. +(%+y"). 15. +35. 1g. + 42 xy?. 
12. +(a?—3D). 16. + 28 m?2n. 20. + 32 xy?z. 

EXERCISE 23. Page 66. 
ind ‘ 
Be EOS 4): cS ES eS 
2. +(6c?—5d). 3a 
Digg ce ok eet: 
3. £(224+382+41). - es id ey 
x x 
2 9 I3. — — — —_ }- 

ee +aer9), 3 sear zal 

5. +(38n +2n— 4). 14. + (a? — 48). 

6. eae oe 15. +(8a?—a+1). 

. té@e—2a-+ 1). 2 
: 16. + Pope a SAN, . 
8. +(7n? -—3n—2). Om Si iG 
Cher eae 2 2 
Pee ea + 2) Pe IR GW, 
1 Ze On LG 
10. 2(2e+ 5 +2). 
x 18. +(3—44 — 7,2? — 7h; 23 ---) 
EXERCISE 24. Page 69. 

1. +76. 5. + 89.3. 9g. + 5.06. 

2. 4-124. 6. .+ 3.41. 1o. + 10.3. 

3. + 259. 7. £7.38. II. + 23.02. 

4. +91.8. 8. + 38.58. 12. + 89.91. 

EXERCISE 25. Page 70. 

r. + 1.782. 5. +3.162. 9. +38.872. 

2. + 2.236. 6. +3.316. 10. + 4.128. 

3. + 2.449. 7. +38.605. 11. + 4.358. 

4. + 2.645. 8. +3.741. 12. + 4,582. 

EXERCISE 26. Page 70. 

x. + 1.000. 5. + 2.286. 9. + 3.000. 13. +3.605. 

2. + 1.414. 6. + 2.449. 1o. + 3.162. 14. +3.741. 

3. + 1.782. 7. +2.645. ir. + 3.816. 15. +38.872. 

4. + 2.000. 8. + 2.828. 12. +3.464. 16 + 4.000. 


Yan sow yp 


Si eo Rate 


ANSWERS 
+ 4,123. 25. + 5.000. 33. + 5.744. 4x. + 6.403. 
+ 4,242. 26. + 5.099. 34. + 5.830. 42. + 6.480. 
+ 4.858. 27. + 5.196. 35. + 5.916. 43- + 6.587. 
+ 4.472. 28. + 5.291. 36. + 6.000. 44. + 6.633. 
+ 4.582. 29. + 5.385. 37. + 6.082. 45. + 6.708. 
+ 4.690. 30. + 5.477. 38. + 6.164. 46. + 6.782. 
. + 4.795. 31. + 5.567. 39. + 6.245. 47- + 6.855. 
+ 4.898. 32. + 5.656. 40. + 6.324. 48. + 6.928. 
49. + 7.000. 50. + 7.071. 
EXERCISE 27. Page 71. 
ay. 4. +.707. 7. +.534, to. =— .935: 
+ 1.118. 5. + 1.154. 8. +.774. 11. + .674. 
+ .483. 6. + 1.581. go. + .645. 12. -+ .6238. 
EXERCISE 28. Page 73. 
5V3; 8.660. 8: 7/2: LIT. = 8+V5. 4 047 
V5; 2.286. oy th B 
13-V2; 18.382. 10, SVE. ae 14. at — 368, 
= Vi. — 2.645. uz ve 
3V6; 7.347. apes = = 539, 15. = : ; .209. 
0 > ry 
; DEN ieee SOEs 
12. Soo OSs 
5 V2; 3.585. ak tao 16 renee iu 
TA Q JTF 
Soo st — 1.685. 19. —2t1, 079, 
afew, — 2.295, 20. =H bys, — 491. 
EXERCISE 29. Pages 75-76. 
+ 6, — 6. 6. +V30, —V30; 
+4, —4. or + 5.477, — 5.477. 
te a. 45, Save: 
me a or + .745, — .745. 


II. 


14. 


Lal 


al 
Lal 


12. 


SO SWAN YD 


@ WARAY DH 


ANSWERS 
+ ,v11, _ #rV 11; 16. 1a 7; aos Sg 
or + .904, — .904. g g 
Sor Mag rs 17. 1V2Em, —1L Vii 
+ 3V333, — 1V333; bi m 
or + 9.124, — 9.124. 18. 1 V/mMF, —1VmMF 
evi, VT; i = 
or + 2.645, — 2.645. eee, — Le. 
+8. (—8 makes two de- Let Rt 
nominators Zero. ) ae ek VRjm, mks VRym. 
+2V6, —2V6; m m 
or + 4.898, — 4.898. 1. yaaa il 
’ 2x. — VkIR, —=VkIR. 
(3a+5b), —(8a4+5d). R ay 
EXERCISE 30. Pages 77-78. 
SY fae i 13, Git: 
ee 14. — V35Vh. 
. 4.1 A ft. wh 
a. ViP—B; b. VF — a. 15. Nae 
14.4 inches. 2m 
38.8 b inches. 16. @. 144 ft. : b. 400 ft. 
6.9 inches. 17. 4.3 seconds. 
.8 a inches. 18. 5.8 seconds. 
— 2. ] ———— 
a. — pala i a 19. 5 V2 VR. 
. a. —V154A; b. =—VrA. = 
22 wT 1 as 
20. ——V67rva. 
340.4 cu. ft. 24a 
EXERCISE 31. Pages 79-80. 
9, 6 k 2 15. 2, —3. 
C5 est alae 
8, — 12. 3 5 16. 5, 5. 
1i, — 10 aa 4m _3m, L7Olos 
=f —32 a ee 18. —1, — 12. 
4, 3. rr. 9, — 6. 1g. —4, —9. 
0, —7. 12. 3, —t. 20. —6, — 3. 
a, — 2a. 13. 2, —3. 
ean a m 14. 7, —4 


16 


16 


I. 
2. 


7: 
between — 2 and —3. 


o Ma DH 


10. 
Il. 


15. 


16. 


20. 
21. 
23. 
24. 


29. 


Si. 


33- 


35- 
39. 


ANSWERS 


EXERCISE 32. Pages 82-83. 


3. 3. 3, —3. 5.5, 2s 
4.5. 4. — 5, 2. 6. —1, —6. 
One between 3 and 4; one 8 — 2.1, 2.7. 


9. —5.5, 2.6. 


EXERCISE 38. Pages 85-86. 
Whe 2. TW Sp 9 8) ee Sp ea ee ee 
142V3, 1—2V38; or 4.464, — 2.464. 
=S38V2, —S— 3 Vee or 1.242, — 729. 
24+V6,2—V65; or 4.286, — .236. 


. 442V6, 4-2-V6; or 8.898, — .898. 


—5+2V7, —5 —2V7; or .290, — 10.290. 


1, —4. 12. 6, —1. TZ yay —1b. 14. 2, —3. 
14V15. 1evVie. i SFIS —fa wie 
Ce ee te ae ee 
or 2.802, — 1.302. or — .697, — 4.302. 
S4V1T ov IT is, LEVEL eae a, 
Rie ota oe SER ; g* sab ay 
or 8.561, — .561. or 5.791, 1.209. 
, —1. a4, Dat eas VOD tie BG ee 
3,5. i ( 
4,—1. 25. 3, — 2. 27. 4.5, — 2.5. 
2, —4. 26. 4, — 3t. 28. .b, — .75. 
S4vor Ss Ver. S14 V60 = hiv oo 
St a See See, 30. % ? 
8 8 2 2 
or 1.318, — .568. or .653, — 7.653. 
BN eee ae a oe or 623, — 1.068. 
44+ V34 4— V34. a Seow ais = Wl - 
3 b] 8 > hs 8 ’ 8 ? 
or 8.276, — .610. or .882, — 1.632. 
—i,-4. 36- 3, —5. 37. 8, —6. 38. 63, 2. 


Ba?) aN 5D Dean 5D 
k 3 


: or 1.787,.— 3.070. 


12. 


13. 


Io. 


18. 


ANSWERS | 17 


EXERCISE 34. Page 87. 
—m+1,—m-1. 3. a+ Va? —b, a-— Varo. 


- —8a+ V9a?2+ 5, —3a—V90?+5. 4. —34+-V9 +e, —8—V94e. 


See ey ap av 47) 

2 : 2 
—84+ V9+2n —38-—V94+2n 

2 ‘ 2 
—a+iv4a?+2c, —a—jv4ear?t ze. 


2a —8, 3. 10. =2+v4—-a -2—V4—a. 
OES be a : a 
—e+V38b4+0R —c— V3b4+e2 
b . b 
= Gores — 6 — Va cee 
c : Cc 
on. 5, ra ot ve — Ade —b— vb? —4a0¢ 
a 2a 2a 


EXERCISE 35. Page 89. 

DEE RE SO eee See. ee A Pee Waa ayaa S 
= SSG sal svi 74+V145 7 —V145 
i} ae te pp ek, a 


Il. 


40 2 40 6 Ga. 
or .2922, — .3422. or 3.173, — .840. 
24/61 13 —Vv6l1. 12. % — 2. 
n= ret 13. 64+V10, 6—v 10; 
or 1.156, .288. or 9.162, 2.838, 
=i ea wes, + 114-201 11—v201" 
12 ; 12 ‘ : 8 : 8 
or .628, — .795. or 3.147, — .397. 
1,3. — level = lee vor. 
= —— ee TSS ies Lage a ae 
=o vino — 8 —VI189, 2 2 
10 ’ 10 y or 3.40, — 4.40, 
or 1.07, — 1.67. 16. — +, — }. 17. 6.5, 3. 
ee a Ppp aot nl CU Rey ele Te 


> ea co Yahi 


18 


To. 


24. 


28. 
2Q. 


30. 


Si: 
39. 


Na a tea 5 


14. 


ANSWERS 


EXERCISE 36. Pages 90-93. 


— Yor 1. in SE2aVSs, S—2Va- 
a tA VE od eo TG or 6.464, — .464. 
or 2.316, — 4.316. 12, — 4%, 1. 03-204" 
—% = 14. 1. (—2 makes two denomi- 
1052 nators zero.) 
6, = 18. ES Fes Bes = 
2 —V29 
i) 4, 16. Se 2a 
cei BL oe ait or 5.192, —.192. 
or apes 5.274 ieee er. 
Zl — Ge . ——— 
. 25 =e Web) | 2h bebe 
7, —3. 18. og a eae 
5 +30, 5 — V30; or 23.956, 1.044. 
or 10.477, — A477. 19. 6.5, == 1.95. 
— 5,1. 20. — 73,6. 22. —3m, —2in. 
2rt+vV4r27—15s 2r—V4r?2— 15s 
23. ; : 
3 3 
3 6 5 e 
eet 25. v oo 6. tp Sto 
oe k+Vk24+2Qq1 k—Vk?+2 Qi 
oS ee a ee 
g g 
—l1,—n 3223, — 2. - 
b, —a. 33. — 3, 8. 37- Tiga? a 
a 2 34. — $, 7 5 P 
Cor. 5 ' 3 §. ee 
35: Tz) 3- 39. ’ 
1—2 1 
2d, 6. aay: q a 
— 5a. (a makes two denominators zero.) 40. —1, — ane 
m+n 
EXERCISE 37. Pages 93-95. 
— 3,3. 2. %, —4. g. Altitude, 12 ft.; base, 27 ft. 


— 22, — 21; or 21, 22. 10. 40 ft., and 75 ft. 

— 18, — 12, —11; or 11,12,18. x1. Altitude, 5 ft.; base, 12 ft. 
%,or$. 6. 16ft.,22ft. 7.3. x2. Altitude, 8ft.; base, 15 ft. 
Altitude, 8 in.; base, 15 in. 13. 24 mi., and 32 mi. an hour, 
Going, 16 mi. an hour; returning, 20 mi. an hour. 


15. 
16. 
17. 
18. 
25. 
26. 
27. 
28. 


29. 


Leal 


COI AK SYS 


H 
9 


a no. 


ANSWERS 
5 mi. an hour. 20. —3,or? 
4 mi. an hour. 22. 10, 1. 
Larger, 2 hr.; smaller, 6 hr. 15. on & 
10 ft. 19. 5 rd. oe 
30 mi. an hour, and 35 mi. an hour. 
Workman, 6 da.; assistant, 10 da. 
Altitude, 10 ft.; upper base, 12 ft.; lower base, 18 ft. 
45 —15 V5, 15 Vb — 15; or 11.46, 18.54. 
a(3 =o). a(v5 — LYE 
2 2 
EXERCISE 388. Pages 96-97. 
St. Ir. + #7. 19. + 5 r2iv2. 
2 64. 12. + 35 a. 20. + 3yivi. 
+ 7 xi. 
13. +iv6. Sa 
+ 10 mi 3-7 22. + 3vi. 
Bet. 14. + 2¢v2. 
u f= 
+ 9 abi. 15. +2iv6. 73 +oV65. 
+ 12 727, S/T ; 
eee 16. + 2% ite 24. Vit: 
= 17. +3civ5. Yi 
= § % 25. Bess 10 
et ie lebve. gt 
EXERCISE 39. Pages 97-98. 
6i. 8. 7x8. 14. 9iv6. 
i. . Oxy. 
~ Y ? i 1. 4iV7. 
14i. 10, dtv2. 
fs 8+iv3 
2%. 1. 8iv3. 17. =~ 
—1. 12. Tiv2. ; 
18. Ai: a 
—4ai. 135),0; 3 


26. 


27. 


28. 


29. 


30. 


19. 


20. 


21. 


22. 


19 


ete? iv6 
TOs 
6 + 8iv5 
18; 8 


20 


ANSWERS 


EXERCISE 40. Page 99. 


—1+4+iv3 —1—iv3 
I. re 4 i ee 
ae it SOV 


OIE [OO LGUs UNTO RO Ne IN) ON OR 
vb HOO TD DAHA wW YD HH O 


e OI Anew wm 


. 4+ 475+ 32 — 
. 9a? — 


384+iv7 3-iv7. 
A 


2 


1+¢ 1-¢ 


Det oS 


1+iv5 1-iv5- 
er 


3 


5+ivT 5-iv7, 


Pie 


44+2iv5 4—2iV5 


9 ‘ 9 


EXERCISE 41. 


. a +2ab 4+ b? — 25. 
. m+2mn +n? — 4p? 


100 — 7? — 21s — s?. 
9 p? — 2 — 2cd — a. 


. &+4cd+4a — 121 a? 


a? —2ab + b? — c?. 
e2—2aey+y?— 2. 
at —@’+2a-—1. 


. at + ab? + OF. 
. 24+ 6ay + 9y2 + baz + 15 yz — 150 2. 
. m+4rs+452?+ 471+ 8st — 
. 12 p?—31pq —381pr + 20g? + 40 gr + 207°. 
. 44+ 498 —8a—5. 24. 
. 864+12m— 12n+ m?— 2mn + n?. 


8. 


12. 


1 


14. 


T+iv23 7—iv23 


fo ht meat 
9+iVv15 9—iv15 
Le 
3 +i1V23 3—iv23_ 
ar a 2 
=St is —9—ivib5 
8 


d(— B40. es 
we-+ivin, w= iV) 


(4 £33) ie 
5 ; 5 


Pages 101-102. 


1o. a@2— 462+ 12 be — 92. 

11. 9u2?— 16 y? — 16 yz — 422, 

12. a¢— 59244. 

13. @+2ar+r—c+2cd— a. 
14. a?—2ab+ b?— m2— 2 mn — n?2. 
15. 422?—4 ay + y?— 22—2 zw— w?. 
17. m?+2mn+ n2—9m—9n-+4+ 20. 
18. xv? -—2ay+y2?1+2e—2y—48. 
19. 62?—B5ay—b5az+y24 2 yz4+ 22, 


21 ¢. 


a + 2ab + b?—10a—10b + 25, 


4a2-—4ac—4ad+?+2cd+ a. 


@+2ab+ b2?+2ac+ 2bce+4+ c?2. 
. @+6ab4+9b2 —2ac— 6bc + c?. 


a —2ab+4+ 0? 4+ 2ac—2ad—2b¢0+2bd4+ c?—2ecd+ @. 


4rt—2st+4rxe+4+2su4+ ?—2Qte+ x2. 
6ab + b?+ 12ac—4bc—6ad+2bd+4c-— 


4cd + d. 


oon aM kh wD DD 


b Bw BH YN DH WD 
An & W NY FH OO 


I aunpw yp x 


ANSWERS 


EXERCISE 42. 


> fa+b+ecfa+b—ch. 

- in—n+ah{im—n— ah. 
. fe+yt ala —y— zh. 

- {m+ n— piim — n+ ph. 
. Txe-—yile—3y}. 

- fa@+0+4 203fa+ b+ 3}. 

. fe—y+ Rife —y— 7}. 

. fety—Riae+ty+ 4. 

- fr+s+btir+s—h. 

- w— q+ 10rip — gq —2 1}. 
- @+y— 2) 4+ 2ay + y? + a2 4 ye + 2). 

» ts4+2t)(? 4+ 2rs + s?-2rt—2st +4). 
. 2n(8 m? + n?). 

. (2@+1)(a@+a41). 

. —(a4+2 6) (7 a?+ 10 ab + 462). 
. 2x(22 + By?). 


21 


Pages 102-1038. 


. (@ +2)2(@ — 1)(a — 8). 
. m—38n— 2, 
. {e—-y+m—nhfe—y— m+ nh 


(a — 1). 


- (n+1)2(n — 1)2. 
- (@+2)2(@ + 1)?2. 


(8a + 2)?8a— 2)?, 


- (@+7a+ 24)(a? + 7a — 4). 
- (m+n+16)(m+ n— 9). 
. (©+8)(@— 2)(@ + 4) (@ — 8). 


— (824 +3024 1). 


. (2m+ n)(18 m2 — 5 mn + n?). 


(a — 3b) (7a2+3ab + 302). 


. 18 y (x2 +3 y?). 


EXERCISE 43, Pages 103-104. 


. fa—b+ch{a—b-—ch. 
. {m+ n+ piim + n— p}. 
. fat+utyria—x — y} 


fe + y— 2} f@—y +2}. 
fa+b+2fa+b—2. 


. fl+m—n{l—m+n}. 


{a-4b42e{a—4b—2c}. 


8. 


f4a+ 2y—52{4e—2y+5 2. 
{fm —2n + av {m —2n—z}, 


. 2a+b4+3{2a—b — 3}. 

. Get+ytd32iba+y—3 2}. 
. fa—b+c—adia—b—c+dh. 
. @+u+b—yiat+a—b + y}. 
14. 


{a —m + y+ ni {a—m — y—n}. 


15. {@+ty+at+bBice+y—a—bd}. 

16. {2a+b0+8c—232a+b—3c+ 2. 
17. fe —-4y+2+8 {a —4y—z— 6}. 

18. {m—5a+3n—biim—5a—38n + bh 
19. (2a—3b+c—M2a-—3b—-c+ a. 

20. (8e?—z24+2xe+5y{Ber—z—2e— Sy}. 
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EXERCISE 44. Page 105. 

. 2 +a+ ier—ax + li. 6. f14+3r4+4r391—38r44rt. 
. {a + am + m2 fa2?—am + m}. 7. {x2 +4 cy+2 ya? —4 ey 42 yt. 
. {e+ 204 bf — 2c + Bt. 8. 8 m?+5 m+ 1343 m?—-5 m+1}. 
iy? + 3y + Bi? — 3y + 6}. 9. {2y+6y+ Ui2y—-6y+ ly. 
. 14+ 2t4 383 1—2t432. to. {5 x7y?+ xy —1} {5 x7y?—zy—1}. 
11. {2a2?+ ab +30} {2 a —ab+3b%. 

12. {8 m?+4mn + 5 n2 {3 m?— 4 mn + 5 n. 

13. {2774 2r¢—TPR2r? —2 rt —7 7. 

14. {3 m?n* + 5 mn? + 43 {3 m?n*t — 5 mn? + 4}. 

15. {2p*+ 2 pr — 5 r?} §2 pt — 2 p?r — 5 rh, 

16. {8a?+ 5ab +7 6% {3 a®#—5ab+7 d*. 

17. {202 + 3 xy? + 4 y} {2 a? — 3 ay? + 4 yf. 

18. {824 te— 622 {3 2? — tr — 5 w}. 

19. {4 m2n? + 5 mn + 5} {4 m2n? — 5 mn + 5}. 

20. {5p? + 6 py + 7 y%} {5 p? — 6 py + 7 y7}. 

21. {v2 +24 + 2} fo? —2a + 2}. 

22. fy +4y+ 8h fy2—4y+4 8. 

23. {a2 +2 ay + 2 y*} fx? — 2 xy + 2 y* 

24. {2044242 + 13 {2at— 20? + 1. 


EXERCISE 45. Page 106. 


Io. 


OO eT a RS 


(2a—8)(%+y). 14. (ax — by) (a? + be). 
(5m + 2n) ("+ 8). 15. (ac + bd) (ab — cd). 
(3p —r)(2e—y). 16. (6a?—11)(5a— 2). 
(8 —m)(t+w). 17. (8+327)(7—42). 
(a—d)(b+c). 18. (a+3b)(8u%—y). 
(a+ m)(b+n). 1g. (w*—4y)(4a% 4 y?). 
(a+ b)(@—y). 20. (r+s)(t—n). 

(a— b)(¢—@). 21. (@+b6—c)(r+s). 


. (6%—1)(2m—B8n). 


(a@+1)(a+1). 22. (a+ b)(w+y—2). 

(#2 —1)(4a%—5). 23. (m+p)(a@—b—c). 

(1—2a4)(1+2a)(2+8a). 24. (a7 + y?— 22)(x+y). 
. (807+ 1)(@ +2). 25. (2a@—386+40¢)(x—y). 
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EXERCISE 46. Pages 108-109. 


xr. a — ad + ab? — 6b. 3. t+ ay + x2y? + xy8 + yt. 
2. @2+07b+4+ ab? + B. 4 m+m4m+m-+i1. 
5. ab> — atdte + a3b3c? — a2b2c3 + abct — 69. 
6. a& + ath? + a2b* + 08. 8. l1—a+a—a'+ at. 
7. ct — a328 + 9226 — az? 4 212, 9. 164+8a+4a?4+ 2082+ at. 
ro. m& + mon + min? + min? + m2nt + mnd + né, 
i. 1—2a+4@-84a'. 
12. 2743 —9 wy + 3 xy? — y'. 
3. 8+427422?+4 2, 
14. at +3 a8a + 9 a2a? + 27 ax? + 81 xt. 
15. 27 c?— 18 c?d + 12 cd? — 8 a. 
16. (82—2y)(922+6xy +4y?). 
17. (@+y")(e«+y)(x—y). 
18. (x — y*) (xt + xy? + x?y* + xy® + y8). 
1g. (2—m)(16+8m+4m?+2m>+ mi). 
20. (rs —y)(r2s? + rsy + y?) (rs + y) (72s? — rsy + y?). 
21. (a+b) (a’ — a®d + atb? — a3b3 + abt — ab> + 0°). 
22. (2+7r)(16-—8r+4r2—27r8 +4 r+). 
23. Not factorable. 
24. (2? + y*) (a4 — xy? + y*). 
25. («+ y) (at — xy + xy? — ay? + yt) (% — y) (at + a8y + wy? + wy? + y) 
26. Not factorable. 
27. (m—3)(m*+ 3 m3 + 9m? + 27 m + 81). 
28. (2—“)(4+2x4+47)(2+%)(4—24+4 27). 
29. (at +16)(a2+4)(«% + 2)(%— 2). 
30. (2a+ 3b) (16 at — 24 a8b + 36 ab? — 54 ab? + 81 04). 
EXERCISE 47. Page 110. 
xr. —4; —6. ‘ 4. 5; — 100. 
2. 310; — 160. 5a LOG; 
3. —6; 26. 
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EXERCISE 48. Page 111. 


. Quotient: ¢2—x2+1. 3. Quotient: y?+4+2y+1. 
Remainder: — 4. Remainder: 12. 

. Quotient: 227—6%+4 12. 4. Quotient: 23+322+9z—-18 
Remainder: — 27. Remainder: 11. 


5. Quotient: ~t#+2+440+4+824+16. - 
Remainder: 0. 

6. Quotient: 38m?+9m?+2m+6. 
Remainder: 0. 

7. Quotient: 4a%?—2a+4 10. 
Remainder : 0. 

8. Quotient: 6c—3c?+9c4+1. 
Remainder : 2. 

g- Quotient: 3822+ 7max + 5m?, 
Remainder: 0. 

ro. Quotient: 423 —8ba?+ b2x — 2 b8. 

Remainder: 0. 


EXERCISE 49. Page 113. 


. (+8) (x — 2). 9 (¢t—-1¢+1)(@+t-1). 

. (@+1)(@—2)(@—1). ro. (m— 1)(m—38)(m—2)(m+1). 

. (© +1)(@ + 2)(@ — 2). Ir. (@— m) (2? + 2 mex + 2 m?). 
(@ —1)(a% — 2)(” — 8). 12. (x —p)(38x%?+3 px + 4 p?). 
(x —1)(@—8)(x+ 3). 13. (© +7) (2?—-6 re + 67°). 
(y—1@y?+3y+4+8). 14. (©@—t)(@+2t)(e4 21). 
(4+1)(2—32 +48). 15. (%—c)(“+c)(*—3c)(x+2c). 


(r+ 2)(72 +27 + 2). 


EXERCISE 50. Pages 113-115. 


- (ab + cd)(ac — bd). 4. (@+y?)(e+y). 
. fa+b+efa—b—c}. 5. (1+a*)(1+a?)(14 a)(1—a). 
- 40°b?(a + b) (a? — ab + 62). 6. Ga—7b)(5c+6a). 


7. (e—1)@+4+38)(4+2). 
8. 3ab?(a — b)(at + ad + a2b? + ab? + Dt). 
g. {a2 +2a—-9 fa? —2a— 9}. 


10. 
IY. 
12. 
13. 
14. 
15. 
16. 
LG ge 
18. 
IQ. 
20. 
2k 
22% 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
3I. 


32. 


33- 


34- 


35: 


36. 


37: 


ANSWERS 25 


(% +1) (@ — 2)(@? +4 4 2). 
(@—6)(@+1)@—4)(@—1). 

(422 + 2ay — 9y?) (42? — 2 xy — 9 y?), 
(a—1)2(@+a+4 1). 

(8m+3n— 2)2, 

{2 @ + y3 {16 at — 8 ay? 4 4 o2yt — 2 aye + y®. 
(@+1)(a—38)(a+1). 
Baetby+4an{e+by—423. 

(a —2)(a? + ax +22) (b + y) (0? — by +9”). 
{m? + 253 {m + 83 fm — 5}. 

fa— 2 fa? +2a4+4 {a+ lf{a?-—a 4+ lh 

(2 — m) (64 + 82 m + 16 m2 + 8 m3 + 4 mt + 2 mé + m®). 
2befa+b+cfa—b—ch 

(% + 1)?(ect — o + oe? —2% 4+1)2. 

(a? + 2) (a — 5). 

(a —1)(a —4)(a@? + a4 2). 
(a+1)(a*—a@ 4+ @—a+1)(a—1)(at+ 02+ 02+ a4 1). 
(a4 + 1)(a@+1)(@@—1)). 

(+ 1)@4+1)@—1)@+1)(?—-—2+41). 
fe+y—zie—ytaioty tz} ie—y— zh 
(a+ b)(a? — 38 ab + b?). 

HC. ha — 1. 

L. C. M. = (a— 7) (8 a#—1)(a 4+ 18). 
HaCoh 0 — 0. 


L.C. M. =(a — b)(e + d)(a — 5b). 
H.C.F.=a+b—-ce. 

Ee MS. 2h kee +b — OU—5b +0). 
H.C. F. = m(m — 2). 

L. C.M. = m(m+2) (m—2)(m+11) (2 m2 — 8). 
HaG, Ee oidi—0s 

L. C.M. =(8 a — b)?(9 a? + 8 ab + 6?) (a? + BD). 
H.C. F. =2m—n. 

L.C.M. = (2m+n)?(2m—n)?(@ + y) (4 m? + n?). 
H.C. F.=a—«x 

L. C.M.=(a — x)?(a + x) (3 a? + 5 2). 
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48. Cha o— le 
L.C.M. = (a + 2)(@—1)(@? + 442). 
39.) Ho ClRy = 2: 
L.C.M. = (x«— 2)(@?+%+1)(4+8). 
Ava, Ck" — a". 
L. C.M. =(@?— @)(4+8a)(#+2a). 
e+ yt 2, (4+y—2)?, pivetie 
e+y—Z Bs (7—y—2z)? tk 
2m —5_ 46. (a+b)(a—b—c). ane ae 2d. 
38m+4 a+b+¢ a 
CY Siigeemane oak 
x—y a—b+c ge Seog) 
a+b 7H aie 8n°’ a 
b-a. 50. —a; Dd. eee 
d+2c 51. —(m+n); m+n. da 1G 
EXERCISH® 51. Page 116. 
+1; —1; +5; —5. 5 6 & — 2; 14 V2, or 2.414; 
+8; —3; +1414; —1.414. 1— V2, or — 414. 
$434; 4¥—1; —Vo1. 4 7 Sa 
2 ‘ 2 
1- 1a 


bene eo dee Wee ae eee 


3? — = 
1;2; —3. 14. 5; Va 1 eve le Se. 
= apa eee 1s. Ls —2s 25 2 tte 
VR GR shh ee ETS RS es ie 
SUAS Goeth 18. 03-6; —2. 

2 
hve or — 1.61+. 19. @; =a+av3, —a—av3 

aay 2 2 

2. 20. rV—1; —rV—1; 7; =n 


EXERCISE 52. Page 120. 


. Circle of radius 6. 


2. Parabola, with y axis as axis. 


j. Parabola, with y axis as axis. 


De Ona ee 


Io. 


It. 
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Ellipse, with axes 12 and 6. 

Hyperbola with axes 12 and 6. 

Hyperbola, with « and y axes as asymptotes. 
Circle with radius 55. 

Ellipse with axes 4 and 8, 


EXERCISE 53. Page 123. 


iO —'S; Se. fs Gh HG IEE iS 
z=—8, y=—6. Bh ya— iis Ga — >. oN 
Ps. i Os e=—1l,y=7; %=— 5, y =— 3. 
x=—3;y=-6 e=—T,y=1. 8. £=2,y¥=2V5; 
f= y—— Ss; 6. c=2,y=4; %=2,y=—2V5; 
iA = e=2,y=—4; t=—2,y=2V5; 
f= 71 yet; en ate % = —2, y=—2V5. 
ee ate 7 “z=—2,y=—4. 9, Anellipse and three 
parabolas. 
EXERCISE 54, Page 125. 
Cl, Ooi Ae MeO, ne 1 Me ames Of nls 
a=—8,b=—-7. m=—3,n=4. £=1,y=— 10. 
a 2 Yi iee 5.1e=— 6,4 =>— 95 89-255 4 =— Tes 
c= 10, y-=— 13. z=—9,y=6. L=— 1, y=5. 
x=—4,y=—3; Geel pep Ometi—22 Viens 
e=2;y=—-23. z=—9,y=-—6. ice NT ep 
o=%,d=—2; 12, ©=—a, y=—(a+1); 
= 4, C= —vi. e=at+1;y=a. 
a=—4,b=3; 3. *=a—0,y=c+6; 
a=4,0=-# x=a+b,y=a-—bd. 
C= 6,10 10% 6 —)5 = 16. r=— 38, ¢=— Vf, 
NONE = 0: pene} wiper thepe fiat Vide, 


EXERCISE 55. Page 127. 


C=338) 0 = — 2, f=, f=— or 
c=—3, d=4; %=—4, y=3; 
CO), =-—; x=V2, y= V2; 
¢=—56, d=}. %=—V2, y=—-V2 
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3. m=}, n=—2; 7 %©=2,y=-1; 
m=—i, = 2; L—— 2, i —i 
m =$V3, n=4Vv8; t= 7V— 18, y= HV—18; 
m =— §Vv3, n=—1Vv3., % =—$,V—13, y=— VV —13, 
4. hi=10) 7 = 55; Soe es fries 
h=-10, r=—5; x=-—4, y=-1; 
h=$v2, r=—i3v2; z= ¢v2, y =—4v2; 
h=—§v2, r=13V2. 2 =—4v2, y= 4v2. 
S.£=2, §=— 5; 9. t=2V2, y=—Vv?2; 
e=—2, y=d; g=—2V2, y=vV2; 
% = §V2, y=- }v2; z=V19, y=$Vv19; 
a =— $V2, y = $v2. 2=—Vv19, y =— v9. 
60 d= S10 On io. m=6, n=—4; 
a=—3, b=-—6; m=—6, n=4; 
a=4vV3, b=—5VvV3; m =1t/—8, n=38V—3; 
a=—4V3, b=5Vv3. m=—iAV/—8, n=—18V—3 
EXERCISE 56. Pages 128-129, 
Koes =O) mabe 8 c=3, d=—3; 
al a = & 
2. tia Te 
e=4, y=- 2; 9. += 2, y= 4s 
e=—4, y=2; Ty 
e=—4, y=-2. 10. = 8 y=— 25 
—— 2) y= 8. 
3. ©=5, y=—2; a 
e=2, y=—5. Ir. ©=— 2, y=—5;3 
Oye 


4. ©=—3, y=—4; 


cease. 1223, — il 


5. t=—1, y=—6; 


- “£=—8 =—4:; 
x=—6, y=-1. 13 »y ’ 


ci 2 piel 
6. a=—7, 6=2) 14. w=3a, y=—a; 
C= 2.0 =k e=—a, y=3a 
7 m=2,n=5; 5. f=h,g=35 
m=—5, n=—2. F=4, g=}. 


Io. 


II. 


12. 


13- 


14. 


15. 


16. 
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EXERCISE 57. Pages 130-131. 


= 6) yi 24 Re See Ga oeah pave 
x£=—6,y=—2; w=3,t=—1; Gieaoy— — 
Me ah Ole Se ot Ns Sy S05 
e£=—2,y=—6. w=—3,t¢=-1 e=-—3,y=—5. 
A=——§ B= 16; 4. m=3,p=—#; 6. 2 =% v= +2; 
A=8, B=—5; m=—3,p=#; is hye ie 
A=}, B=8; m= %,p=—3; e=— #,v=— 12; 
AS 4) B='S. m=— #,p =. £=8, v0.=— 1 
r=—5,t=—6. 17, p=3871b6, r=4 

¢=8, d=— 11; 18. m=— 6, v= 25; 
c=11,d=-8. m=— 26,v=6 

c= 3,y=9; 19. £=2a,y=—-a; 
c=9,y=3, L=—a,y=2a 

_ Sieh ta et 20. *=a,y=a—b; 
p=—2,s=1; L=a,y=—at+d; 
pH=v—1,s=2vV-1; e=—a,y=a—b; 
p=—v=—1, s=—2V-1 L=—a,y=—at+bd. 
C—O Oe a ae = 24 — 0, Y= a- 210; 
a=5,b=—4; %£=2a—b,y=—(a+25b); 
a=—4,b=4V46; x=—(2a—b),y=a+4+2b; 
a=—4,b=—}V4#. Rotel C4 eal 2 ected bik of 
e=a+ly=a-—l1; 22. £=2V3,y=2Vv2; 
e=a—ly=a+l. e=—2V3, y= 2v2; 
ih—10, Ni =o; xg =2V3, y =— 2V2; 
m=— 6,n=3; 2 =—2V3, y=— 2v2. 
m=6,n=— 38; peep Nee 

‘nee ——— g eA) rom YE 
a eae F r=5,s=2. 
er a sea ehe 

es eee 2 = 6, y=—2V5; 

(ied 13) ep e=—6,y=8; 

f=— 2, = 23 ¢=—5,y=— 8. 

t=16 Fo ON Ty 25- Ba sey 
t=—16V—1, o=6V—1- Ae Mee 

a=—f, y=; v=1,y=3; 


Frets Ch) feet 


c=-—ly=-3. 
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Cea — i ay 2 


Gi Vp Oe ole 


27. 


o|S 
mie 
ft | 


= wv il © 
et we iy 
ees ida ir 
nay 2. =e 
it id | ato | 
OE Ue SIP 
Sse SaCrS 
a 
a] 
& 
es} 
on a5 
one aN | 
om |] ag en on IN 
i Se cosa 
2af I lig & 
- a et: 
Swlenis Cue 
TE TEP sine ap 
Ses seaqgg 
re) a 
a a 


EB 2Cai 20K 


30. 


—a,y 


t=2,0=—1; 


36. 


1; 
— 13, w= is 


t=— 2, w 


t=yyV 


— 13; 


tyV 


— 13. 


— 18, w=— 


= tev 


BF. C= 4. if ——'3* 


t 


e=3,y=—4; 


43; 


*=—64V43, y=6+ 


x=—6— 
a8. 2 — Os 


43, y =6—V43. 


ey 
oO 
re 
S 
om | H 
+ 
far} 
eae 
ee! 
| >= 
ies 
>I 
on | 
= ee 
| 20 
lsd 
Sh os 


63 — 8V 198. 
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EXERCISE 58. Pages 131-134. 


a. 614 1d 8, 


3. 9,16; — 19.5, — 12.5. 


7, 8. 


Bo Ane i 6, ad. 


6r0 oe 5, 7. 


7. 3, —2. 


a i i ee ke) ae te _— 


ll lee A 


r3. 
14. 
15. 


16. 


17. 
18. 


19. 


20. 


21. 


24. 


25. 


26. 


27% 
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Width, 12 rd.; length, 18 rd. 

Base, 6 ft., and altitude, 8 ft.; or base, 8 ft., and altitude, 6 ft. 

Base, 2 in., and altitude, 6 in.; or base, 6 in., and altitude, 2 in. 

Length, 36 rd., and width, 12 rd.; or length, 60 rd., and width, 6 rd. 

Side of square, 6 ft.; base of rectangle, 13 ft. 

Width, 7 rd.; length, 10 rd. 

7 rd., and 5 rd.; or 8} rd., and 23 rd. 

A, 10 days; B, 15 days. 22, 25°; 30°. 

4in.; 8 in. are L Oo. 

Passenger, 50 mi. an hour, and freight, 40 mi. an hour; or passenger, 
35 mi. an hour ; and freight, 25 mi. an hour. 


Rate of crew, 6 mi. an hour, and rate of stream, 3 mi. an hour; or 
rate of crew, 2? mi. an hour, and rate of stream, 3 mi. an hour. 


36 yd. and 48 yd.; or 4 yd. and 32 yd. 
2k. 28. 24. 


EXERCISE 59. Pages 136-137. 


Sum, — 7; product, 6. 5. Sum, #; product, — }. 

Sum, 1; product, 12. 6. Sum, —4; product, — 2. 
Sum, 4; product, — 2. 7. Sum, — 3p; product, — 3 p%. 
Sum, 4; product, 4. 8. Sum, —#¢; product, 3 ??. 


—3. 12. —4. Wg eas akon 18. — 165. 20. 23. 


. —t. 13. 42k. 17. 13. 19. ¢. 


EXERCISE 60. Page 137. 


x2?—5e"+6=0. 9. 522-17 tx —-122=0. 
e2+92+18=0. ro. 28227—cx—15c? = 0. 
24+ 3a —54=0. ur. 2— 192+ 30=0. 
x2—Tx2—60=0. 12. « —2ax+a?—9m?=0. 
222—-72+6=0. 13. 2—4ar+4a—(?=0. 
8a2—2x24—1=0. 14. 2%—62+4=0. 
8a2—10%4 3 = 0. 15. 2@—4x%—14=0, 


x2 +2mxe—15m?=0. 
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EXERCISE 61. Page 139. 


Real, rational, unequal. 


Real, rational, equal. 


Real, rational, unequal. 


Real, irrational, unequal. 


Imaginary. 


Real, irrational, unequal. 


x. gil, 
2. m3, 
3. ynts, 
4. ms, 
Dp huis 
6. ort, 
7. ont, 
8. qsr+l, 
. g. 2%, 
10. ¢2n+1, 
Ir. wm, 
12. gt, 
13. 2%, 
14. 0. 
Rov 
2. —3 
3. —2. 
Benois 
5. 80. 
6. mn, 
2 
7: 7 


EXERCISE 62. 


15. 
16. 
17. 
18. 
1g. 
20. 
21. 
22. 
23. 
24. 


25. 
26. 


27. 


28. 


— q%5pl5, 


Imaginary. 
Real, irrational, unequal. 


te Seay 


Imaginary. 

1o. Real, rational, unequal. 
ir. Real, rational, unequal. 
12. Real, rational, unequal. 


Pages 141-142. 


EXERCISE 63. Page 143. 


29. yz8wt. o re 
30. mln 1p2, * gee 
Sina a. 4r. ae 
32. 07%, 
ain 
33. — cds, 42 pon 
34. actmySm, an 
35. res. 43° mr’ 
36 Ua) Uae oF te 
a gia 
aA yp lke 
oe 45° em" 
38. — 
m3? 
aeP 
59: Fas 
— gty2s 
wees 24. Ed as 
3 25. a3 
18. 2a 26. a?b8, 
x a™ 
1p oe kes ake 
2n 2a” 
Bs 28. ——. 
ao See y* 
fas a8 
29. —. 
20 Gn b7 
2200 50 on 


23. de, y? 


Ra weno 


i 


ANSWERS 


EXERCISE 64. Page 144. 


V4; 2. 13. V—64 0378; —4ay. 25. 
V27 ; 3. 14. V32a5™; 2ab4. 96, 
vV—8; — 2. 15. V81 aby ; 3 xy. 27. 
V32 ; 2 16. V2, 28. 
V81; 3. 17. VB, 29. 
V64 ; 2 18. V658, 

V— 125; —6. 19. V4x. a 
4/256 ; 4. 20. 4Vx be 
VY—1000; —10. 21. 38V 4%. ots 
Va ; x2, 22. 2avV/b2. 33- 
Vy ; y?. 23. VQ aby. 34- 
V2 ; 22, 24. Vmi- Vnb, 35. 


EXERCISE 65, Page 145. 


ea 

32’ 9° 

ae 1 Io. 
28° 8 

‘Newlah 

337 27° it, 
om 

z a a8 12. 
3 24? 48° 

ees a8 
42’ 16° 

9, L 14. 
62” 4 

aoe 4, 15. 


DE rr 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


33 


34 


wo ow ay 


To. 


ANSWERS 


EXERCISE 66. Page 146. 


202 
pas 6. oe : Io. bhe-t, 
axtys 2 adt 
Fen F 11. 2 a*bec5, 
abs, 
7. Baty? 12. d®mn-. 
ry? 2369 
coyet ey 13. Taxntye, 
ac 3 
8 xy? | : A f ¥4- a 8b4c>, 
5 6 b> a> 
a5 £5: 4 atbscrdt. 
6 mip? ss ee 
Tn 16. 2 atb->min', 
EXERCISE 67. Pages 147-149. 
Be pel ENO tm SG RU REC SL a ace Eo 


a 
De TORN RVR PTR PRI, TIA 
Bo, URE CO ONCE ROR FREI O SE 
CS ERI Wl aC Vom am BC aiearch en 
opt pm Leet Ne cm pM numa 
a. x; 22; x2y3; abyss 2+hy?, 
b. a8; av; abyF; ayd; ttdy?, 
c. aty8; whyt ; 8; a8y8; aty?+8, 
d. arys ; xrys ; xrys ; xidys ; ertiyts, 

2. Be Oe! 1 # 
ids i Ae t memos mint ; mont, 

1 ff 7 1 ahs 
b. m®; mon iz ml0 p10 ; mn’; msn * 

x 1 a pice ES lig vers ot 
c. m byt, nm 2; mn 3%; m bnT8 ; Ds 


4 ma 9 3 7 5 
d. m 5n?; mnt ; m $,t6 m =n; m ®né, 


a—bd. Ir. 727 — 2 rym +1 gor, 
8 a-2— 18 a-1—47—1da. 7 ‘ "3 
a8 — 16, co a ae 

ie ee 
at 4 atys +yf, 13. 718 — 22s? + 35, 
a*—b. 14. a> — a®b-! — 56 b-2 


18. a+ a?+4+ a. 
1g. 244+ 3272+ 6. 
20. a°2 + a73 + al? + ai. 23. at —2at+1, 


125. 
. 243. 
128. 
5 Pils 


16. 


17. 


24. 


27. 


46. 


47. 


48. 


49: 


ANSWERS 


pec ee eee ek, 
tld, 2-8; gat4s 749; 82, 268, 
PF; 2-128, ye-9; 1; ¢-2; 22. 

. GOS; g-11d, eats, 78; gry; 728, 

. c 88 ; c®—-1q5, c-8d-4; elt qs, 
~ 6 8@5; cmt2gl; crtd?; clita. 


ok BETA 


2i. as - aips + of, 


2 
TE ORIG ae 2° ata 
8 
LSE Pm IN SS ER RIE 8 
. Somes 
[ae ae 2°; Yr 4; t1.2, 
1 


2 
TE AIS a PARED Tos ee. 


a. atb-§; mp; ety, g—2ag—B, 
b. a-®b!2; mi2p-2 ; asy? ; phagtd, 
pe 7 ab 
= 1 ae, 
d. ab ; mp 3. atys ; 738s, 
33- 348. 37. 382m. 
34. 9. 38. — 128. 
B50 L2S.a 39. 32 x yl, 


36.021 a 4o. 625. 


a. 102-75; 10323; 10447 ; 1010.92 ; 4010.88, 
b. 10375; 10423; 105-47 ; 101.82; 1011.98, 


c. 108; 10348; 10472; 101087 , 1011.11, 
The exponent is increased by 1. 
The exponent is increased by 2. 

a. 10-75; 101-23; 10247 ; 10832; 108.86, 
b. 10-5; 10-238; 10147 ; 107-82; 107-86, 
c. 10:50; 10-8; 10222; 10807 ; 108.41, 


a7o™, 50. Gt 52%, 


41. 
42. 
43. 
44. 


16 a2b4. 


— 8 m3. 


64 a8 y6, 
32. 


ANSWERS 


ee 
fap) 


EXERCISE 68. Page 151. 


x V5 =2.23+. 9. V2=1.41+. 17. V3. 
2. V10 = 8.16+. 10: 3/7: 18. Vil ab. 
3. V2=1.41t. ur. V5. Ig. V5ay. 
4. V6 = 2.44+. 12. V3. 20. V2m. 
5. V3 =1.78+. 13. V2=1.41+, a1. V3w. 
6. V7 = 2.64+. 14. V2. 22. V2 a3m. 
7. V2=1.41+. 15. V6. 23. V3 aa. 
8. V3 =1.78+. 16. V10. 24. V4 ax. 
EXERCISE 69. Page 152. 
zr. 2V13 =7.210+. 10. 8av11. 19. 3¥/2. 
2. 3V10 =9.486+. rr. 2ay2VI5. 20. 2 ab?V/4 ab. 
3. 4V5 = 8.9444. 12, 10 mnV2m. 21. 2acv2 ac. 
4. 8V7 =7.935+. 13. 2avb. 22. 3npvn. 
5. 7V2 =9.898+. 14. 382m. 23. 22/2 y. 
6. 4V6 = 9.796+. 15. 522V3. 24. 2yVx8y. 
7. 4V7 =10.580+. = 16. 8aV4 a2. 25. (a—2b)Va+20. 
8. 6V3 = 10.392+. 17. 4yV2 ay. 26. (3a—2b)V3ab. 
9. 5V5 = 11.180+. 18. 5mnvV9 n. 27. (c+8)V52. 
28. (w—3)V(«+2)(%+ 5). 
v2 Viy V3 ye 
Oo. . ee een TS 
4 3m? Le 3a 3 22 
3 ea 7 
4 a? V3 d V5 
ar oie 3? Sant 
sj ' $j 
m V5 rs 
32. Si 


EXERCISE 70. Page 153. 


1. }V6 = 816+. 6) eee. eure 
2. $V35 = 1.183+. 6a YB 
3. 4V15 = 1.290+. 7. 34.55 to. 3V 12, 
6 le 3-5 
4 VIE 1.8704. 4b iz. aes 
” V65 m. 1 398R 
5. 7 V88 =.522+, 8 ton nian 0 


13: 


14. 


15. 


16. 


17. 


a a 


Pansy 


PY AN AY DH 


V27; 25. 
732; V9. 


Vale ; Va2°. 


W128 ; \/144. 
1/256 ; 216. 


Valoyio , Vybz 5 Wate’, 


EXERCISE 73. Page 156. 

8. V64; V512; 169. 

9 Va—ay; Vi+a)%. 
ro. V(a+b)?; V(a— db) 
11. V2 is less than V3. 

12. V11 is less than V5. 
13. V10 is less than V4. 


V16 at ; V8 Be ; 


127 


Vv 


36 2. 


14. V15 is less than V3. 


37 


ANSWERS 
. — 4 r 
Vibe. 18. }V12. 24. ar 100 82, 
1g. as. V5 abe. a 
2 ae 3 5b eee 12 be. 
6 20. 1 5 men ae 
ee V0 3 n 26. am 28 mtnt 
4y o aI. Bc le Vilasd 1 
a5 2 ed 27. Va? — 6%, 
4v2. 22. 4V9. ae 
a 
anc V5: 
v6. 23. 4V6a. : ee: 
EXERCISE 71. Page 154. 
50. 7: V128 a. 45 Vi — a. 
: 192, 8. Y 294 x7. 14. Ve@—1 
320. 9. V135 a5b3. eae; 
v 500. Io. Veny, 15- a+ Me 
V80. rr. V162 m, {/e (@—i1p 
1/486. 12, V2 a, EN Re: 
EXERCISE 72. Pages 154-155. 
8V2 = 4.242+. 9. 8v3. ae (2 4 a 45 
14V6 = 31.304+. 0. 0. 2 ; 
V6 = 2.449+. 1. 4a-V6a. 17. Vm +4V2m. 
5v2. 12. IAV/2 = 3.888+. 18. (m a +) x/2 m. 
3V3m.- 13. 3V6 = 1.904+. : oe : 
1/50 7 
BV +2V8a%. 14. 4V6. 19. 7 V8@ — Varo. 
n/a 15. 39;V10 = 1.422+. 
5 zaeae 20. a Va? — 62. 
v2. 0 


38 


ae 


16. 


wo mwranro vn 


& 
wo 


Lal 


vp wD 


Bb FF 


eo Pyare w& 


ANSWERS 


¥/7 is less than V5, and V5 is less than V3. 
V175 is less than V/14, and V/14 is less than V6. 


EXERCISE 74. Pages 156-157. 


. 2V5 = 4.4724. 10. 56V7 = 148,12+. 20. 3+ 16V3. 

6. 11. 302V2. 21. 26—17 V2. 

7V2 = 9.898+. 12. 18mV5m. 22. 214+ 8V5. 

5V3 = 8.66+. 13. V2? —1. a3. 67.— ve 

6V7 = 15.87+. 14. «—5. 24. — 47. 

30V2 = 42.42+. 15. 9(@ + 2). 25. — 138. 

30. 17. 22. 26. a—0b. 

27. 18. 4a?—b. 27. 2+24+2Ve41. 

50. 19. —bS— Ve 28. a+13—8Va—3 
eh 5 Ove +8), fer Sa a ete 

EXERCISE 75. Page 158. 

2. 6. 2aV3a. rr. V2), 

6V2. 7. Bay Vy. 12. 2V5. 

lava. 8. Va. 13. 3aV315 a. 

3V3. 9. Vb. 14. V3208, 

6V3. 10. mVm. 15. 5mnv6. 


EXERCISE 76. Page 159. 


2. tr. 22Vx. 
2= 1414+, Wa 
OP a4 12, }V10 =1.581+. 


“a5 1.782, 13. 1V15 = 1.2904. 
’ ee: 14. #V21 = 1.3094. 
‘ 15. £V55 = 1.483+. 
A 16. 5, 
ee 17. 8+5V3 =11.66+. 
4 cdvV6c. 18. 2(V6 + V30) = 5.284+. 


. 5V3 = 8.66+. 19. $V10-—4V3 =— 2.185+, 


Bd D> Bh 


21. 


22. 


nS & 


bated Yeah 


ANSWERS 
o: op == 8m ; 
we 24. — V5 ac. 27. eS Vb. 
1/1624 25. ai 2 ye, 28. Vor. 
3 i] Ye 
2mv2. 3D 29. Vx. 
« 26. res 
EXERCISE 77. Page 160. 

V4. 6 V3. 2G 1¥ 3 - 29, 
V27. 4. Wo. 12. 8V xy. 

BS 6 
1 30. 8. 1. = i 
v5. 9. V2a. sa j . 
Vas. 10. V18a. = me any 

EXERCISE 78. Page 161. 
8(8 ~V5) _ 1 146+, g. Cty avy 
2 xr-—y 
—— = 2.224+, Pope ee ; V10 _ 225+, 
- o+ V5 = 5.236+. ee 6+ 5VE_ Gen 

S vo 4) __ 9.2044, 14 

aed + 8vV2 
fr(2V5 — 8) =.802+. eae ter pate 
1+ V8 _ 1 366+. 7 gj eta Te 

2 x—6 
2—V2 _ go94. “re b—2a—-2Va(a—d) 

2 b 
a+b?+2bVa toate 
Cede ne ee 15. ————_.. 

a—v? a 
EXERCISE 79. Page 162. 

V5 = 2.236+. 5. 4V4. 9. 373, 
2. 6. 32 ab Vb. ro. 50 m8V3 m. 
4/32. 7. avila. ur. V(3a—2)% 
V6 = 2.449+. 8. 5V2ay. 12. 2y V3 ay, 
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Sale (Dok ee 


ANSWERS 


. V2 =1.414+, 16. V2a. 19. V2 xy". 
. V3 = 1.7824, 17. V1. 20. V9a". 
Vb. 18. v/10. a1. Ve—3. 


EXERCISE 80. Page 163. 


eC Y 1-22), 4. +(V5—v3). 7. +(V6—V3). 
meee me DNA 2: (2/2). 8. +(V6 +V2). 
. +(V6- V5). 6. +(V5—1). g. +(V11 — 8). 
EXERCISE 81. Page 164. 
. — 6. 8. — abe. 15. 4. 
— 6. 9. — mnv*rs. 16. 11—8iv65. 
= 372. yen Wa: 17. w+y. 
= VS: Tr 0: 18. ais 
— 12a? 12. 14, 
—1+iv3 
— 18. 13. 87 + 21iV6. LS TE 
— 40. 14. 102 —2iV3. 2o. 1. 
EXERCISE 82. Page 165. 
v6. 6. Va tee 
a 2 
7. 10. 12.08: 
—tvi. 8. 9. 40iV6 —71 
34 13. ——__——. 
wees 3 4a 121 
. Sav3. . 
le ees 14, —S2iV3 = 15 
ov 10. 2V2 4. : 21 5 


EXERCISE 83. Page 166. 


TEVo kav 
i . 


2 "n= ; 


3 M1=14+V38; r=1-V3. 


5 — 
4 n= Sty, 3—Vv5 


r= = . 
“ 


ro. (a) (% + V2) (x —-V2) ; (1) (av3 — 2)(av3 +2); 
(0) (@ +V5) («—V5) ; (9) (V5 + 8)(@V5— 3); 
(ce) (@+8A)(@—S8i)5 _ (h) (aV2 + VB) (aV2 — V5); 
(@) (@ +iv2)(@—iv2); (@) (Va +vb)(aVa —Vb). 
(e) (@©+2%)(@— 27%); 
EXERCISE 84. Pages 168-169. 
Te Se 4. 16. 7. —2. Io. 35. 
2. —6. 5. 2. 8. 4. IQ 2 Gs 
3. 3. 6. 4. 9. 42. 12. yy. 
73. 6. 22. (8a+4+ b)% 
(— 6 does not satisfy the equation.) (— (a — 6)? is not a root.) 
14. 3. (4 does not satisfy.) ag. 0: 4a 
15. —1. (7 does not satisfy.) 5 
16. 2. (26 does not satisfy.) 24. No roots. 
17 —7; —4. 25. 2a. (42a is not a root.) 
x8; i. (—*# is not a root.) ee CTS ge ee Ur? 
19. $. (0 is not a root.) ae ? 
20. —3; —4. 2 2 
21. —4£. ($ is not a root.) ai @I=, ear. 
28. —a(2+V5). 29. @. 30. a+ 85. gr. —iAt; — 18, 
EXERCISE 85. Page 178. 
Pe igh Glee. Lin 27...0.0° Or Zien kbet 2. eI Orme LG mel wk 7.0 
SU OL Pe i -Bo Rae, Same 40 ae oem © GieeIAooretOn2.1 18, 6. 


ANSWERS 4] 


5 n= 


6 rm =— 1; re = ——_3 3 

7. MN=2; %=—1+V=3; —%=— 1—Vv—38. 
8. c=}4V2;%=1; S=v2; C=v2; T=1. 

9. ¢=}; t=V8; S=2; C=4v38; T=} V3. 
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- —2. 


— 3. 


. 8—10. 


2. 7T—10. 
3. 6—10. 


BY» 


np win 


2.3711. 
2.8859. 


. 2.9258. 


2.9542. 


21. 


ele 

. 2.5126. 
. 2.4202. 
. 2.8956. 
. 2.6922. 
. 2.8472. 


. 411. 


aac 


. 4980. 


. 64,257, 
. 2272.68. 


461.22, 


. 5.06125, 


856.76. 


ANSWERS 


EXERCISE 86. Page173 


EXERCISE 88. Page 175. 


5. 1.85738. g. 1.7497. 
6. .9031. 10. .8938. 

7. .6051. 11. 9.9657 — 10. 
8. 2.7924. 12- 8.51382 — 10. 
EXERCISE 89. Page 179. 
30: 50 7. 
4. 8. 6a) ase 8. 
16. 1.5073. 21. 2.5147. 
17. .20638. 22. 2.3861. 
18. .9010. 23. 1.7974. 
1g. 9.9275 —10. 24. 2.9052. 
20. 8.73804 —10. 25. .7961. 


EXERCISE 90. Page 180. 


4. 900. 7. 55. 

5. 8490. 8. 50400. 

6. 6.55. Op eile 

EXERCISE 91. Page 181. 

6. 7.488. LI. 
7. 8143. 12: 
8. .0642. 13; 
g. .00885. - 14. 


to. .01994. 15. 


. —4- 5. —5. 7. —1. g. 2. 11. 4. 13. ‘Ga 
— 2, 6. — 2. 8. —1. 10. 0. 12: 0h 
EXERCISE 87. Page174. 
4. 8—10. 7. 9—10. 10. 9—10. 13. 6—10., 
5. 5—10. 8. 9-10. 3x1. 5—10. 
6. 8— 10. 9g. 7—10. 12. 8—10. 


13. 7.6675 — 10. 
14. 3.9390. 
15. 4.3927. 
16. 1.7832. 


8. g. 14. 
6. 10. 8. 
26. .4971. 
27. .0192. 
28. 9.3567 — 10. 
29. 8.8025 — 10. 
30. 7.6087 — 10. 


10. .631. 
1r. .0345. 
12. .00259. 


844.25. 
-50875, 
291.33. 
1456.66. 
853,166. 


Lal 


ey Cee 


2r. 


24. 


ANP ww x 


. 1.5050. 


1.3222. 
1.6232. 
1.5562. 
2.1003. 


sp 2OTO. 


2.4013. 


3680. 
.6690. 
-1091. 
.2340. 
2589. 
-4192. 
-0670. 


3.8397. 


3.3804. 
4.2939. 

(a) 9177.5. 
(b) 6990. 
(a) $369.75. 


ey an 


ANSWERS 


EXERCISE 92. Pages 182-183. 


7. 2.5104. 
8. 2.5774. 
g. 2.2252. 
rr. 903.4. 
12. 163.62. 
13. 105.48. 


14. 
15. 
16. 
17. 
18. 
19. 


EXERCISE 93. 


8. 9.8172 — 10. 
g. 5.3125. 

to. 4.53. 

rr. 3.02. 

12. 256. 

13. 95.6265. 

TAu edteos 


EXERCISE 94. 


4407. g. 55287.5. 13. 


15. 
16. 
a 
18. 
19. 
20. 


21. 


1033.38. 21. .07378. 
25088. 22. .01881, 
1004.41. 23. 4.89. 
18969.5. 24. .31185. 
824.33. 25. .000106, 
37766.6. 26. .00005, 
Page 184. 

2742. 22.0100 te 
329. 23. 8.788. 
110: 24. .000009. 
(215. 25. .00353. 
.0065. 

101. 

242.16. 


Pages 185-186. 


-2112. to. 8.55. 
1556, PLease: 
3820, LIeb eis 
22. (a) 7240. 

(b) 988.2. 


(b) $125.48. 


14. 
15. 
16. 


1017.9. 17. .642. 
3691.6. 18. 92.06. 
144. 19. 1.98. 
523.63. 20. .402. 
23. (a) $248.64. 


(6) $464.10. 
25. 42 bbl. (about). 


EXERCISE 95. Page 187. 
An A. P. Diff. — .75. 


SAT EAGt Es aD at, =e. 


Next two terms: 16, 19. 


Not an A. P. 


AnA. Py Dift. =— 3: 
Next two terms: — 2, — 5. 


a An AS P. Ditts—=— 6}. 


Next two terms- 5, 0. 


5- 


Next 


two terms: 5.5, 6.25. 


> INRA ID, aioe 


43 


Next two terms: 12.5m, 15 m. 


. An A. P. Diff. =— 2.5 p. 


Next two terms : — 3.5 p, — 6p. 


Next 


y eAnBAY Pe Dilta = 06. 


two terms: 1.24, 1.30. 


44 ANSWERS 
op WANG Jets IDNR (0), 2. 25,17; 9,17 —7. 
Next two terms: a+4b,a+5b. 13. 7.6, 11, 14.5, 18, 21.6. 
TOM PATI PATE Dili. 0 218; 
Next two terms: 87,9r—2s. 14: %%—4,4%— 8, % — 12, « — 16. 
TX 15; 21,27, 33, 30. 15. a, a+d, 44+2d,a+3d,a+4d. 
EXERCISE 96. Pages 188-189. 
bi) of a ee 5. 1.55; 2.80. 1o. 21. 14. — 10. 
2. —40; — 80. 7. 27. Else 15. 61. 
3. — 67; — 157. 8. 41. 12. 8. 16. $10.95; $11.20. 
4. 91; 27 g. 35. 13. 4 
EXERCISE 97. Page 190. 
Sie copys hepa bt pels pea 8), 2. —10, — 4, 2, 8, 14, 20. 
3. 3, 5.5, 8, 10.5, 18, 15.5, 18, 20.5, 28, 25.5, 28. 
4. 4, 14, 2, 28, 33, 44, 5. 
hee es Teh 22S i SEE AE oe. 
culty 9 G48, ean, 
7. 2V2. 2 k+1 
Sum ae Sees 
3 
EXERCISE 98. Pages 191-193. 
xr. 482. 3. — 264. 5. 3830. 7. 36. g. 5050. rr. - 2500. 
2. — 630. 4. $13.30. 6. 620. 8. 2. to. 2550. 12. 15750. 
13. Salary, 10th yr., $810. 18. 19D; (2t—1)D. 
Total earnings, $5850. 19. 25D; 100D; 2D. 
14. $1830. 20. 209.04 ft. ; 16.08(2 ¢ — 1) ft. 
15. 325. 21. 402 ft. ; 16.08 ¢ ft. 
16. $990. 22. S= 1902. 
17. $323.25. 
EXERCISE 99. Pages 194-195. 
Mie Cah Stes SY), be (SAR aa Foo = 13" ids 
22 OS = 00a: 5. =— 35 1 = 5. ee UR fre Sip 
3. n—85; ¢d=4- Or d= 45) 16. n=6; 1=48. 


It. 


T3. 


Io. 


Io. 


ANSWERS 45 

Fig Saw 14. — 50. 

a 15. 81. 
mA ee: +d 

ad 16. 3. 
7 2S — na 
= = 17. 10, 2, —6, — 14. 
qaua2S8—nd(n—1) 18, — 6, — 2, 9.6, 10 
2n 21, 94, 44, — 42, — $2. 


a=tl—(m—1)d. 
S=F2l—(n— 1d. 


EXERCISE i100. 


elt 8, OF = 158, 


20. — 5, 4, 18. 


Pages 195-196. 


Beanie == Os 4. °=—3. Cater 
64, and 128. — 162, and 486. 24 xt, and 48 25. 
Not aG. P. Bei —he 7, NotaG. P. 
r=. om ond 2 8 r=(1+7r). 
3, and 1. 8 16 (1+r)4, and (1+r)5 
1 11. — 5, 10, — 20, 40, — 80. 
,r=-_e ' 
m 
il 1 12. 100, 20, 4, 4, +. 
age nd hae : 
m 
; 3. £444 4%. 
= ——s 
Kass 14. £4, $2, py ©, oy, roy. 
ead = 
25 xt’ 125 a ES OMOT VOPR nies 
EXERCISE 101. Pages 196-197. 
. 248, 2. 423. 3. — 1250. 4. ake: 5. 1280. 6. 428. 
1 1 mis mt 
(14+ ry). a? ea . 32? 3H . 
8. Ir. 16; 12. 6. 13. i. T4063: 15. 2 
EXERCISE 102. Page 198. 
8, 9, 27, 81, 248, 729. 3. ys ils os 
2, 4, 8, 16, 32, “64, 128 ; or 4. 8, 16, 32; or 8, Be 16, 392, 
2, —4, 8, — 16, 32, — 64, 128. 


46 


vbw» 


Ln! 


gh AED ils) 


Lal 


o oyu aunt wb 


” 
° 


~ 
Cl 


ANSWERS 
3t A. Doe 8. a, Vab, b; or a, — Vab, b. 
u 12 > 
8 4 9: 8, SV2; 6, 6x/2) 125 
BG ee ise. 3, —3Vv2, 6, —6V2, 12; 
2a, 42%, 845; or 3, 3V—2, —6, —6V—2, 12; o£ 
24, —423, 8a. — 
8, —3V—2, —6, 6V—2, Ia 
By Ney Marron ead as Herre 0c) 
x m x m 10. a, Va2b, Vab?, b. 


EXERCISE 103. Page 199. 


. 1275. 6 3m (1 — m*) | g. 2046. 

471. 1 = 40? 10. 88,572. 

‘ 1— m* 

2735. Gh : 11. $4118. 
1— m? 

5 Ay, 12. 1984. 
(+n8-1 

— 1042. e. i ’ 13. $6553.55. 


EXERCISE 104, Page 201. 


9. 5. 1i. g. — 5. 14. i. 
2. 6. 2%. 10. y$z 15. $2. 
211. 7. if-a. 12. 4. 16. 35. 
58. 8. 3. 13. 4 17. ys: 


EXERCISE 105. Pages 203-204, 


. et +4 a8y + 6 oy? + 4 ay8 + yt. 
. m> — 5 mtn + 10 m3n? — 10 m2n3 + 5 mnt — nd. 
. +4160 +464 1. 


> — 10 rt + 40 73? — 80 72 + 80 r — 82. 

m& + 6 min + 15 mtn? + 20 m3n3 + 15 m2n*t + 6 mnd + v8. 
a — 4 ab? + 6 atbt — 4 a?b® + DS. 

32 a + 80 at + 80 a8 + 40 a? + 10a 41. 

at — 12 a’b + 54 a2b? — 108 ab? + 81 bf. 


~ 146224 15 xt + 20 x8 + 1528 +64 4+ xl2, 
. 1-84 4+ 28 22 — 56 28 + 70 at — 56 x 4+ 28 8 — 8 a7 + 28, 
a = § at +e — 50 ae Oe 


PW DH 


10. 
14. 


~ art narle+ 


ah ww x 


ANSWERS 


- pet fet F224 $23 4 xt. 

. 64m? — 192 m!° + 240 m8 — 160 mo + 60 mt — 12 an Le 
. & +4 a%b2c + 6 athtc? + 4 a2bbc3 + d8ct. 

. 243 + 405 23 + 270 x6 + 90 29 + 15 ol? + 5, 


als — 46 alt + 946 a8 — 


. m* + 40 mn + 760 mn? +... 


6 — 8 gb + 30 alt .... 
a2 — 10 al8b3 + 45 ql6p6 .... 


1 7 21 
a a ab? 
a Ors 15 
@® ae ee 
8 4 
a +8e r42 at 


ae oe 
nat 


. 036 + 36 788y5 + 594 w3%yl0..., 
. m2 — 44 mn? + 880 mini ---, 
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25. a~> + 5 a-4b-2 + 10 a-3b + 


a6 Hi Told! Fol ght: 


27. 8—24V6 + 180... 


) qn-242 4 Mn D2) gray? 


EXERCISE 106, Page 205. 


. 56 abx3, 5 
. 165 man’, 6 
. 2016 g°. 7. 
8 
9 


— 11440 g7a. 


EXERCISE 107. 


25, 11. 
270 acres, and 450 acres. 


27, 36. Ir. 


EXERCISE 108. 


5, 6. 
+). 
35 a: 
Le 

8. 
— 5.5. 


— 792 mn?1, A 5005 a? 
. 61236 5x26, VEE 
5005 © 15 
6a C- es EO Ss 
. 210 - 64-81-22, = x 
. — 192 z7myon, 12. 


Pages 206-207. 
12. 93.5 ft. 

15. $200, $300, $500. 
Pages 207-208. 

— 2, rt 


9. Lt 
ac s 
¢ 
b 10. —- 12. 
3 ac us UNG 


— 1716. 1282-8 y?, 


13. 22, 38, 44. 
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ve en 


Io. 


I2. 


ANSWERS 


EXERCISE 109. Pages 208-209. 


10. 6. y?. Ir. +(a@—8). ae a—3. 
8, 7. +80. 12. +(e +ay+y%). a+3 
6. 8. +335: 13. 1388. 1510 =. gage 
8. 9. + eve. 14. 745. 15. ss 10x 
—— 3 a= 
a Io. +6mnvVmn. 16. om. ; 20. ba 
EXERCISE 110. Pages 212-213. 
4_ 20 Se ie 
> = Oy SG, Sac 
M Seis 2 > m’ G) & 
Beene, tees ee ee 
15 20 a Ha) | 
ms eo b | ea o, £4D UY 
4 20 5 x b y 
é sieate peta es pee eee 
4 20 5 x b 7] 
A b+a_x+y ; ¢p-e_ by, a@+b_b d tg 
a ee x ee Se ee ee 
EXERCISE 111. Pages 213-214. 

. 44. 6. 58. 8. AEF, 213; EC, 8%. 12. 105 ft. 
pn eV di THC: rr. 60 ft. 13. 887 ft. 
EXERCISE 112. Pages 217-219. 

» Acba; A= kab. 4. don?; d=kn?. 8 oo eee 
. And; A=ke2. 5. IxPrt; [= kPrt. d? 
. Valwh; V= kiwh. 6. fae 7. en pees. 

t c n 
© = kar’. Ig. ys 2x8: 15. — 18. 17. $3875. 1g. 150. 
OR 14. 4. 16. 576 ft. 18. $6400. 20. 64. 
EXERCISE 116. Page 225. 
Opt 2. 3. +43 £ $0; VHB. 
v a3 Vv =o, 4. Va; n=, 


ANSWERS 49 


Sees § 6. VE; 4iVE; 445 440. 7. 4, 
8. No roots at all. [(v — 32)4, and (Vv — 1)! appear to be roots.] 
g- +27; +1. Io. 9. 
EXERCISE 117. Page 226. 
tr. 8, — 3, 1, }. 2. Noroots. [— 4, — 1 appear to be roots. } 
3. 3, —2; —44Vv19, or .3858 and — 8.358. 
4.3% —2. 6. Noroots. [—4, —3.] 
—1+iv4l 
5. i 4, 8. eee 


< 5 
a. or 6.422 and .078; 1, 4. 


—14W5, or 1.236 and — 3.236. 


9. 
ro. 14, —6. 11. 24, 24. 2. 3, 1. 
EXERCISE 118. Page 229. 
8 1 oe eal a8 
1. a? + $a?x+ $a 7? — doa 708, 
2. 1—8x2+ 8622 — 120 23..., 
3. 14+ get Het yee. 
- _4 ~~? 1 
4. at — ta *b— a an ee E 
5 1+ get eet ritee-. 
ih =p -8 
6. at+ia 5b—3a p24 54 b3 ore, 
8 Bort 9 Sie 
7. a? —2Qa *x? 2a *%x—4a 72? ..., 
8. a> — 5 atx + 15 a7? — 35 a-828 
9: 5 ane a. 13. 45.a-Ue 
=21 183 5-3 io 
10. Aa * Of. Saar re 
mr. 924 26, 15. 448 a6b2, 
1-17-27 1 
ig es ae aa 16. — 120 x-55y™2, 
EXERCISE 119. Page 230. 
x. 4.12305. 3. 3.91474. 5. 3.02789, 
2. 7.14140. 4. 1.93458. 6. 2.03610. 
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Been 


> WOW DH 


Lal 


ap & » 


24,024. 
40,320. 
95,040. 
3024. 


Cie 
212181 


80038. 2. 


330. 

52Ce. 

5P3 - 6P4. 
10C3 + 15 C3. 


— 8. 

— 4, 

48. 

18. 

— 36. 
8a—8e. 


2 mr + 2 np. 


ANSWERS 


EXERCISE 120. Page 233. 


5. 336. g. 120. 
6. 840. tro. 720. 
7. 480. 
8. 72. 
EXERCISE 121. Page 235. 
121 
aoe ———— 2 LO. . 1680. 
i 3 312141 * : 
EXERCISE 122. Page 237. 
12,376. 3: 30038) 94. 10% V5. 4518-2 an 
EXERCISE 123. Pages 237-238. 
5. 3-6C3-4C2-5 Vs 10. 280. 
65s Abs 73 (Os Elen doe 
8. 5Co . 10 C3. 12. 6 lh, 
g. 15-14-18.12-11. 13. 45. 
EXERCISE 124. Page 2389. 
8. 15 ae —8 cd. Ze wl 
12. : 
m y 5d 3 
fe Fs le 
Ee iD 6.319 
13. : 
mg (i! p d 
10. . 
cb Sy Ses 
14. : 
oN 7 rn 
ae tal 


EXERCISE 125. Page 241. 


6. r=—3; s=—1. 


x=—8;y=—4. We —— NO a acemill 
©=—3; y==—1. 8 a — Rni(m+m’). 
nee Wye mn! + min ? 
pee ree 
Da— De qo: ee ae) 


mn! + m!/n 


Py a COU |e 


ANSWERS 


EXERCISE 126. Pages 242-248. 


12. 2. 20. 3. — 154. 
They See —— 19) 8 oS — 25 f= — 8 
e=—3;y=—4; 2=15 9 ©=—3}; y¥= 5; 2=-3 
Ga=3-b=4° ¢=—56 10. *=—#; y=t; z=-2 


EXERCISE 127. Pages 254-255. 


es 6. 0. 
0. 7. — 384, 
— 3. 8. 0. 
(6—a)(c—a)(e—b)(ec+b+4+ 4a). g. 0. 
(y—“)(2— 2) (2—y) (yz + ay + xz). 10. 296. 
- (6+¢—a)(a+b4c¢)(b-—a-—cy(b+a-c). 
- e(y—a)?. 13. — (a—b)#. 
(a+b+c)(a+b—c)(a—b+c)(a—b—c). 
. 40. 16. 266. T70Os 
. (a— b)(a—c)(a—d)(b—c)(b—d)(c— a). 
EXERCISE 128. Page 256. 
+ 24+1. 3. 8m?41. ie 10) 
P= da. . 2-5. Pa Be 
4 
EXERCISE 129. Page 258. 
.co+d. 4. 8m+5n. 7. 34? iy — 2, 
pari S$. 5. w—2xe—-1. 8. @—3a—-2. 
. a+4b. 6. 2a2?+8a+1. 
EXERCISE 130. Page 260. 
27. 4. 136. re. Olas 
58. ie SONS 8. 7.63. 
3.9. 6. 3.59. g. 92.4. 


ANSWERS 


EXERCISE 131. Page 261. 


. 8m + 27 n°. 6. e+y+z. 
6a8—Ta?+10a—4. 7. w+38a%—5. 
30 m? — 7m? — 89 m + 20. 8. 22+ ay + y?. 
a3 — 64 y?. 9. n?—5n—2; remainder, 4. 


nb Ww YH 


heen 


vw x 


EXERCISE 132. Pages 265-266. 


EXERCISE 133. Page 266. 


. H.C.F. =8a—1. 


L.C.M. =(a— 4)(8 a + 14a —5). 
He CeR = 2ig-+ Sits 
L.C.M. =(8a@ + 8 b) (12 a? + 16 ab — 8 6). 


. HOR = 1 — 3. 


L.C.M. = (12 m + 15) (4 m3 + 11 m?-—6m+9). 


. H.C.F. = a?-—4a—3. 


L.C.M. = (2a +8)(3 a3 — 14a2?—a@ + 6). 


. H.C. F.=222—2+1. 


L.C.M. = (8% —2)(42# — 522440 — 8). 


EXERCISE 134. Page 270. 


. 1072-21 r2s + 21 rs? — 18 53. 10. 6227—22-+ 7. 


x— 3. 5. 44—3y. 

x —2. 6. n?+3n—2. Io. «— 2. 
2m%—m+1. 7. 308+4@—a—2. 

. y(%+ 8). 8. 3b2?-—b—1. 


oo. 6. o. ir. —4. 1Goet. 
a. 7. lo <} I2. @®&: 17a 
0. Son 0: T3. 0: = 
$. g. 2. 14. 3- 18. %= 
0. to. 0. 15. — +t. He 
EXERCISE 135. Page 271. 
—1, 1, and 3. 4. — 38, —1, 1, and 3. 
— 2,1, and 5. 5. —1, —83.1, and 3.1. 


3. — 3, 0, and 2. 6. 1, — 2.8, and 2.8. 


9. 8a2?7+ an —2 2% 


88 88 


ANSWERS 


EXERCISE 186. Page 273. 


r. Quotient: 32-42. 3- Quotient: a%?4+a—1. 
Remainder: —42+43. Remainder: — 20. 
2. Quotient: 38a?—2a+5. 4. Quotient: 4m? —2m +1. 


Remainder: 10 a. 


5. Quotient: 8a3 +422 —52—2. 
Remainder : 2x — 7. 

6. Quotient: 2%? -—3y?. 

7. Quotient: @—2a-+ 10. 


MISCELLANEOUS EXAMPLES, 
Set A. Pages 2773-274. 


1. 3(a— b)— 9. 11. a®— 10 ab + 02. 
2. 8mn —83. 12. z+ y3 + 28, 
3. —4e—11, 13. —ambr+l, 
4. YGa-—bd). 14. ePyn-l — wy. 
5. 2(m—p—q). 15. — atc + aha + ber, 
6. aPbitsemin, 16. wmtl i 2 ym, 
7. —2Lamtbydn + 24 gllyntr, 17. Pm + gomyj2n +. syd, 
8. afetdy — gly%4-1, 18. ©—C. 
g. 4a2mt7>3 11 amt8ort1+6 a5b2-1, 19. ax—(b+4+¢). 
10. a2 — > + 2 ber — c”?. 20. #2—(8a—4s)x+ 12 ac. 
Set B. Pages 274-275. 
i C+ 20+ 4— 6. x—y : 
" g2@—Ae+4 (@—y+2)(@—y-—2) 
ee e+5y % 2n(96 nt + 24 n? + 5 n + 6) 
6ay(2a—3y)(Ba+2y) a 64 n6 — 1 


eee 2 i! 2 a2(2.a — 9) 
+ oe +6a44 atte o 
“™ (20+8)(2%4+7) 
. : 24 a8 
(8*e—1)8%—7) ee 


“ge tati TOs: 
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4 
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9 


oD ee lins ese Va ah Ree 


ANSWERS 
ee onctiGa i 
(2 + x) (1 — 92?) (+ 7)(a?+3x+4 9) 
Con 14. ee 
xy (a +y)? 193 gat 


Set C. Pages 275-277. 


4. 9. — +2; 7- 15. p—2q. 
— 4.5. a eLO. co 16. —#a; 43a. 
— 77; 18. re EO 17. — $n; —8n. 
—% ab 18. — 3a. 
— 6; — 2.25. ht cell cin 3ab(a +b) 
a+b—¢ 19 57a 

No root. 2(a?+ ab +07) 
oh 13. a+b. 

7 20. mal 
— ¢. 14. —@. 3 


Set D. Pages 277-278. 


%=— 81; y = 36 Ir ees ee 
a@=4;y=-} e ° 
= mck tages Be y See 
eee 85 (0 2mn’ 2mn 
w=—T$;y=2 130 20 Os Ob 
~=4;y=—5. 14%. x=a-—b;y=atd. 

16. c=a—b; Y= 6-0: 
jy bs op 7 


7 e©=a—b;y=a4+d. 


C= 3, di 'G mh eee. | Eee 
e=-—8;y=—5 ) a £6 © ewes 
SET E. Pages 279-280. 

. 9ad424a5b 4416072. 2. 25 m-4n8 — 80 + 64 min-8. 

-2 (ae res ae 
ab 3 —4a2b $42a+4a 203 4+ a-2d8. 

Ree Bs! ; 4 2 8 25 
16 a3y 2 — 49 g-4, 6. 443 —6asy °4+9y 8, 


3 = _2n 
5 a3 4+ 7 mé. 7. 8 +14 3, 


g2. 


33- 


ANSWERS 


at — ate t + apt = oe. 


res 
. QT act — 108 xby73 4 144 aby-5 — 64 yo? 


a-®b9 + 6 a-1bt + 12 atb-1 + 8 a%-8. 


11+ V18 4.9484; and MoM V18 or 1.289. 
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1 =. oa 
. 4a3m*. 12. 7 asyte x, 13. — ; 
2b'n 2 
= a) 
38a%*#—1lidea * 19 3m °n3 
2a-°+5a>-1 xny 
@b —3b 4 — 20 40!. 20. 30% +2973, 
5 1 -} we 
2 xSy-2. 20 6° 2 Ve® ES mee, 
Ee 
—4a 308%, 
4 2+pq—q 2 
PEt 25. 2 p-a . 28. 2”, 
4 
3 toe 1 
2 2 26 2(m? +n?) 20. gerd), 
oe sai eerie yn gee 
ane 27. antl, 30. 2aty* (ae +y*) | 
: “—y 
1 
1 b ipers & 1 
b?(a—a*b* +2b) 4asb3 
a a—b ’ paar ite 
0 (a3 — b3)2 
2(e™ +1) 35 as 
Bee 1 as +3 bs 
SET F. Pages 280-281, 
—1+43V2, or 3.242; and —8 — 2v2, or — 5.828. 
12 and 6. 5. 42 and 3. 
Bea 6 6. —1. 
and — 6. 
17 + V1938 
5. i oes tags 
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9. 


10. 


Il. 


12. 


13. 


14. 


— mn?, and m2n. 
10 and 4a. 
— a(2+ V5). 


—aand Bb. 


m—nand n— p. 


2a 
a+b 


and — 1. 


ANSWERS 


15. 


» a eee ars 


We 
18. 


IQ. 


20. 


faxey o and a — 0. 


bd — ac 
bd + ac 
m. 


—dand AOE 
2a+6 


bd + ac 


and : 
bd — ac 


ee ee oe ee 


ope: = 
eee 
=a "6s 

* ts <=ie 
ee aeees : 
SS = 

- ss 
eer ge gee 
yt 

ee 
x ea a 

- —s 


ue 


eae 


ose S 
eee ee 
So eae 
See ee 
= ; 3 
Se See Oe, 


i \} 
. a 7 
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